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do we properly know the initial
state (and do not cheat)?



Probability

[Trotta, arxiv:0803.4089]

[What s probability?}

[a degree of beIief}

“the number of times
the event occurs over
the total number of trials, in
the limit of an infinite series
of equiprobable repetitions”

“probability is
a measure of the degree
of belief about a preposition”

another subtle point:
“randomness” of the trial series

what is really “random”?

do we properly know the initial
state (and do not cheat)?

S. Gariazzo ““Bayesian model comparison applied to neutrino masses and their ordering”

Advantages:

recovers frequentist on the long run;
can be applied when frequentist cannot;

no need to assume a distribution of
possible data;

deals effortlessly with nuisance
parameters (marginalization);

relies on prior information.

Valencia - 26/01/18 1/29
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M Bayes' theorem

l how to deal with Bayesian probability?J

given hypothesis H, data d, some information / (true):

m(6)

Posterior Bayes theorem: [Prior probability:]
d|H, 1) p(H|I

probability: p(H|d,I) = pld P(d)lg( 1) what we knew before
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sampling distribution of
data, given that H is true




M Bayes' theorem

‘ how to deal with Bayesian probability?J

given hypothesis H, data d, some information / (true):

m(6)
Posterior Bayes theorem: [Prior probability:}
probability: p(H|d,I) = p(d|:‘;,(;)’g(H|/) what we knew before

what we Likelihood: | £(0)
know after Marginal likelihood:
[ arginal likelihoo J sampling distribution of
or “Bayesian evidence”, data, given that H is true

p(d|l) = p(d|H, 1) p(H|)
H




Bayes' theorem

[how to deal with Bayesian probability?}

given hypothesis H, data d, some information / (true):

7(6)
Posterior Bayes theorem: [Prior probability:}
H, | H|I
probability: p(H|d,I) = p(d| p’(d)]g( L) what we knew before

what we Likelihood: | £(#)
know after . UNT

{I\/Iarglnal I|ke||hood:} sampling distribution of
or “Bayesian evidence”, data, given that H is true

pldl) = 3 pldlH. 1) pl#1)

Bayes theorem:

. likelihood X prior
posterior =

evidence
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Bayes' theorem

[how to deal with Bayesian probability?}

given hypothesis H, data d, some information / (true):

(0)
Bayes theorem: [Prior probability:}
p(d|H, 1) p(H|!)
p(H|d,I) = what we knew before
(Fle ) ="

what we Likelihood: | £(6)
know after Marginal likelihood:

arginal likelihood: sampling distribution of

or “Bayesian evidence”, data, given that H is true

pldl) = 3 pldlH. 1) pl#1)

parameter
inference

Bayes theorem:

S. Gariazzo ““Bayesian model comparison applied to neutrino masses and their ordering” Valencia - 26/01/18 2/29



Bayes' theorem

S. Gariazzo

[how to deal with Bayesian probability?}

given hypothesis H, data d, some information / (true): )
T

Posterior Bayes theorem: [Prior probability:}
H, ) p(H|I
probability: p(H|d, 1) = p(d|H, 1) p(H|I) what we knew before

p(d|l)

kwhat \gﬁe Likelihood: | £(#)
now arter {I\/Iarginal Iikelihood:}

sampling distribution of
or “Bayesian evidence”, data, given that H is true
pldll) = 3 plel . ) (1)

parameter
inference

Bayes theorem:
likelihood X prior

\—» model comparison

““Bayesian model comparison applied to neutrino masses and their ordering” Valencia - 26/01/18

osterior =

2/29



I Bayes theorem in action

‘ _ likelihood x prior ’
posterior = -
evidence

Likelihood

Researcher 2
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What each researcher knew The result of the experiment
before the experiment



I Bayes theorem in action

‘ _ likelihood x prior
posterior =

evidence ’
Posterior

Likelihood

\
L
-2

What each researcher

knows after the experiment

The result of the experiment
[Posterior depends on prior!
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I Bayes theorem in action

‘ posterior =

likelihood X prior

evidence ’
oo
this posterior
will be the
new prior
for next

experiments | |

\
L
-2

What each researcher

knows after the experiment

The result of the experiment
[Posterior depends on prior!
S Corbme | “Eepednm ek emmeiten Al fe naiine mersss o) fia echiE 0 Velknde - 2008 58




I Bayes theorem in action

‘ _ likelihood x prior ’
posterior = -
evidence

Cicihood

“a -2 0 2 4 -4 -2 0 2 4

What each researcher knows The result of the experiment
after the second experiment

Remember: ) —

02 = 0?/N [Posterlor depends on prior!




I Bayes theorem in action

‘ _ likelihood x prior ’
posterior = -
evidence

Cicihood

B

-4 -2 0 2 4 -4 -2 0 2 4

What each researcher The result of the experiment
knows after 10 experiments
Remember:

o% =0o%/N
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I Bayes theorem in action

‘ _ likelihood x prior ’
posterior = -
evidence

Cicihood

-4 -2 0 2 4 -4 -2 0 2 4

What each researcher The result of the experiment
knows after 30 experiments
Remember:

o% =0o%/N
'S. Gariazzo  “Bayesian model comparison applied to neutrino masses and their ordering”  Valencia - 26/01/18  3/29



I Bayes theorem in action

‘ _ likelihood x prior ’
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[Knowledge converges using information from experimentsJ




I Bayes theorem in action

‘ . likelihood X prior ’
posterior = -
evidence

Cicihood

-4 -2 0 2 4 -4 -2 0 2 4

[Knowledge converges using information from experimentsJ

[Prior dependence (subjectivity) only if not enough information in datal! I




I Bayesian evidence

l “Bayesian evidence” or “Marginal IikeIihood”J

‘ p(dIM) = Z =3~ p(d|H, 1) p(H|l) ’
H

sum over different (discrete) hypothesis
(given that [ is true)



I Bayesian evidence

l “Bayesian evidence” or “Marginal IikeIihood”J
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integrate over all possible (continuous) parameters of model M
(given that M is true)
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l “Bayesian evidence” or “Marginal IikeIihood”J
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I Bayesian evidence

(“Bayesian evidence” or “Marginal IikeIihood”J

‘p(dw) =Z= [ pldip. M)p(0l) de]

integrate over all possible (continuous) parameters of model M
(given that M is true)

What if there are several possible models M;?

(use Z; to perform bayesian model comparison}

Model posterior:

proportional to
[P(Mild) x p(M;) Z;

~— constant that
depends only on data

given model prior p(M;)
'S. Gariazzo  “Bayesian model comparison applied to neutrino masses and their ordering”  Valencia - 26/01/18  4/29



Bayesian evidence

[“Bayesian evidence” or “Marginal Iikelihood”}

pdIM) = Z = [ p(dio, M) p(6]M) de}

integrate over all possible (continuous) parameters of model M
(given that M is true)

What if there are several possible models M;?

[use Z; to perform bayesian model comparison}

[Warning: compare models given the same data!}

Model posterior:

proportional to
[p(./\/l,-|d) x p(M;) Z,-}— constant that
depends only on data

given model prior p(M;)

S. Gariazzo “Bayesian model comparison applied to neutrino masses and their ordering” Valencia - 26/01/18 4/29



M Bayes factor

Posterior odds of M versus Mo:
p(Mald) _ o p(Mi)

p(Mald) — T2 p(My)

Bayes factor:
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I Bayes factor

Posterior odds of M versus Mo:
p(Mald) _ o p(Mi)

p(Mald) — T2 p(My)

Bayes factor:

Z
‘312:—1 = InBo=InZ —In2
El 22 El

if priors are the same [p(M1) = p(M2)],
By > tells which one is preferred:

/ \
BLQ >1 (In 5172 > 0) 5172 <1 (In Bl’g < 0)

{|Bl72| tells the odds in favor of preferred modeIJ




B Jeffreys' scale

|Bl72| 01

strength of preference according to Jeffreys’ scale:

[Trotta, arxiv:0803.4089]

odds in favor of the preferred model:

|In By 2| Odds probability | strength of evidence
< 1.0 <3:1 < 0.750 inconclusive
€[1.0,25] | (3-12):1 | <0.923 weak
€[2.5,5.0] | (12—150):1| < 0.993 moderate
> 5.0 >150:1 > 0.993 strong

odds & strength always valid

probability correct given equal priors and that only two models are

possible (see e.g. neutrino mass ordering: normal OR inverted)
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[What is more robust, the frequentist “No" significance or the Bayes factor?]
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M Frequentist significances vs the Bayes factor

[G. D'Agostini,
arxiv:1609.01668]

[What is more robust, the frequentist “No" significance or the Bayes factor?]

[
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[G. D'Agostini,
arxiv:1609.01668]

[What is more robust, the frequentist “No" significance or the Bayes factor?]

M Frequentist significances vs the Bayes factor

[750 GeV diphoton eccess [LIGO/Virgo trigger eventJ
o — [Abbott et al., Phys.Rev.X 2016]
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M Frequentist significances vs the Bayes factor

[G. D'Agostini,
arxiv:1609.01668]

[What is more robust, the frequentist “No" significance or the Bayes factor?J

[750 GeV diphoton eccess

[ATLAS]
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[G. D'Agostini,
arxiv:1609.01668]

[What is more robust, the frequentist “No" significance or the Bayes factor?J
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[What is more robust, the frequentist “No" significance or the Bayes factor?J
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Frequentist significances vs the Bayes factor

[G. D’Agostini,
arxiv:1609.01668]

[What is more robust, the frequentist “No"” significance or the Bayes factor?}

S. Gariazzo

THAT VERY AFTEN LERD :
Ta THEORETICAL , EXPRAL. PRO(RE;S

“Bayesian model comparison applied to neutrino masses and their ordering”

[750 GeV diphoton eccess}

[A. de Rujula, Bari (IT), 1995]
THE CEMETERY OF PHYSICS

s FULL OF WONDERFUL

[LIGO/Virgo trigger event}

[Abbott et aI Phys Rev.X 2016]

1.0

il GW150914 0.5

I } 0.0

Pl -0.5

\ , . -1.0

F T T " 1.0 5

- 05 o

— -05 3

L . , ‘ -1.0 &

o ' i i 10

r GW151226 0.5

—— AR 0.0

L -0.5

C L L . -1.0

0.0 0.5 1.0 15 2.0

Time from 30 Hz (s)

Event No ‘ In BS+N,N|
GW150914 | > 5.30 ~ 288
GW151226 | > 5.3¢0 ~ 60
LVT151012 1.70 o~ 23

Valencia - 26/01/18 7/29



B Occam's razor

what the Bayesian model comparison tells us?

[Best model strikes optimum balance between}

Quality of fit

Predictivity

Occam'’s razor

the simplest theory that fits data is preferred

model with more parameters ——— better fit (usually)

| are all the parameters needed?

[Bayes factor penalizes unnecessarily complex models!}
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what the Bayesian model comparison tells us?

[Best model strikes optimum balance between}

Quality of fit Predictivity

Occam'’s razor

the simplest theory that fits data is preferred

what if we compare same model and different priors?

Bayesian evidence depends on priors!

[Bayes factor penalizes unnecessarily wide priors!}




Occam’s razor

what the Bayesian model comparison tells us?

EBest model strikes optimum balance between]

Quality of fit Predictivity

Occam'’s razor

the simplest theory that fits data is preferred

what if we compare same model and different priors?

Bayesian evidence depends on priors!

Bayes factor penalizes unnecessarily wide priors!

Bayes factor DOES NOT penalize models with
parameters that are unconstrained by the data

S. Gariazzo ““Bayesian model comparison applied to neutrino masses and their ordering” Valencia - 26/01/18 8/29
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[How to compute the Bayesian evidence Z?]

1 MCMCs do not work —— can't explore well areas far from best-fit
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B Computing the Bayesian evidence

[How to compute the Bayesian evidence Z?J

1 MCMCs do not work —— can't explore well areas far from best-fit

very expensive

2 simulated annealing —— .
[Khachaturyan et al., 1979+] (N]'OO times slower than MCMC)

3 nested sampling [Skilling et al, 2006+]
® MultiNest — [Feroz et al., 2008+], valid but not perfect

- PolvChord [Handley et al., 2015+], improves
otythor MultiNest using MCMC methods

4 approximations
= Savage-Dickey Density Ratio (SDDR) [Dickey et al., 1970+]

for nested models, M;(6) = Mz(6,1 = 0):

= more? _ p(¥ld, M)
Bia = %) |,



M Nested sampling - a taste

1.0
_ X(L) = / () d6
o8 (£)= [ .o
estimated from dead—live points
0.6
0.4
0.2 1
0.0 .
0.0 0.2 0.4 0.6 0.8




B Nested sampling - a taste

X(£) = /c QLT

estimated from dead+live points

1
z- /0 £(X) dX

Z is the area below the curvel

X



2 A practical example - the neutrino mass ordering
= The measurements
= Models and priors
= Neutrino oscillations and credible intervals
= Model comparison



B Neutrino masses

Normal ordering (NO)
m < my < m3
Some = 0.06 eV

I v

A

Am?

atm

V2

sol
141
Ve Vy Vr

Inverted ordering (10)
my < m < mp
S>me 2 0.1eV

1]

Am?

sol
131

N




B Neutrino masses

Normal ordering (NO) Inverted ordering (10)
m < my < m3 my < m < mp
Some = 0.06 eV S>me 2 0.1eV

I v
A




B Neutrino masses

Normal ordering (NO) Inverted ordering (10)
m < my < m3 my < m < mp
Some = 0.06 eV S>me 2 0.1eV
m2 A 4

I v
A

\[Absolute scale unknownlJ/

Constrain mass ordering by constraining > my

N




[de Salas et al., arxiv:1708.01186]

B Am?,,, from neutrino oscillations

|5|gn of Am?2,,, from matter efFects]

i.e. long baseline (LBL) or atmospheric (ATM) v experiments

ER=
5 06 C N Non oscillation
E - ; “ —— 6, oscillation
= 05 H — Normal hierarchy
3 - i Ay —— Inverted hierarchy
04F
bk ! (JUNO intentions)
02fF
01F /
0 = | a, 1 [
10 15 20 25 30
L/E (km/MeV)



[de Salas et al., arxiv:1708.01186]

i.e. long baseline (LBL) or atmospheric (ATM) v experiments

l sign of Am

2

“tm from matter efFects]

LBL
3.5 T T T T T T T T T T T T T T T T
I I I
| 90, 99% &1 4 F 90, 99% c.1. i
L NO | ¢t 10 A
L NOVA 1t i
3 L —
25 —]
1 1 1 I 1 1 1 I 1 1
0.2 0.4 0.6 0.8
.2
sin 623

see also new T2K [M. Hartz, KEK Colloquium, Japan, 4/08/17]
and NOvA [A.Radovic, JETP seminar, Fermilab, 12/01/18] results




[de Salas et al., arxiv:1708.01186]

2

“tm from matter efFects]

I sign of Am

i.e. long baseline (LBL) or atmospheric (ATM) v experiments
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M Neutrino masses from /3 decay

2 _ 2 2
l Must measure 5 decay endpoint '—» my, = Z | Uek |~ mic
k

Mainz/Troitsk limits, m,, < 2 eV

Ug mixing matrix

Katrin, (expected) m,, < 0.2 eV

[Katrin L.o.l., 2001]
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B Neutrino masses from (3 decay

2 _ 2 2
l Must measure 5 decay endpoint '—» my, = Z | Uek |~ mic
k

Mainz/Troitsk limits, m,, < 2 eV

Ug mixing matrix

Katrin, (expected) m,, < 0.2 eV

~

[Giunti&Kim, 2007]
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M Neutrino masses from neutrinoless double 3 decay

(if neutrino is Majorana)
[Schechter&Valle, 1982]

) ) N o figure from [NEXT] webpage
/‘/ ““\ 30
2.0 / \ A I
W € :;’LL'/ € / \ 5 20
’L' \» > 10
v | 1.5 o
B Vi Ix - 0.90 :(:/)8 1.10
v | 1.09
n Y5 ¢ n WS ¢ 054 / \
/ \
/ .
1 I R RR 1 e e R RN} 0.0 T v T T
0.0 0.2 0.4 0.6 0.8 1.0
K/Q
0.1 me electron mass,
_ Measure T]?/V2 Go,, phase space,
z MY matrix element
\é 0.01
g

Me

v Ov
M, [Go, T,
1074 — 0.001 0.01 = (;.l = IIH”l

o Majorana phases
Mighiest (€V)

and then use mgg = e U2 m
[Dell'Oro et al., 2016] pB zk: ek Mk

convert into mgg =

0.001




. w; energy density of species i,
. Neutr'no masses from CMB i € (radiation, matter, baryons, cold dark matter, v)
Zoq Matter-radiation equality redshift
1+Zeq == (Wb+wC)/wr 0 0 0 0
independent of m, Wy, = wp + we + wy today
\ /

mass of species relativistic at recombination
affects late time evolution only




. i energy density of ies i,
. Neutrlno masses from CM B i € (radiatiL:n, emeatgt;)elr, ebasryzn(s:‘, zgﬁic dsark matter, v)
1 + ( + )/ Zeq matter-radiation equality redshift
Zeq = \Wp T Wc)/Wr
. o _ ,0 0 0
independent of m, Wy, = wp + we + wy today
\ /

affects late time evolution only
/ \
small effects on the SW plateau Effects on the early ISW effect
(cosmic variance, degeneracies...) AG <Z m, )‘V
G \0.1ev

” o /.
effects on the position of peaks 12

0s = rs(nLs)/Da(nes)

Zrec dz
Dy = —
" HE)

(this effect can be com-
pensated reducing Hp)

mass of species relativistic at recombination ’

6
4
2
a

\—>[corre|ation mV—HO] 200 400 600 800 10001200

[“Neutrino Cosmology”,E Lesgourgues et al.]




B Cosmological mass bounds
l Bounds on M, =>"m,

based on ACDM model
[Planck Collaboration 2015, AA594 (2016) A13]
M, < 0.72 €V (PlanckTT+IowP)

M, < 0.21 eV (+Bro)
M, < 0.49 €V (PlanckTTTEEE +iowP)
M, < 0.17 eV (+Bro)
see also:
[Vagnozzi et al., PRD96 (2017) 123503]

95%

[Planck Collaboration 2016, AA596 (2016) A107]
My < 059 eV (PlanckTT+SimLow)

M, < 0.17 eV (+Bro)
M, < 0.34 €V (PlanckTTTEEE +SinLow)
M, < 0.14 eV (+Bro)

(SimLow not public yet)
'S. Gariazzo  “Bayesian model comparison applied to neutrino masses and their ordering”  Valencia - 26/01/18  16/29
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B Cosmological mass bounds
(Bounds on M, =>" m,,}

[Modified gravity?]

based on ACDM model [Barreira et al., 2014]:
[Planck Collaboration 2015, AA594 (2016) A13]
M, < 0.72 eV (PlanckTT+lowP)

vGalileon
oM, = 0.98 £ 0.24 eV (cup)

M, <0.21 eV (+Bro) O — 0.65L0.11
) =0. .11 eV (cvB+BAO)
g M,, < 0.49 &V (Planck TTTEEE+lowP) v
M, < 0.17 eV (+Bro) [Bellomo et al., 2016]:
see also: seHorndeski scalar-tensor
Lo
[Vagnozzi et al., PRD96 (2017) 123503] oM, <0.76 eV

[Dirian, 2017]:
senonlocal gravity
SM, =0.21+0.08 eV

[Planck Collaboration 2016, AA596 (2016) A107]
My < 059 eV (PlanckTT+SimLow)

M, <0.17 eV (+Bro)
R M, < 0.34 €V (PlanckTTTEEE +sinLow) [Peirone et al, 2017]:
M, < 0.14 eV (+Bro) seCovariant Galileon
[ee]
(SimLow not public yet) ©M, =0.8+0.1eV
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1 [Hannestad, Schwetz, 2016]: extremely weak (2:1, 3:2) preference for NO
(cosmology + [Bergstrom et al., 2015] neutrino oscillation fit)
Bayesian approach;

2 [Gerbino et al, 2016]: extremely weak (up to 3:2) preference for NO
(cosmology only), Bayesian approach;

3 [Simpson et al., 2017]: strong preference for NO
(cosmological limits on " m, + constraints on Am3; and |Am3;|)
Bayesian approach;

4 [Schwetz et al., 2017], “Comment on ..."[Simpson et al., 2017]: effect of prior?

[Capozzi et al., 2017]: 20 preference for NO
(cosmology + [Capozzi et al., 2016, updated 2017] neutrino oscillation fit)
frequentist approach;

6 [Caldwell et al., 2017] very mild indication for NO
(cosmology + neutrinoless double-beta decay + [Esteban et al., 2016]
readapted oscillation results)
Bayesian approach;

7 [Wang, Xia, 2017]: Bayes factor NO vs |10 is not informative
(cosmology only).
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Neutrino masses and their ordering:
Global Data, Priors and Models

[hep-ph]

S. Gariazzo,” M. Archidiacono,” P.F. de Salas," O. Mena," C.A.
Ternes,” and M. Tértola”
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M Parameterizations, priors and data ~ [G@rizzo et al., anv:1801.04946]

Neutrino osciIIations]

full x2 = —2log Lose
from global fit
[de Salas et al, 2017]

Neutrino mixing
Parameter Prior
Sil‘l2 912 0.1-0.6
sin 613 0.00 — 0.06
sinfp3 | 0.25-0.75

Masses: see later!
S Gk | “Eaesen medd cnpeiten i) i e meeEs o) et adein? 0 Veidh - 2508 0 16/




M Parameterizations, priors and data ~ [G@rizzo et al., anv:1801.04946]

OvBp data I Neutrino osciIIations]

Likelihood approxi- full x2 = —2log Lose
mations as in [Caldwell from global fit
et al, 2017], from [de Salas et al, 2017]

[Gerda, 2017] (Ge),
[KamLAND-Zen, 2016],
[EXO-200, 2014] (Xe)

Ovps Neutrino mixing
Parameter Prior Parameter Prior
(6%) 0-27 sin2 912 0.1-0.6
a3 0-27 sin 613 0.00 — 0.06
M%. | 407-487 | sin63 | 0.25-0.75
M¥%.. | 2.74-3.45

Masses: see later!
S Gk | “Eaesen medd cnpeiten i) i e meeEs o) et adein? 0 Veidh - 2508 0 16/




B Parameterizations, priors and data ~ [Garazz et 2l aniv:1801.04946]

[Cosmological data} OvBp data (Neutrino oscillations}

Full CMB temperature Likelihood approxi- full X2 = —2log Losc
and polarization mations as in [Caldwell from global fit
spectra from [Planck, et al, 2017], from [de Salas et al, 2017]
2015], working with [Gerda, 2017] (Ge),
ACDM model as basis [KamLAND-Zen, 2016],

[EXO-200, 2014] (Xe)

Cosmological 0vsp Neutrino mixing
Parameter Prior Parameter Prior Parameter Prior
wp 0.019 - 0.025 as 0-27 sinZ 61, 0.1-0.6
we 0.095 — 0.145 a3 0-27 sin613 | 0.00 - 0.06
O, 1.03 - 1.05 M%., | 407487 | sin63 | 0.25-075
T 0.01-04 M%y. | 2.74-3.45
ns 0.885 — 1.04
log(10%0Ay) 25-37
Masses: see later!




. ParameteriZing neutrino masses [Gariazzo et al., arxiv:1801.04946]

[Simpson et al, 2017] [Caldwell et al, 2017]

{using my, mp, m3 (A)] [using Miightest s Amﬁl, |Am§1| (B)J

(intuition says: (B) is closer to observable quantities! Better than (A)?J

[Should we use linear or logarithmic priors on my (mhghtest)?J

Can data help to select (A) or (B), linear or log?



. ParameteriZing neutrino masses [Gariazzo et al., arxiv:1801.04946]

[Simpson et al, 2017] [Caldwell et al, 2017]

(using my, mp, m3 (A)} [using Miightest s Am%p ]Am%ﬂ (B)J

[intuition says: (B) is closer to observable quantities! Better than (A)?]

[Should we use linear or logarithmic priors on my (mhghtest)?]

Can data help to select (A) or (B), linear or log?

Model A Model B
Parameter \ Prior \ Range Parameter \ Prior \ Range
my/eV Iiroegar 100_;E 1 Miightest/€V Iiroe; ' 100—;3 1
my/eV Iir:gar 1007;il 1 Am3; /eV? | linear 5x 1075 - 107*
ms/eV “lncfgar 100_;} L || 1am3,|/ev? | linear | 15 x 107 - 3.5 x 1073




B Neutrino mixing results

[Gariazzo et al., arxiv:1801.04946]

- Bayesian N 5 15
\ 7
. 10r 10+ 10+ 10 10|
~T
o
< 5F 5t 5k 5 5
%.2 0 03 04 05 06 07 0(?015 0.020 0.025 0.030 0 (IS 8 10 %.0 25 3.0
sin® Oy, sin® 0, Am [107° eV?] [AmZ | [107° eV? ]
Frequentist [de Salas et al., 1708.01186]
ol s ks b e N o R T T ]
L JE / 3 -
1F ! 1 1F ]
4 4 F ! - F +4 F -
iy — ! -4 5 — —
J b N b b A C o  INA L Ll PRI I N L
03 04 05 06 070.015 0.02 0.025 0.03 6 2 25 30
.2 .2 2 -5 2 2 -3 2
sin’0,; sin0; Amy, [107eV7] [Am | 107ev7]




B Neutrino mixing results

[Gariazzo et al.

, arxiv:1801.04946]

- Bayesian N 5 15
\ 7
. 10r 10+ 10+ 10 10|
B
< 5F 5t 5k 5 5
%.2 0.3 04 0 03 04 05 06 07 0‘."015 0.020 0.025 0.030 0 6 8 10 %.0 25 3.0
sin® 0}, sin® O, sin® 6, Am} [107° eV?] [AmZ | [107 eV?]
parameter bestfit lo range 20 range 3o range
sin? oy (NO) 0.43 (0.59) | 0.40-0.47 & 0.58-0.60 | 0.38-0.50 & 0.53-0.63 | 0.37-0.65
sin? o (10) 0.60 (0.43) 0.56-0.63 0.39-0.47 & 0.54-0.65 | 0.37-0.66
Frequentist [de Salas et al., 1708.01186]
R e e L LKA AR AR R Al LA L By T
r ' : A 1r i T
b \ 4 F i g 1rC 7
oE 1 1r . 1F 7
o T 1r 1t ] 1t h
< 1F 1F ] 1F ]
e 1F 1r . 1r 7
ol o A b N I Ce INA T 0T . |
0.2 0.3 0.4 03 04 05 06 070.015 0.02 0.025 0.03 25 30
.2 .2 .2 2 -5 2 2 -3 2
sin'9,, sin’0,; sin0; Am,, [107eV'] [Am? | [107ev]
parameter || best fit + 1o 20 range 3o range
sin? fag/1071 (NO) 4307020 e | 398478 & 5.60-6.17 3.84-6.35

sin? fa3/1071 (10) 5981017 0 | 4.09-4.42 & 561-6.27 | 3.80-1.88 & 522-6.11




M (Bayesian) Parameter inference

Parameter inference = what we learn on the parameters, given:

T

build £(0) from d & My parameters 6 (& priors)
(physical @ + nuisance v)

Full posterior:

{p(9|d,Mo) o £(6) x p(9|Mo)J




M (Bayesian) Parameter inference

Parameter inference = what we learn on the parameters, given:

T

build £(0) from d & My parameters 6 (& priors)
(physical @ + nuisance v)

Full posterior:

[p(9|d,Mo) o £(6) x p(eyMo)}

Marginalize over nuisance to obtain posterior for physical:

‘P(¢|d;Mo) x [ £, 9)p(,vIMo)dv ]

marginalize over all the parameters except one (two)

| 1D (2D) posterior
'S. Gariazzo  “Bayesian model comparison applied to neutrino masses and their ordering” ~ Valencia - 26/01/18  22/29
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Credible intervals from the posterior

Credible interval a?

range of values within which an unobserved parameter value falls
with a particular subjective probability

Analogous to frequentist confidence intervals «

EBayesian credible interval:} EFrequentist confidence interval:}
bounds as fixed; bounds as random variables;
estimated parameter as a estimated parameter as
random variable. fixed value.

[Credible intervals are not uniquely defined!]

highest posterior density equal-tailed interval: interval for which

interval: narrowest same probability the mean is the
interval, includes values of of being below or central point
highest probability density above the interval
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B Computing credible intervals

Posterior probability (arbitrary scale)

Highest posterior density interval




Co

mputing credible intervals

Highest posterior density interval

Posterior probability (arbitrary scale)

blue area =
0.68x (total area)

(Move the green
line until you find
the desired fraction)

fix probability level y

integrate over x
where p(x) >y

S. Gariazzo
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68% credible interval:

24/29



Computing credible intervals

Highest posterior density interval

Posterior probability (arbitrary scale)

fix probability level y

|

blue area =
0.68x (total area)

integrate over x
where p(x) >y

(Move the green
line until you find
the desired fraction)

S. Gariazzo

-4 -2 0 2 4
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68% credible interval:

24/29



Co

mputing credible intervals

Highest posterior density interval

Posterior probability (arbitrary scale)

|

blue area =
0.68x (total area)

(Move the green
line until you find
the desired fraction)

fix probability level y

integrate over x
where p(x) >y

Different definitions of
credible interval are the
same here: equal tails!

— ™

S. Gariazzo

-4 -2 0 2 4

“Bayesian model comparison applied to neutrino masses and their ordering” Valencia - 26/01/18

68% credible interval:

24/29
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Computing credible intervals

Highest posterior density interval

more complex,
same principles

definitions of
credible interval
do not coincide!

Posterior probability (arbitrary scale)

-4 -2 0 2 4
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Computing credible intervals

Highest posterior density interval

Posterior probability (arbitrary scale)

more complex,
same principles

definitions of
credible interval
do not coincide!

S. Gariazzo

-4 -2 0 2

“Bayesian model comparison applied to neutrino masses and their ordering”

4
Valencia - 26/01/18

24/29



Computing credible intervals

Highest posterior density interval

Posterior probability (arbitrary scale)

more complex,
same principles

definitions of
credible interval
do not coincide!

now we can have
disjoint intervals

,/.\.

S. Gariazzo

-4 -2 0 2 4

“Bayesian model comparison applied to neutrino masses and their ordering” Valencia - 26/01/18

24/29



Computing credible intervals

Highest posterior density interval

Posterior probability (arbitrary scale)

more complex,
same principles

definitions of
credible interval
do not coincide!

S. Gariazzo

-4 -2 0 2

“Bayesian model comparison applied to neutrino masses and their ordering”

4
Valencia - 26/01/18

24/29



B Where Bayesian and frequentist results differ

« Posterior probability (arbitrary scale

IN




B Where Bayesian and frequentist results differ

—5<x<«<5b

1o defined by
marginalization

« Posterior probability (arbitrary scale

IN
>
£
AR
Il
|
N
=3
RS}
~—
X
N—r
+
X

1o defined
by Ax? =1
bl




B Where Bayesian and frequentist results differ

—5<x<«<5b

[~2.62,2.62]
[~2.56,2.56]

1o defined by

marginalization

-4 -2 0 2 4

« Posterior probability (arbitrary scale

AxZgs = —2Inpi(x) + k;

IN

[_3? 3]
[—1.66, —1.33]

1o defined
by Ax? =1
bl




[Gariazzo et al., arxiv:1801.04946]

B Comparing parameterizations/priors

0SC

c?egrate

weak .
inconclusive

stro
mo

.2

W

wH

20}

L
w
-

o o)

o

(A) 10 lin (0-10)

(A) 1O lin
10 log (10~°-10)
10 log (10~*-1)

(A)

(A)

(A) 10 log (107%-1)
(A) 10 log

(B) 10 lin (0-10)
(B)101in

(B) 10 log (10~°-10)
(B) 10 log (10~*-1)
(B) 10 log (107%-1)
(B) 10 log

(A) NO lin (0-10)
(A)NO lin

(A) NO log (107°-10)
(A)NO log (10~*-1)
(A) NO log (1075-1)
(A) NO log

(B) NO lin (0-10)
(B)NO lin

(B) NO log (107°-10)
(B) NO log (107*-1)
(B) NO log (1075-1)
(B) NO log
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Comparing parameterizationS/priorS [Gariazzo et al., arxiv:1801.04946]

0OSC
stron =
201 modegrate b
weal . =
inconclusive
15} =
N
i - =
T - . .
& of ]
Il 3 — R = . 1
% b
e 15— g >
m e
c —_— - -
- T xTITTeZSSsTSIITTTZTEZSSSSS
zZ Z Z Z zZ Z Z Z Z Z Z Z2 5 0 6 O O 0 60 0 6 O a o
66 66 6656635355636 58 ;_3 g g 09 °© o g g g 09 °© o
§ 88 8&§5588§8§8§§55¢¢ae¢ 2 a¢caa > 2
e a @ - > 2 2 :
E 8 B . — EE8E L
i1 B: no differences between priors! | oos s =
_ s - - o
IR s

(no penalty for unconstrained parameter myjghest!)

S. Gariazzo “Bayesian model comparison applied to neutrino masses and their ordering” Valencia - 26/01/18 26/29



Comparing parameterizations/priors

0SC

[Gariazzo et al., arxiv:1801.04946]

201

N
%))

-
o

o

)

strong
moderate
weak
inconclusive

|n Bl 9 = InZ, . —InZ
o

TE¥TTTTETTTTTTTTTZTTTBETZZEC
zZ Zz2 Z2 Z2 Z2Z Z2Z Z Z Z Z Z Z2Z 650 0 O O O O O O O O O o
66 66 6656635355636 58 g? g; g? g? °© o g? é? g? é? °© o
888855888 § 55866 268666 7 3
€ 2 g : > 2 2 :
Z B & . . 5 == 3 S
i1 B: no differences between priors! | oos s =
e g

)
o
S ~

(no penalty for unconstrained parameter myjghyest!

[A: always strongly disfavored!]

(waste of parameter space, no unconstrained parameters due to Am?!)
Valencia - 26/01/18

S. Gariazzo

“Bayesian model comparison applied to neutrino masses and their ordering”

26/29



. Comparing parameterizationS/priorS [Gariazzo et al., arxiv:1801.04946]

8 OSC+860v 3 OSC+CMB 3 ALL
7t = 17k .
6l 15 YR ,
- - i
25 15 7153 .
I 4} s 11 4 4F .
s 3 43 T 4 3t 5
P T i T
= 2r 4 2 T 1 2f + .
Il 1 s 11 41 T
(N“ 1 1
g 0= 1 1 P ) e . . P ) e ; . L
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Comparing the mass orderings
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The role Of priors: > m, [Gariazzo et al., arxiv:1801.04946]

m—=  p(x) =const

== p(y) =const, y =log(z)

no data constrain the parameter!

r[limit on x is artifact of prior change!!}

Probability (arbitrary scale)
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The role Of priors: > m, [Gariazzo et al., arxiv:1801.04946]

NO i —osorCNB showing model B
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Bayesian model comparison
1 through Bayesian evidence/Bayes factor
to robustly test models/priors against data

Be careful with the effects of prior
(or of other subjective choices)

g on the results of your calculations
and when combining different analyses
3 data only weakly/moderately prefer normal

versus inverted neutrino mass ordering



M Conclusions

Bayesian model comparison
1 through Bayesian evidence/Bayes factor
to robustly test models/priors against data

Be careful with the effects of prior
(or of other subjective choices)

g on the results of your calculations
and when combining different analyses
3 data only weakly/moderately prefer normal

versus inverted neutrino mass ordering

‘Thank you for the attention!
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