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A flash on general relativity
use metric gµν to define measure: ds2 = gµνdxµdxν

xµ coordinates, uµ = dxµ

dλ velocity, Pµ = muµ momentum

short notation for derivatives: ∂µ ≡ ∂
∂xµ

, ∂µ ≡ ∂
∂xµ
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A flash on general relativity
use metric gµν to define measure: ds2 = gµνdxµdxν

xµ coordinates, uµ = dxµ

dλ velocity, Pµ = muµ momentum

short notation for derivatives: ∂µ ≡ ∂
∂xµ

, ∂µ ≡ ∂
∂xµ

Christoffel symbols (not tensors!): Γµ
νρ = gµσ

2 (∂νgσρ + ∂ρgνσ − ∂σgνρ)
Ricci tensor: Rµν = ∂σΓσ

µν − ∂νΓσ
µσ + Γσ

ρσΓρ
µν − Γσ

ρνΓρ
µσ

Ricci scalar: R = Rµνgµν

Gµν ≡ Rµν − 1
2gµνR = 8πGTµν − Λgµν

Einstein
equations:

Tµν stress-energy tensor, symmetric, must satisfy ∇µT µν = 0
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A flash on general relativity
use metric gµν to define measure: ds2 = gµνdxµdxν

xµ coordinates, uµ = dxµ

dλ velocity, Pµ = muµ momentum

short notation for derivatives: ∂µ ≡ ∂
∂xµ

, ∂µ ≡ ∂
∂xµ

Christoffel symbols (not tensors!): Γµ
νρ = gµσ

2 (∂νgσρ + ∂ρgνσ − ∂σgνρ)
Ricci tensor: Rµν = ∂σΓσ

µν − ∂νΓσ
µσ + Γσ

ρσΓρ
µν − Γσ

ρνΓρ
µσ

Ricci scalar: R = Rµνgµν

Gµν ≡ Rµν − 1
2gµνR = 8πGTµν − Λgµν

Einstein
equations:

Tµν stress-energy tensor, symmetric, must satisfy ∇µT µν = 0

given lagrangian L(ϕα) −→ T µν
(ϕα) = ∂L

∂(∂µϕα)∂
νϕα − gµνL

ϕα set of fields
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Homogeneous and isotropic universe
Metric defines the structure of the universe

One of the simplest assumptions: universe is
Homogeneous

universe properties do
not change with position

Isotropic
universe properties do

not change with direction

Friedmann-Lemaître-Robertson-Walker (FLRW) metric (polar coordinates):
gµνdxµdxν = −dt2 + a2(t)

(
dr2

1−kr2 + r2(dθ2 + sin2 θdϕ2)
)

a scale factor, encodes expansion of the space-time
k spatial curvature of the universe (0→flat, ±1 → curved)
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One of the simplest assumptions: universe is
Homogeneous

universe properties do
not change with position

Isotropic
universe properties do

not change with direction

a scale factor, encodes expansion of the space-time
k spatial curvature of the universe (0→flat, ±1 → curved)

FLRW metric using conformal time η =
∫ dt

a(t) :
gµνdxµdxν = a2(η)

(
−dη2 + dr2

1−kr2 + r2(dθ2 + sin2 θdϕ2)
)
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Homogeneous and isotropic universe
Metric defines the structure of the universe

One of the simplest assumptions: universe is
Homogeneous

universe properties do
not change with position

Isotropic
universe properties do

not change with direction

FLRW metric using conformal time η =
∫ dt

a(t) :
gµνdxµdxν = a2(η)

(
−dη2 + dr2

1−kr2 + r2(dθ2 + sin2 θdϕ2)
)

Perfect fluid (energy density ρ, pressure P): T µν = (ρ+ P)uµuν − Pgµν

in fluid rest frame: uµ = (1, 0, 0, 0) −→ T 0
0 = −ρ T i

j = Pδi
j
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Homogeneous and isotropic universe
Metric defines the structure of the universe

One of the simplest assumptions: universe is
Homogeneous

universe properties do
not change with position

Isotropic
universe properties do

not change with direction

FLRW metric using conformal time η =
∫ dt

a(t) :
gµνdxµdxν = a2(η)

(
−dη2 + dr2

1−kr2 + r2(dθ2 + sin2 θdϕ2)
)

Perfect fluid (energy density ρ, pressure P): T µν = (ρ+ P)uµuν − Pgµν

Use Einstein equations to obtain Friedmann equations:

H2 + k
a2 = 8πG

3 ρ+ Λ
3

ä
a = −4πG

3 (ρ+ 3P) + Λ
3

expansion rate H ≡ ȧ/a
expansion depends on universe content!
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Background evolution of the universe
conservation of stress-energy tensor:

∇µT νµ ≡ ∂µT νµ + Γν
µρT µρ + Γµ

µρT νρ = 0
for a perfect fluid this leads to continuity equation:

ρ̇+ 3H(ρ+ P) = 0

define w equation of state, so that P = wρ:
continuity equation solved by ρ(a) = a−3(1+w)

radiation
(relativistic fluid)

w = 1/3, ρR ∝ a−4

matter
(non-rel. fluid)

w = 0, ρM ∝ a−3

Λ
(dark energy)

w = −1, ρΛ = const

S. Gariazzo “Introduction on neutrino cosmology” AQIAC 2023, 25/04/2023 3/60



Background evolution of the universe
conservation of stress-energy tensor:

∇µT νµ ≡ ∂µT νµ + Γν
µρT µρ + Γµ

µρT νρ = 0
for a perfect fluid this leads to continuity equation:

ρ̇+ 3H(ρ+ P) = 0

define w equation of state, so that P = wρ:
continuity equation solved by ρ(a) = a−3(1+w)

radiation
(relativistic fluid)

w = 1/3, ρR ∝ a−4

matter
(non-rel. fluid)

w = 0, ρM ∝ a−3

Λ
(dark energy)

w = −1, ρΛ = const

Consider Friedmann equation: H2 = 8πG
3 ρtot + Λ

3 − k
a2

ρΛ ≡ Λ
8πG

ρk ≡ 3k
8πGa2

If one component dominates (ρtot ≃ ρi , with i ∈ [R,M, k,Λ, . . .]), we have:

a(t) = t2/(3(1+w)) for w ̸= −1 a(t) = eHt for w = −1
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Background evolution of the universe
conservation of stress-energy tensor:

∇µT νµ ≡ ∂µT νµ + Γν
µρT µρ + Γµ

µρT νρ = 0
for a perfect fluid this leads to continuity equation:

ρ̇+ 3H(ρ+ P) = 0

define w equation of state, so that P = wρ:
continuity equation solved by ρ(a) = a−3(1+w)

radiation
(relativistic fluid)

w = 1/3, ρR ∝ a−4

matter
(non-rel. fluid)

w = 0, ρM ∝ a−3

Λ
(dark energy)

w = −1, ρΛ = const

define critical density: ρcr ≡ 3H2

8πG
define fractional energy densities: Ωi = ρi ,0/ρcr,0

Friedmann equation: H(a)2/H2
0 = ΩRa−4 + ΩMa−3 + Ωka−2 + ΩΛ

0→today
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exponential expansion

exponential expansion achieved with w = −1 by scalar field? inflaton

inflation is needed to solve: flatness problem horizon problem
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exponential expansion

Reheating: inflation ends with energy transfer

from inflaton to (relativistic) standard model particles

which later reach thermal equilibrium
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exponential expansion

after reheating, relativistic particles (= radiation) start to dominate

while temperature decreases, several particles become non relativistic
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exponential expansion

after reheating, relativistic particles (= radiation) start to dominate

while temperature decreases, several particles become non relativistic

last particles to remain in equilibrium are photons, electrons, neutrinos
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exponential expansion

at some point, ΩRa−4 becomes smaller than ΩMa−3

matter domination!
gravity start to be stronger than radiation pressure growth of structures!
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exponential expansion

Finally, ΩMa−3 becomes smaller than ΩΛ

dark energy domination!

expansion starts to (exponentially) accelerate again
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Cosmic Microwave BackgroundC

Based on:
Lesgourgues+,
Neutrino Cosmology

Planck Collaboration,
2018

https://www.cambridge.org/us/academic/subjects/physics/particle-physics-and-nuclear-physics/neutrino-cosmology?format=PB&isbn=9781108705011
https://www.cambridge.org/us/academic/subjects/physics/particle-physics-and-nuclear-physics/neutrino-cosmology?format=PB&isbn=9781108705011
https://www.cosmos.esa.int/web/planck/publications#Planck2018
https://www.cosmos.esa.int/web/planck/publications#Planck2018


Photon decoupling
Photons in equilibrium have fγ(q) = [exp (q/T ) − 1]−1

T fluid/photon temperature, q photon momentum

while electrons (e) are free, γ scatter and cannot move freely
when e and protons (p) form H atoms, γs can break atomic bound

H binding energy: BH = me + mp − mH ≃ 13.6 eV
γs start to move freely when they cannot break H bound anymore

Notice: this depends on photon momentum distribution!
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Photon decoupling
Photons in equilibrium have fγ(q) = [exp (q/T ) − 1]−1

T fluid/photon temperature, q photon momentum

while electrons (e) are free, γ scatter and cannot move freely
when e and protons (p) form H atoms, γs can break atomic bound

H binding energy: BH = me + mp − mH ≃ 13.6 eV
γs start to move freely when they cannot break H bound anymore

generic Saha equation: ncnd
nanb

=
∫

d3qe−Ec/T ∫ d3qe−Ed /T
∫

d3qe−Ea/T ∫ d3qe−Eb/T

(chemical equilibrium condition)
ni number densities, Ei energies, T fluid temperature, q momenta
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Photon decoupling
Photons in equilibrium have fγ(q) = [exp (q/T ) − 1]−1

T fluid/photon temperature, q photon momentum

while electrons (e) are free, γ scatter and cannot move freely
when e and protons (p) form H atoms, γs can break atomic bound

H binding energy: BH = me + mp − mH ≃ 13.6 eV
γs start to move freely when they cannot break H bound anymore

Saha equation applied to e + p ↔ γ + H:

npne
nH

=
(meT

2π

)3/2
exp

(
−BH

T

)
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Photon decoupling
Photons in equilibrium have fγ(q) = [exp (q/T ) − 1]−1

T fluid/photon temperature, q photon momentum

while electrons (e) are free, γ scatter and cannot move freely
when e and protons (p) form H atoms, γs can break atomic bound

H binding energy: BH = me + mp − mH ≃ 13.6 eV
γs start to move freely when they cannot break H bound anymore

define Xe ≡ ne
ne+nH

, use Yp ≡ mHenHe
mNnB

∼ 0.25, ηB ≡
nB−n

B̄
nγ

∼ 6 × 10−10

Xe2

1 − Xe
= 1
ηB(1 − Yp)

(me
T

)3/2 √
π

25/2ζ(3) exp
(

−BH
T

)

Yp 4He mass fraction, ηB baryon-to-photon ratio, ζ(3) ≃ 1.202 . . .
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Photon decoupling
Photons in equilibrium have fγ(q) = [exp (q/T ) − 1]−1

T fluid/photon temperature, q photon momentum

while electrons (e) are free, γ scatter and cannot move freely
when e and protons (p) form H atoms, γs can break atomic bound

H binding energy: BH = me + mp − mH ≃ 13.6 eV
γs start to move freely when they cannot break H bound anymore

define Xe ≡ ne
ne+nH

, use Yp ≡ mHenHe
mNnB

∼ 0.25, ηB ≡
nB−n

B̄
nγ

∼ 6 × 10−10

Xe2

1 − Xe
= 1
ηB(1 − Yp)

(me
T

)3/2 √
π

25/2ζ(3) exp
(

−BH
T

)

Yp 4He mass fraction, ηB baryon-to-photon ratio, ζ(3) ≃ 1.202 . . .

For T ≃ BH, Xe is close to 1: too many high-E γs break H!

Fraction of free electrons decreases rapidly at T ≃ 0.3 eV (z ∼ 1100)

At that point (last scattering) photons start to move freely!
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Cosmology with perturbations
Beyond homogeneous and isotropic universe: add perturbations!

metric: gµν = ḡµν + δgµν

ds2 = a2(η)[−(1 + 2ψ(η, x⃗))dη2 + (1 − 2ϕ(η, x⃗))dx⃗2]extend
FLRW:
Newtonian gauge: ψ (Newtonian potential), ϕ metric perturbations

only scalar, no vector/tensor perturbations!
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metric: gµν = ḡµν + δgµν

ds2 = a2(η)[−(1 + 2ψ(η, x⃗))dη2 + (1 − 2ϕ(η, x⃗))dx⃗2]extend
FLRW:

stress-energy tensor: Tµν = T̄µν + δTµν

4 scalars define the T perturbations:
δ = δρ/ρ̄ density contrast
θ related to bulk velocity divergence

δP pressure perturbations
σ anisotropic stress
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Cosmology with perturbations
Beyond homogeneous and isotropic universe: add perturbations!

metric: gµν = ḡµν + δgµν

ds2 = a2(η)[−(1 + 2ψ(η, x⃗))dη2 + (1 − 2ϕ(η, x⃗))dx⃗2]extend
FLRW:

stress-energy tensor: Tµν = T̄µν + δTµν

4 scalars define the T perturbations:
δ = δρ/ρ̄ density contrast
θ related to bulk velocity divergence

δP pressure perturbations
σ anisotropic stress

Einstein equations (Fourier space):
andk2ϕ+ 3a′

a

(
ϕ′ + a′

a ψ
)

= −4πGa2∑

i
δρi k2(ϕ− ψ) = 12πGa2∑

i(ρ̄i + p̄i)σi
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Cosmology with perturbations
Beyond homogeneous and isotropic universe: add perturbations!

metric: gµν = ḡµν + δgµν

ds2 = a2(η)[−(1 + 2ψ(η, x⃗))dη2 + (1 − 2ϕ(η, x⃗))dx⃗2]extend
FLRW:

stress-energy tensor: Tµν = T̄µν + δTµν

4 scalars define the T perturbations:
δ = δρ/ρ̄ density contrast
θ related to bulk velocity divergence

δP pressure perturbations
σ anisotropic stress

Einstein equations (Fourier space):
andk2ϕ+ 3a′

a

(
ϕ′ + a′

a ψ
)

= −4πGa2∑

i
δρi k2(ϕ− ψ) = 12πGa2∑

i(ρ̄i + p̄i)σi

Perturbed photon distribution:
fγ(η, x⃗ , p⃗) =

[
exp

(
y

a(η)T̄ (η){1 + Θγ(η, x⃗ , n̂)}

)
− 1
]−1

Θ′
γ + n̂ · ∇⃗Θγ − ϕ′ + n̂ · ∇⃗ψ = aneσT (Θγ0 − Θγ + n̂ · v⃗B)
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Cosmic Microwave Background (CMB)
Predicted in 1948 [Alpher, Herman]: blackbody background radiation at T ≃ 5 K

Discovery (accidental): [Penzias, Wilson 1964] Nobel prize 1978

perfect black body spectrum at TCMB = 2.72548 ± 0.00057 K [Fixsen, 2009]

Anisotropies at the level of 10−5: very high precision measurements are needed.
Improvement of the CMB experiments in 20 years:

COBE (1992) WMAP (2003) Planck (2013)
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Power spectrum
Simplest assumption: only Gaussian fluctuations in the Early Universe

linear theory preserves gaussianity
all Gaussian fluctuations can be described by two-point correlation function

⟨A(η, k⃗)A∗(η, k⃗ ′)⟩
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Power spectrum
Simplest assumption: only Gaussian fluctuations in the Early Universe

linear theory preserves gaussianity
all Gaussian fluctuations can be described by two-point correlation function

⟨A(η, k⃗)A∗(η, k⃗ ′)⟩

stochastic gaussian field → uncorrelated wavevectors
→ Fourier transform equal δ(3)(k⃗ − k⃗ ′) times power spectrum PA

Also defined as: PA(k) = k3

2π2 PA(k)
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Simplest assumption: only Gaussian fluctuations in the Early Universe

linear theory preserves gaussianity
all Gaussian fluctuations can be described by two-point correlation function

⟨A(η, k⃗)A∗(η, k⃗ ′)⟩

stochastic gaussian field → uncorrelated wavevectors
→ Fourier transform equal δ(3)(k⃗ − k⃗ ′) times power spectrum PA

Also defined as: PA(k) = k3

2π2 PA(k)

Curvature perturbations: R = ψ − 1
3

δρtot
ρ̄tot+P̄tot

Inflation predicts PR(k) = As(k/k0)ns−1 as initial spectrum
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Power spectrum
Simplest assumption: only Gaussian fluctuations in the Early Universe

linear theory preserves gaussianity
all Gaussian fluctuations can be described by two-point correlation function

⟨A(η, k⃗)A∗(η, k⃗ ′)⟩

stochastic gaussian field → uncorrelated wavevectors
→ Fourier transform equal δ(3)(k⃗ − k⃗ ′) times power spectrum PA

Also defined as: PA(k) = k3

2π2 PA(k)

Curvature perturbations: R = ψ − 1
3

δρtot
ρ̄tot+P̄tot

Inflation predicts PR(k) = As(k/k0)ns−1 as initial spectrum

Expression for the power spectrum of photon temperature perturbations:

⟨Θγl(η, k⃗)Θ∗
γl(η, k⃗ ′)⟩ = 2π2

k3 PR(k)[Θγl(η, k)]2δ(3)(k⃗ − k⃗ ′)

Θγl(η, k) ≡ [Θγl(η, k⃗)/R(ηin, k⃗)] transfer function
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Planck DR3 results - Temperature
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[Planck Collaboration, 2018]

https://www.cosmos.esa.int/web/planck/publications#Planck2018


Cosmological parameters

Cosmological evolution

+

[Planck Collaboration, 2018]

General
Relativity

Homogeneity
isotropy

Λ CDM model

ΛCDM model described
by 6 base parameters:
ωb = Ωbh2 baryon density today;
ωc = Ωch2 CDM density today;
τ optical depth to reionization;
θ angular scale of acoustic peaks;

ns tilt and
As amplitude of the power spectrum

of initial curvature perturbations.
Other quantities can be studied:

H0 Hubble parameter today;
σ8 mean matter fluctuations at

small scales;
. . .
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CMB spectra as of 2018
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Planck DR3 results - Polarization

TE cross-correlation and EE
auto-correlation measured with
high precision;
ΛCDM explains very well the
data;
Note: in the plots, the red
curve is the prediction based on
the TT only best-fit for ΛCDM
model → very good consistency
between temperature and
polarization spectra.
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[Planck Collaboration, 2018]
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Other observablesO
matter power spectrum, H0, σ8, BBN

Based on:
Lesgourgues+,
Neutrino Cosmology

Planck Collaboration,
2018
PDG (BBN review)
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https://www.cambridge.org/us/academic/subjects/physics/particle-physics-and-nuclear-physics/neutrino-cosmology?format=PB&isbn=9781108705011
https://www.cambridge.org/us/academic/subjects/physics/particle-physics-and-nuclear-physics/neutrino-cosmology?format=PB&isbn=9781108705011
https://www.cosmos.esa.int/web/planck/publications#Planck2018
https://www.cosmos.esa.int/web/planck/publications#Planck2018
https://pdg.lbl.gov/2022/web/viewer.html?file=../reviews/rpp2022-rev-bbang-nucleosynthesis.pdf


Matter perturbations
What about evolution of matter density perturbations?

⟨δ(η, k⃗)δ∗(η, k⃗ ′)⟩ = δ(3)(k⃗ − k⃗ ′)P(η, k)
goal: determine matter power spectrum
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goal: determine matter power spectrum

fluctuations with wavelengths k smaller or larger
than the casual horizon behave differently!

superhorizonlarge scales
small k

grow with expansion of the
universe (no gravity effect)

sub-horizon small scales
large k

growth from gravitational collapse
balance between expansion

and gravitational interactions
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moreover: evolution is different during RD, MD, ΛD

approximated P(a, k) with negligible baryon fraction:
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aM δC (a, k)
a δC (aM , k)

)2 kPR(k)
(
Ωma2

0H2
0
)2 ×





8π2
25 (a0H0 < k < keq)
k4

eq
2k4

(
α+ β ln

(
k

keq

))2
(k > keq)

S. Gariazzo “Introduction on neutrino cosmology” AQIAC 2023, 25/04/2023 13/60



(Linear) matter power spectrum
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Tension I: the Hubble parameter H0

v = H0d ,
with H0 = H(z = 0)

Local measurements:
H(z = 0),
local and independent on evo-
lution (model independent,
but systematics?)

CMB measurements
(probe z ≃ 1100):
H0 from the cosmological evo-
lution (model dependent, well
controlled systematics)

68% CL error bars
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Planck2015 -- CDM
Planck2018 -- CDM

Planck2018 -- CDM+Neff
Planck2018 -- CDM+ k

Planck2018 -- wCDM

Using HST Cepheids:
[Efstathiou 2013] H0 = 72.5 ± 2.5 Km s−1 Mpc−1

[Riess+, 2019] H0 = 74.03 ± 1.42 Km s−1 Mpc−1

GW: [Abbott+, 2017] H0 = 70+12
−8 Km s−1 Mpc−1

(ΛCDM model - CMB data only)
[Planck 2013]: H0 = 67.3 ± 1.2 Km s−1 Mpc−1

[Planck 2018]: H0 = 67.27 ± 0.60 Km s−1 Mpc−1
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Tension II (?): the matter distribution at small scales
Assuming ΛCDM model:

σ8: rms fluctuation in total matter (baryons + CDM + neutrinos) in 8h−1 Mpc spheres, today;
Ωm : total matter density today divided by the critical density
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Big Bang Nucleosynthesis (BBN)

measured

theory

BBN concordance

[PDG 2018]BBN: production of light nu-
clei at t ∼ 1s to t ∼ O(102)s

temperature Tfr ≃ 1 MeV
from nucleon freeze-out

much earlier than CMB!

strong probe for physics
before the CMB

e.g. neutrinos!

ν affect
universe expansion

and
reaction rates

at BBN time. . .
(νe/ν̄e)
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before the CMB

e.g. neutrinos!

ν affect
universe expansion

and
reaction rates

at BBN time. . .
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Neutrinos in cosmologyN
Impact of neutrinos, what do we learn?

Based on:
Lesgourgues+,
Neutrino Cosmology

Bennett+, JCAP 2021
di Valentino+, PRD 106
(2022)

SG+, JCAP 10 (2022)

SG+, arxiv:2302.14159
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https://www.cambridge.org/us/academic/subjects/physics/particle-physics-and-nuclear-physics/neutrino-cosmology?format=PB&isbn=9781108705011
https://www.cambridge.org/us/academic/subjects/physics/particle-physics-and-nuclear-physics/neutrino-cosmology?format=PB&isbn=9781108705011
https://doi.org/10.1088/1475-7516/2021/04/073
https://doi.org/10.1103/PhysRevD.106.043540
https://doi.org/10.1103/PhysRevD.106.043540
https://doi.org/10.1088/1475-7516/2022/10/010
https://arxiv.org/abs/2302.14159


History of the universe
Bi

g B
an

g

EW SB
160 GeV

QCD PT
200 MeV

C B
2 MeV

BBN
0.7 MeV

CMB
0.3 eV

inflation

reheating?

 radiation domination  
 matter domination 

dark energy domination

today (0.2 meV) 

t

W
+

H

Z

W
q

q

q g

q

g

e

e

e e

e

e

e

e

e [S
G+

IM
 2

02
0]

S. Gariazzo “Introduction on neutrino cosmology” AQIAC 2023, 25/04/2023 18/60



History of the universe
Bi

g B
an

g

EW SB
160 GeV

QCD PT
200 MeV

C B
2 MeV

BBN
0.7 MeV

CMB
0.3 eV

inflation

reheating?

 radiation domination  
 matter domination 

dark energy domination

today (0.2 meV) 

t

W
+

H

Z

W
q

q

q g

q

g

e

e

e e

e

e

e

e

e [S
G+

IM
 2

02
0]

neutrino decoupling

neutrinos are still
ultrarelativistic here

S. Gariazzo “Introduction on neutrino cosmology” AQIAC 2023, 25/04/2023 18/60



History of the universe
Bi

g B
an

g

EW SB
160 GeV

QCD PT
200 MeV

C B
2 MeV

BBN
0.7 MeV

CMB
0.3 eV

inflation

reheating?

 radiation domination  
 matter domination 

dark energy domination

today (0.2 meV) 

t

W
+

H

Z

W
q

q

q g

q

g

e

e

e e

e

e

e

e

e [S
G+

IM
 2

02
0]

neutrino decoupling

neutrinos are still
ultrarelativistic here

∃ at least 2 mass eigenstates with
mi ≳ 8 meV

(
=
√

∆m2
sol

)
> ⟨Eν⟩

many relic neutrinos are
non-relativistic today!
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Neutrinos in the early Universe
before BBN: neutrinos coupled to plasma (ναν̄α ↔ e+e−, νe ↔ νe)

time
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ν decouple mostly before e+e− → γγ annihilation!
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Neutrinos in the early Universe
before BBN: neutrinos coupled to plasma (ναν̄α ↔ e+e−, νe ↔ νe)

time

oscillations blocked
by matter effects

ν decoupling

ν decouple mostly before e+e− → γγ annihilation!

Tν ≃ (4/11)1/3Tγ

after e+e− → γγ

fν : frozen Fermi-
Dirac distribution

Today:
Tν,0 = 1.945 K ≃
1.676 × 10−4 eV
⟨Eν⟩ ≃ 3.1Tν,0 ≃

5 × 10−4 eV
n0 = nν,0 = nν̄,0 ≃
56 cm−3 per family
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ν decouple mostly before e+e− → γγ annihilation!

Tν ≃ (4/11)1/3Tγ

after e+e− → γγ

fν : frozen Fermi-
Dirac distribution

Today:
Tν,0 = 1.945 K ≃
1.676 × 10−4 eV
⟨Eν⟩ ≃ 3.1Tν,0 ≃

5 × 10−4 eV
n0 = nν,0 = nν̄,0 ≃
56 cm−3 per family

actually, the decoupling T is momentum dependent!
distortions to
equilibrium fν!
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ν oscillations in the early universe
comoving coordinates: a = 1/T x ≡ me a y ≡ p a z ≡ Tγ a w ≡ Tν a

density matrix:
∝ ⟨a†

j (p, t) ai(p, t)⟩
ϱ(x , y) =

(
ϱee ≡ fνe ϱeµ ϱeτ

ϱµe ϱµµ ≡ fνµ ϱµτ

ϱτe ϱτµ ϱττ ≡ fντ

)

off-diagonals to take into account coherency in the neutrino system

ϱ evolution from xH dϱ(y , x)
dx = −ia[Heff , ϱ] + bI

H Hubble factor → expansion (depends on universe content)

effective Hamiltonian Heff = MF
2y − 2

√
2GFym6

e
x6

(
Eℓ+Pℓ

m2
W

+ 4
3

Eν

m2
Z

)

vacuum oscillations matter effects

I collision integrals
take into account ν–e scattering and pair annihilation, ν–ν interactions

2D integrals over momentum, take most of the computation time

solve together with z evolution, from x dρ(x)
dx = ρ− 3P

ρ, P total energy density and pressure, also take into account FTQED corrections
S. Gariazzo “Introduction on neutrino cosmology” AQIAC 2023, 25/04/2023 20/60
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H Hubble factor → expansion (depends on universe content)

effective Hamiltonian Heff = MF
2y − 2

√
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+ 4
3

Eν

m2
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)

vacuum oscillations matter effects

I collision integrals
take into account ν–e scattering and pair annihilation, ν–ν interactions

2D integrals over momentum, take most of the computation time

solve together with z evolution, from x dρ(x)
dx = ρ− 3P

ρ, P total energy density and pressure, also take into account FTQED corrections

FORTran-Evolved PrimordIAl Neutrino Oscillations
(FortEPiaNO)

https://bitbucket.org/ahep_cosmo/fortepiano_public
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Neutrino momentum distribution and Neff

Distortion of the momentum distribution (fFD: Fermi-Dirac at equilibrium)
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Neutrino momentum distribution and Neff
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Neutrino momentum distribution and Neff
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Neutrino momentum distribution and Neff
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Effect of neutrino oscillations
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within 3σ ranges allowed by global fits [deSalas, SG+, JHEP 2021]
only θ12 affects Neff , at most by δNeff ≈ 10−4
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Additional Radiation in the Early Universe

Neff controls the expansion
rate H in the early Universe,

during radiation dominated phase

ρr = [1 + 0.2271Neff ] ργ H2 = 8πGρT/3

influence on

Big Bang Nucleosynthesis:
production of light nuclei

abundances today

matter-radiation equality

expansion rate at
CMB decoupling
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Neff and BBN
BBN: production of light nuclei

at t ∼ 1s to t ∼ O(102)s

temperature Tfr ≃ 1 MeV
from nucleon freeze-out:

= H ∼
√

g⋆GNT 2Γn↔p ∼ G2
F T 5

Tfr ≃ (g⋆GN/G4
F )1/6

enters
n/p = exp(−Q/Tfr )

which controls element abundances

g⋆ depends on Neff

abundances depend on Neff
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[Planck Collaboration, 2018]

n, p: neutron, proton density number
Q = 1.293 MeV neutron–proton mass difference

GF Fermi constant
GN Newton constant

https://www.cosmos.esa.int/web/planck/publications#Planck2018


Neff and BBN
BBN: production of light nuclei

at t ∼ 1s to t ∼ O(102)s

temperature Tfr ≃ 1 MeV
from nucleon freeze-out:

= H ∼
√

g⋆GNT 2Γn↔p ∼ G2
F T 5

Tfr ≃ (g⋆GN/G4
F )1/6

enters
n/p = exp(−Q/Tfr )

which controls element abundances

g⋆ depends on Neff

abundances depend on Neff

0.24

0.25

0.26

Y
B

B
N

P

Aver et al. (2015)

Standard BBN

0.018 0.020 0.022 0.024 0.026
ωb

2.2

2.6

3.0

3.4

y D
P

Cooke et al. (2018)

Planck TT,TE,EE
+lowE

Standard BBN:

(Adelberger et al. 2011)
(Marcucci et al. 2016)

0.018 0.020 0.022 0.024 0.026
ωb

0

1

2

3

4

5

6

N
eff

Aver et al. (2015)

Cooke et al. (2018):

(Adelberger et al. 2011)

(M
arcucci et al. 2016)

Planck TT,TE,EE+lowE

Planck TT,TE,EE+lowE+BAO+lensing

Neff = 2.87+0.24
−0.21

(BBN only)
[Consiglio+, CPC 2018]

S. Gariazzo “Introduction on neutrino cosmology” AQIAC 2023, 25/04/2023 24/60

[Planck Collaboration, 2018]

n, p: neutron, proton density number
Q = 1.293 MeV neutron–proton mass difference

GF Fermi constant
GN Newton constant

https://www.cosmos.esa.int/web/planck/publications#Planck2018


Additional Radiation: Effects on the CMB
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Starting configuration:
RD: Radiation Dominated, MD: Matter Dominated, ΛD: Dark Energy Dominated; (1 + z) = a−1; ωi = ρi /ρC

1 + zeq = ωm
ωr

= ωm
ωγ

1
1 + 0.2271 Neff



Additional Radiation: Effects on the CMB
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If we increase Neff , all the other parameters fixed:
RD: Radiation Dominated, MD: Matter Dominated, ΛD: Dark Energy Dominated; (1 + z) = a−1; ωi = ρi /ρC

First peak increase
due to early ISW

At zCMB: higher H ∝ ρr ⇒ smaller comoving sound horizon rs ∝ H−1

⇒ decrease of the angular scale of the acoustic peaks θs = rs/DA
⇒ shift of the peaks at higher ℓ



Additional Radiation: Effects on the CMB
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If we increase Neff , plus ωm to fix zeq:
RD: Radiation Dominated, MD: Matter Dominated, ΛD: Dark Energy Dominated; (1 + z) = a−1; ωi = ρi /ρC

Contribution from early ISW effect restored (first peak)
different slope of the Sachs-Wolfe plateau, peak positions, envelope of
high-ℓ peaks ⇒ due to later zΛ
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If we increase Neff , plus ωm, ωΛ to fix zeq, zΛ:
RD: Radiation Dominated, MD: Matter Dominated, ΛD: Dark Energy Dominated; (1 + z) = a−1; ωi = ρi /ρC

peak positions recovered;
slope of the Sachs-Wolfe plateau recovered;
peak amplitude not recovered!



Additional Radiation: Effects on the CMB
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rescaling also ωc and ωΛ:
larger expansion rate H
at all times and
increased Silk damping
at high multipoles.

Neff–H0 correlation!
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Neff and the local tensions
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[Planck Collaboration, 2018]

https://www.cosmos.esa.int/web/planck/publications#Planck2018
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[Planck Collaboration, 2018]

https://www.cosmos.esa.int/web/planck/publications#Planck2018


Neutrino masses from CMB

mass of species relativistic at recombination
affects late time evolution only

ω0
m = ω0

b + ω0
c + ω0

ν today
1 + zeq = (ωb + ωc)/ωr

independent of mν

ωi energy density of species i ,
i ∈ (radiation, matter, baryons, cold dark matter, ν)

zeq matter-radiation equality redshift

Effects on the early ISW effect
∆Cℓ

Cℓ
≃ −

(∑mν

0.1 eV

)
%

small effects on the SW plateau
(cosmic variance, degeneracies...)

effects on the position of peaks
θs = rs(ηLS)/DA(ηLS)

DA =
∫ zrec

0

dz
H(z)

(this effect can be com-
pensated reducing H0)

correlation mν–H0
[Lesgourgues+, Neutrino Cosmology]
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https://www.cambridge.org/us/academic/subjects/physics/particle-physics-and-nuclear-physics/neutrino-cosmology?format=PB&isbn=9781108705011
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Free-streaming - I

Hubble drag pressure gravity

Growth equation: δ̈ + 2H δ̇ + c2
s k2 δ

a2 = 4πGNρ δ

Non-cold relics damping in the perturbations
due to free-streaming

Jeans scale: pressure=gravity

kJ ≡
√

4πGNρ

c2s (1 + z)2

k < kJ k > kJ
growth of density perturbations no growth can occur

neutrino free-streaming scale

kfs(z) ≡

√
3
2

H(z)
(1 + z)σv ,ν(z) ≃ 0.7

( mν

1 eV

)√ ΩM
1 + z h/Mpc

S. Gariazzo “Introduction on neutrino cosmology” AQIAC 2023, 25/04/2023 29/60

ρ energy density of a given fluid
δ = δρ/ρ perturbation (single fluid)
cs sound speed of the fluid

σv,ν (z) ν velocity dispersion
H = H(z) Hubble factor at redshift z
h reduced Hubble factor today



Free-streaming - II
Damping occurs for all k ≳ knr

Plot: Pmν>0(k)
Pmν=0(k)

top to bottom: mν = 0.05 eV
to mν = 0.5 eV

∆P
P ≃ − 8Ων

ΩM
≃ −

∑mν

0.01 eV%

[Lesgourgues+, Neutrino Cosmology]
(fixed h, ωm, ωb, ωΛ)

Expected constraints from future surveys:
Planck CMB + DES: σ(mν) ≃ 0.04–0.06 eV [Font-Ribera+, 2014]

Planck CMB + Euclid: σ(mν) ≃ 0.03 eV [Audren+, 2013]
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knr : corresponding
to ν non-relativistic transition

https://www.cambridge.org/us/academic/subjects/physics/particle-physics-and-nuclear-physics/neutrino-cosmology?format=PB&isbn=9781108705011
https://doi.org/10.1088/1475-7516/2014/05/023
https://doi.org/10.1088/1475-7516/2013/01/026


(Linear) matter power spectrum with νs
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[Chabanier+, 2019]

https://doi.org/10.1093/mnras/stz2310


Σmν and the local tensions - I
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[Planck Collaboration, 2018]

https://www.cosmos.esa.int/web/planck/publications#Planck2018
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[Planck Collaboration, 2018]

https://www.cosmos.esa.int/web/planck/publications#Planck2018


Σmν and the local tensions - II
[KiDS collaboration, MNRAS 471 (2017) 1259]
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https://arxiv.org/abs/1708.01530


From cosmology...
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Warning: model dependent content!
How the limit change when considering extensions of the ΛCDM model?

Warning: ∑mν ≲ 0.1 eV at 95% CL
does not mean IO disfavored at 95% CL!
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[de Salas+, Frontiers 5 (2018) 36]

https://doi.org/10.3389/fspas.2018.00036


Cosmological neutrino mass bounds (95% CL)
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https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.1103/PhysRevD.106.043540
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Mass ordering results
Bayes theorem for models:

p(M|d) ∝ ZMπ(M)

Bayesian evidence:

ZM =
∫

ΩM
L(θ)π(θ) dθ

Bayes factor NO vs IO:
BNO,IO = ZNO/ZIO

Posterior probability:
PNO = BNO,IO/(BNO,IO + 1)
PIO = 1/(BNO,IO + 1)

Nσ from PNO = erf(N/
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[JHEP 02 (2021)]

L(θ) likelihood
ΩM parameter space, for parameters θ

π(M) model prior
p(M|d) model posterior

http://globalfit.astroparticles.es/

https://doi.org/10.1007/JHEP02(2021)071
http://globalfit.astroparticles.es/


Mass ordering and Bayesian analyses
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( 3 )

weak
( 2 )

inconclusive
( 1 )

m2

+KATRIN
+M < 0.12 eV
+M < 0.09 eV

case A
case B

case C
case D

case E

oscillation ∆m2 alone should not generate a difference
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Mass ordering and Bayesian analyses

A, B, C:
Gauss. prior on

ln m1, ln m2, ln m3,
different prior ranges or sampling

D, E:
linear prior on
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( 4 )

moderate
( 3 )

weak
( 2 )

m2 + 2
osc

+KATRIN
+M < 0.12 eV
+M < 0.09 eV

case A
case B

case C
case D

case E

oscillation ∆χ2 DOES prefer NO over IO at ∼ 2σ
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Can a cosmological limit on Σmν disfavor IO?
Cosmology measures ων = Ωνh2 = Σmν/(94.12 eV)

standard factor

Current: Σmν ≲ 0.1 eV (95%)NO: Σmν ≳ 0.06 eV IO: Σmν ≳ 0.1 eV

Future sensitivity: σ(Σmν) ≃ 0.02 eV
Still preferring Σmν = 0? Will measure e.g. Σmν = 0.06 eV?

confirm NO,
disfavor IO

tension even
with NO!
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Can a cosmological limit on Σmν disfavor IO?
Cosmology measures ων = Ωνh2 = Σmν/(94.12 eV)

standard factor

Is there a tension between cosmology and oscillations?
or will there be a tension?

several possible tests can be considered, similar results
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Σmν ≲ 0.1 eV (95%)
Σmν = 0.06 ± 0.02 eV (1σ)
Σmν = 0.00 ± 0.02 eV (1σ)

currently only mild tension between cosmology and oscillations
future NO can be at ∼ 2σ tension with IO

future 0 can be at ∼ 2 − 3σ tension with NO, ≳ 4σ with IO
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Can a cosmological limit on Σmν disfavor IO?
Cosmology measures ων = Ωνh2 = Σmν/(94.12 eV)

standard factor

Is there a tension between cosmology and oscillations?
or will there be a tension?

several possible tests can be considered, similar results
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currently only mild tension between cosmology and oscillations
future NO can be at ∼ 2σ tension with IO

future 0 can be at ∼ 2 − 3σ tension with NO, ≳ 4σ with IO
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Direct detection of relic neutrinosD
Proposed methods and their pros/cons

Based on:
Cocco+,
JCAP 06 (2007) 015

Long+,
JCAP 08 (2014) 038

JCAP 09 (2017) 034

JCAP 01 (2020) 015
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Neutrino spectrum
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(2017)

cosmology oscillations

astrophysics

CNB neutrinos have extremely small energy!
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[Vitagliano+, RMP 92 (2020)]

https://doi.org/10.1103/RevModPhys.92.045006


CEνNS?
First of all: what’s Coherent Elastic ν-Nucleous Scattering?

elastic scattering where ν interacts with nucleous “as a whole”

Predicted for |⃗q|R ≲ 1
by [Freedman, PRD 1974]

small recoil energies! ≲ 10 keV. . .
difficult to measure

dσ
dT (Eν ,T ) ∼ G2

F M
4π N2

[Drukier, Stodolsky, PRD 1984]

enhancement N2 because
ν interacts

coherently with all nucleons

may give huge cross
section enhancement
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CEνNS?
First of all: what’s Coherent Elastic ν-Nucleous Scattering?

elastic scattering where ν interacts with nucleous “as a whole”

Can we detect relic neutrinos with CEνNS?
relic neutrinos have de Broglie length λ ∼ 2π/pν

enhancement in interactions due to coherence with nuclei in volume λ3

Acceleration induced by CEνNS
of relic ν on test mass M:

aN ∝ ((A − Z )/A)2Eν/p2
ν∆pνnνρ

A, Z mass, atomic numbers
pν , Eν neutrino momentum and energy

∆pν net momentum transfer
nν neutrino number density
ρ target mass density

unclustered relic νs, nν = n0
aN of atoms in silicon target
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[Shergold, arxiv:2109.07482]

https://arxiv.org/abs/2109.07482


Stodolsky effect?
How to directly detect non-relativistic neutrinos?

Stodolsky effect
[Stodolsky, 1974][Duda et al., 2001]

energy splitting of e− spin states due to
coherent scattering with relic neutrinos

(only if there is
lepton asymmetry)

torque on e− in lab rest frame

use a ferromagnet to build detector

measure torque with a torsion balance
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Stodolsky effect?
How to directly detect non-relativistic neutrinos?

Stodolsky effect
[Stodolsky, 1974][Duda et al., 2001]

energy splitting of e− spin states due to
coherent scattering with relic neutrinos

(only if there is
lepton asymmetry)

torque on e− in lab rest frame

use a ferromagnet to build detector

measure torque with a torsion balance

expected aν ≃ O(10−26) cm/s2 aexp ≃ O(10−12) cm/s2
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At interferometers?
How to directly detect non-relativistic neutrinos?

At interferometers
[Domcke et al., 2017]

coherent scattering of
relic ν on a pendulum

measure oscillations
at interferometers

S. Gariazzo “Introduction on neutrino cosmology” AQIAC 2023, 25/04/2023 42/60

https://doi.org/10.1088/1475-7516/2017/06/055


At interferometers?
How to directly detect non-relativistic neutrinos?

At interferometers
[Domcke et al., 2017]

coherent scattering of
relic ν on a pendulum

measure oscillations
at interferometers

expected
10−33 ≲ aν/(cm/s2) ≲ 10−27 aLIGO/Virgo ≃ 10−16 cm/s2
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Neutrino capture? (I)
How to directly detect non-relativistic neutrinos?

Remember that
⟨Eν⟩ ≃ O(10−4) eV today

a process without energy
threshold is necessary

(anti)neutrino capture on
electron-capture-decaying nuclei

[Cocco et al., 2009]
electron capture (EC): e− + A+ → νe + B∗

(e− from inner level)

ν̄e + A → B− + e+ ν̄e + e− + A+ → B

must have very specific Q value
in order to avoid EC back-

ground and have no threshold

specific energy conditions required

Q value depends on
ionization fraction!

but
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Neutrino capture? (I)
How to directly detect non-relativistic neutrinos?

Remember that
⟨Eν⟩ ≃ O(10−4) eV today

a process without energy
threshold is necessary

(anti)neutrino capture on
electron-capture-decaying nuclei

[Cocco et al., 2009]
electron capture (EC): e− + A+ → νe + B∗

(e− from inner level)

ν̄e + A → B− + e+ ν̄e + e− + A+ → B

must have very specific Q value
in order to avoid EC back-

ground and have no threshold

specific energy conditions required

Q value depends on
ionization fraction!

but

process useful only “if specific conditions on the Q-value are met
or significant improvements on ion storage rings are achieved”
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Neutrino capture (II) - a viable method
How to directly detect non-relativistic neutrinos?

Remember that
⟨Eν⟩ ≃ O(10−4) eV today

a process without energy
threshold is necessary

[Weinberg, 1962]: neutrino capture in β–decaying nuclei ν + n → p + e−

Main background: β decay n → p + e− + ν̄!

signal is a peak at 2mν

above β–decay endpoint

only with a lot of material

need a very good energy resolution
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[Long+, JCAP 08 (2014) 038]

https://doi.org/10.1103/PhysRev.128.1457
https://doi.org/10.1088/1475-7516/2014/08/038


What material?

to minimize contamination from β decay background

best element has highest σNCB(vν/c) · t1/2
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What material?

to minimize contamination from β decay background

best element has highest σNCB(vν/c) · t1/2
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What material?

to minimize contamination from β decay background

best element has highest σNCB(vν/c) · t1/2

3H better because the cross section (→ event rate) is higher
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[Cocco+, JCAP 06 (2007) 015]

https://doi.org/10.1088/1475-7516/2007/06/015


PTOLEMY

Pontecorvo Tritium Observatory for Light, Early-
universe, Massive-neutrino Yield (PTOLEMY)

expected resolution ∆ ≃ 0.1 eV?
0.05 eV?

built mainly for CNB

MT = 100 g of atomic 3Hcan probe mν ≃ 1.4∆ ≃ 0.1 eV

ΓCNB =
3∑

i=1
|Uei |2[ni(νhR ) + ni(νhL)] NT σ̄ ∼ O(10) yr−1

NT number of 3H nuclei in a sample of mass MT σ̄ ≃ 3.834 × 10−45 cm2 ni number density of neutrino i

(without clustering)
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PTOLEMY

Pontecorvo Tritium Observatory for Light, Early-
universe, Massive-neutrino Yield (PTOLEMY)

expected resolution ∆ ≃ 0.1 eV?
0.05 eV?

built mainly for CNB

MT = 100 g of atomic 3Hcan probe mν ≃ 1.4∆ ≃ 0.1 eV

ΓCNB =
3∑

i=1
|Uei |2[ni(νhR ) + ni(νhL)] NT σ̄ ∼ O(10) yr−1

NT number of 3H nuclei in a sample of mass MT σ̄ ≃ 3.834 × 10−45 cm2 ni number density of neutrino i

(without clustering)

ehnancement from
other effects?ehnancement from

ν clustering in the galaxy?
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Time variations of ν capture rates
What if the lightest neutrino is massless

and ∆ cannot be small enough?
single NC events cannot be distinguished by the background (β-decay)!

ΓNC
Γβ

≃ nν

56 cm−3
2.54 × 10−11

(∆/eV)3
rates in the bin ∆
on the endpoint

ν capture rate
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problem: much more events are needed (several kg of tritium?!?!?)

S. Gariazzo “Introduction on neutrino cosmology” AQIAC 2023, 25/04/2023 47/60

[Akhmedov, JCAP 2019]

https://doi.org/10.1088/1475-7516/2019/09/031


Time variations of ν capture rates
What if the lightest neutrino is massless

and ∆ cannot be small enough?
single NC events cannot be distinguished by the background (β-decay)!

ΓNC
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problem: much more events are needed (several kg of tritium?!?!?)
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Time variations of ν capture rates
What if the lightest neutrino is massless

and ∆ cannot be small enough?
single NC events cannot be distinguished by the background (β-decay)!

ΓNC
Γβ

≃ nν

56 cm−3
2.54 × 10−11

(∆/eV)3
rates in the bin ∆
on the endpoint

ν capture rate
β decay rate =

⟲ relic ν

can be daily or annual modulation!

only for ν capture (no β-decay)

problem: much more events are needed (several kg of tritium?!?!?)
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Time variations of ν capture rates
What if the lightest neutrino is massless

and ∆ cannot be small enough?
single NC events cannot be distinguished by the background (β-decay)!

ΓNC
Γβ

≃ nν

56 cm−3
2.54 × 10−11

(∆/eV)3
rates in the bin ∆
on the endpoint

ν capture rate
β decay rate =

⟲ relic ν

can be daily or annual modulation!

only for ν capture (no β-decay)

Problem:
Expected daily modulation

is ∼ 1% of the signal!!
Must use powerful technique
for signal/noise separation

Fourier analysis and frequency
filtering may be sufficient

no mν information in this way!

problem: much more events are needed (several kg of tritium?!?!?)
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ν clustering with N-one-body simulations
Milky Way (MW) matter attracts neutrinos!

ΓCNB =
3∑

i=1
|Uei |2 fc(mi) [ni,0(νhR ) + ni,0(νhL)] NT σ̄clustering

fc(mi) = ni/ni,0 clustering factor How to compute it?

Idea from [Ringwald & Wong, 2004] N-one-body= N × single ν simulations
→ each ν evolved from initial conditions at z = 3

→ spherical symmetry, coordinates (r , θ, pr , l)
→ need ρmatter(z) = ρDM(z) + ρbaryon(z)

Assumptions:
νs are independent
only gravitational interactions
νs do not influence matter evolution
(ρν ≪ ρDM)

how many νs is “N”?
→ must sample all possible r , pr , l

→ must include all possible νs that reach the MW
(fastest ones may come from
several (up to O(100)) Mpc!)given N ν:

→ weigh each neutrinos
→ reconstruct final density profile with kernel method from [Merritt&Tremblay, 1994]
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[JCAP 09 (2017) 034]

https://doi.org/10.1088/1475-7516/2004/12/005
https://doi.org/10.1086/117088
https://doi.org/10.1088/1475-7516/2017/09/034


Forward-tracking and back-tracking
initial phase space, z = 4

final phase space, z = 0

homogeneous Fermi-Dirac distribution
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Forward-tracking and back-tracking
initial phase space, z = 4

final phase space, z = 0

homogeneous Fermi-Dirac distribution

compute final position of each particle
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Forward-tracking and back-tracking
initial phase space, z = 4

final phase space, z = 0

homogeneous Fermi-Dirac distribution

compute final position of each particle
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Forward-tracking and back-tracking
initial phase space, z = 4

final phase space, z = 0

homogeneous Fermi-Dirac distribution

use positions to find neutrino distribution today
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Forward-tracking and back-tracking
initial phase space, z = 4

final phase space, z = 0

homogeneous Fermi-Dirac distribution

only interested in overdensity at Earth?

a lot of time is wasted!
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Forward-tracking and back-tracking
initial phase space, z = 4

final phase space, z = 0

homogeneous Fermi-Dirac distribution

only interested in overdensity at Earth?

a lot of time is wasted!

smarter way: track backwards
only interesting particles!
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Advantages of tracking back
First advantage is in computational terms: much less points to compute
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Advantages of tracking back
First advantage is in computational terms: much less points to compute

Second advantage: no need to use spherical symmetry!

Forward-tracking

initial conditions need to sample
1D for position + 2D for momentum

when using spherical symmetry

with full grid would re-
quire 3+3 dimensions!

Impossible to relax
spherical symmetry!

Back-tracking

“Initial” conditions only described
by 3D in momentum

(position is fixed, apart for checks)

can do the calculation with
any astrophysical setup
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Advantages of tracking back
First advantage is in computational terms: much less points to compute

Second advantage: no need to use spherical symmetry!
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Clustering results with back-tracking
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In comparison with previous results:
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Clustering results with back-tracking
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In comparison with previous results:

Andromeda is
almost negligible
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Clustering results with back-tracking
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NFW + baryons (Zhang & Zhang)

In comparison with previous results:

Warning: NFW
is not the same
for all the cases!

[de Salas+, 2017]
and

[Zhang2, 2018]
use γ ̸= 1,

now we have
γ = 1

[Ringwald&Wong,
2004] uses old
parameters
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Clustering results with back-tracking
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MWnow (Ringwald & Wong)

NFW + baryons (Zhang & Zhang)

In comparison with previous results:

Warning: NFW
is not the same
for all the cases!

[de Salas+, 2017]
and

[Zhang2, 2018]
use γ ̸= 1,

now we have
γ = 1

[Ringwald&Wong,
2004] uses old
parameters

50 meV→+12%
nν ∼ 63cm−3

100 meV→+50%
nν ∼ 85cm−3
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Detection of the relic neutrinos

as a function of m̂lightest, ∆
significance on ACNB > 0statistical only!

if ACNB > 0 at Nσ, direct detection of CNB accomplished at Nσ

N i
th(θ) = AβN i

β(Êend + ∆Eend ,mi ,U) + ACNBN i
CNB(Êend + ∆Eend ,mi ,U) + Nb

using the definition:
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Light sterile neutrinosS
Assuming they exist. . .

Based on:
JCAP 07 (2019)

PRD 104 (2021)
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Sterile neutrino in the early universe
Four neutrinos −→ new oscillations in the early Universe

sterile =⇒ no weak/em interactions in the thermal plasma

S. Gariazzo “Introduction on neutrino cosmology” AQIAC 2023, 25/04/2023 53/60

[SG+, JCAP 07 (2019) 014]

https://doi.org/10.1088/1475-7516/2019/07/014


Sterile neutrino in the early universe
Four neutrinos −→ new oscillations in the early Universe

sterile =⇒ no weak/em interactions in the thermal plasma
need to produce it through oscillations, but matter effects may block them

time
beginning of
oscillations

depends on ∆m2
41

later oscillations

less time before
ν decoupling!
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Sterile neutrino in the early universe
Four neutrinos −→ new oscillations in the early Universe

sterile =⇒ no weak/em interactions in the thermal plasma
need to produce it through oscillations, but matter effects may block them

when are they enough to allow full equilibrium of active-sterile states?
∆Neff = N4ν

eff − N3ν
eff0

no sterile production
≃ 1

active&sterile in equilibrium

∆m2
as

eV2 sin4 (2ϑas) ≃ 10−5 ln2 (1 − ∆Neff) (1+1 approx.)

[Dolgov&Villante, 2004]

e.g.: ∆m2
as = 1 eV2, sin2 (2ϑas) ≃ 10−3 =⇒ ∆Neff ≃ 1

N3ν
eff = 3.044 [JCAP 2021]
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Sterile neutrino in the early universe
Four neutrinos −→ new oscillations in the early Universe

sterile =⇒ no weak/em interactions in the thermal plasma
need to produce it through oscillations, but matter effects may block them

when are they enough to allow full equilibrium of active-sterile states?
∆Neff = N4ν

eff − N3ν
eff0

no sterile production
≃ 1

active&sterile in equilibrium

∆m2
as

eV2 sin4 (2ϑas) ≃ 10−5 ln2 (1 − ∆Neff) (1+1 approx.)

[Dolgov&Villante, 2004]

e.g.: ∆m2
as = 1 eV2, sin2 (2ϑas) ≃ 10−3 =⇒ ∆Neff ≃ 1

Full calculation: use numerical code!
FORTran-Evolved PrimordIAl Neutrino Oscillations

(FortEPiaNO)
https://bitbucket.org/ahep_cosmo/fortepiano_public
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Momentum distributions
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∆m2
41 = 1.29 eV2, |Ue4|2 = 10−2, |Uµ4|2 = |Uτ4|2 = 0, Neff ≃ 4.05
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Momentum distributions
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Momentum distributions
∆m2

41 = 1.29 eV2, other |Uβ4|2 = 0, y = 5
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Momentum distributions
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3 + 1 DW

|Ue4|2 = 10 2
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|U 4|2 = 10 4

3

∆m2
41 = 1.29 eV2, other |Uβ4|2 = 0, ∆Neff = Neff − Nactive

eff

f DW = ∆Neff
ey/w + 1

[Dodelson&Widrow, 1993]

∆Neff ≃ 1.01

∆Neff ≃ 0.5

∆Neff ≃ 0.1
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Neff and the new mixing parameters
Only vary one angle and fix two to zero: do they have the same effect?
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[SG+, 2018]
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νµ DIS
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[SG+, in prep.]
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Neff and the new mixing parameters
We can vary more than one angle:
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Neff and the new mixing parameters
We can vary more than one angle:
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Neff and the new mixing parameters
We can vary more than one angle:
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Neff and the new mixing parameters
Sort of ternary plot (sum of |Uα4|2 does not add up to 1!):
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Neff and the new mixing parameters
Sort of ternary plot (sum of |Uα4|2 does not add up to 1!):
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Neff and the new mixing parameters
Sort of ternary plot (sum of |Uα4|2 does not add up to 1!):

10 6

10 5

10 4

10 3

10 2

10 1

10 1

10 2

10 3

10 4

10 5

10 6

10 6 10 5 10 4 10 3 10 2 10 1

m2
41 = 100 eV2

|Ue4|2

|U
4|

2 |U
4 | 2

3.1

3.3

3.5

3.7

3.9

N
ef

f

S. Gariazzo “Introduction on neutrino cosmology” AQIAC 2023, 25/04/2023 55/60

[SG+, JCAP 07 (2019) 014]

https://doi.org/10.1088/1475-7516/2019/07/014


LSν mass in cosmology: meff
s and ms

most neutrinos are non-relativistic today
light sterile ms ≃ 1 eV is non-relativistic already at CMB decoupling

Non-relativistic neutrinos: ων = ρν

ρc
h2 = Σmν

94.12 eV

ωs = Ωsh2 = ρs
ρc

h2 = h2

ρc

ms
π2

∫
dp p2fs(p) [Acero+, PRD 2009]

ρs energy density of non-relativistic LSν, ρc critical density and h reduced Hubble parameter

Dodelson-Widrow distribution function: fs ≈ ∆Neff fa

meff
s = ∆Neffms

so that
ωs = meff

s /(94.12 eV)
meff

s ≃ ms for thermalized LSν (∆Neff ≃ 1)
if ∆Neff ≃ 0, meff

s ≃ 0 ⇒ cannot constrain ms
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LSν mass in cosmology: meff
s and ms

most neutrinos are non-relativistic today
light sterile ms ≃ 1 eV is non-relativistic already at CMB decoupling

Non-relativistic neutrinos: ων = ρν

ρc
h2 = Σmν

94.12 eV

ωs = Ωsh2 = ρs
ρc

h2 = h2

ρc

ms
π2

∫
dp p2fs(p) [Acero+, PRD 2009]

ρs energy density of non-relativistic LSν, ρc critical density and h reduced Hubble parameter

alternative production mechanism, it may appear in the literature:

thermal distribution function fs(p) = 1
ep/Ts + 1

=⇒Ts = ∆N1/4
eff Ta meff

s = ∆N3/4
eff ms

similar behavior as DW case, different dependence on ∆Neff
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Cosmological constraints on |Uα4|2
Use multi-angle results from FortEPiaNO to derive constraints on |Uα4|2:
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Constraints come from Neff
and late-time density Ωs

Angles |Uα4|2 are almost
equivalent for cosmology
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Comparing constraints
Cosmological constraints are stronger than most other probes
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But much more model dependent (as all the cosmological constraints)!
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Comparing constraints
Cosmological constraints are stronger than most other probes
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But much more model dependent (as all the cosmological constraints)!

Warning: tension between reactor experiments and CMB bounds!
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Comparing constraints
Cosmological constraints are stronger than most other probes
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But much more model dependent (as all the cosmological constraints)!

Warning: tension between reactor experiments and CMB bounds!

Neutrino-4 ⋆
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Solving both σ8 and H0 Tension?
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dashed: local measurements – ΛCDM model, ΛCDM + νa,s models: full cosmological dataset

H0 increases ⇒ σ8 increases (and viceversa)!
The correlations do not help.
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SummaryS



What did we learn about neutrinos and cosmology?
Neutrinos influenced the Universe evolution at most times!
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Terrestrial probes are our best short-term hope to learn more
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What did we learn about neutrinos and cosmology?
Neutrinos influenced the Universe evolution at most times!
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Neutrino physics is reasonably well Constrained

0

10

20

30

86 88 90 92 94

E
cm

 [GeV]

σ
h

a
d
 [

n
b

]

3ν

2ν

4ν

average measurements,
error bars increased
   by factor 10

ALEPH
DELPHI
L3
OPAL

0

0.05

0.1

0.15

0.2

0.25

∑
m

ν

Planck18+lens+BAO DR12

TT+lowE+lens+BAO DR12

Planck18

[Planck 2018]
ΛCDM+Σmν

All upper limits at 95% CL

Σmν > 0

Σmν > 0.06 eV

Σmν > 0.1 eV

ΛCDM+Σmν

ΛCDM+Σmν +Neff

ΛCDM+Σmν +Ωk

ΛCDM+Σmν +w0

ΛCDM+Σmν +Alens

ΛCDM+Σmν +w0+wa

[di Valentino+, PRD 106 (2022)]
Planck18+lens+BAO DR16

marginalized

0.2 0.3 0.4
sin2 12

5

10

15

20

2

0.3 0.4 0.5 0.6 0.7
sin2 23

0.016 0.020 0.024 0.028
sin2 13

6.5 7.0 7.5 8.0 8.5
m2

21 [10 5 eV2]

5

10

15

20

2

2.3 2.4 2.5 2.6 2.7
| m2

31| [10 3 eV2]
0.0 0.5 1.0 1.5 2.0

/

OS
C

OS
C

+ 
 de

ca
y

OS
C

+ 
0 OS

C
+ 

Co
sm

o
OS

C
+ 

Co
sm

o
+ 

HS
T

0

1

2

3

4

5

6

7

8

ln
B N

O,
IO

inconclusive
weak
moderate
strong

C

Terrestrial probes are our best short-term hope to learn more

1 0 1
m2 (eV2)

18573.60

18573.65

18573.70

18573.75

18573.80

E 0
 (e

V)

−6 −5 −4 −3 −2 −1

log10 |Ue4|2

−1.6

−0.8

0

0.8

1.6

lo
g

1
0
(∆
m

2 4
1
/e

V
2
)

0νββ

KATRIN

Cosmo

Reactors

3−10 2−10 1−10 1

14θ22sin

3−10

2−10

1−10

1

)2
 (

eV


412
m∆ 

RAA 95%

RAA Best fit

RENO Far/Near

NEOS 90%

PROSPECT 95%

RENO+NEOS 90%

Best fit

3−10 2−10 1−10 1
θ22sin

2−10

1−10

1

10

210)2
 (

eV
2

m∆

90% CL
KARMEN2

90% CL
OPERA

LSND 90% CL

LSND 99% CL

68% CL
90% CL
95% CL
99% CL

 CLσ3
 CLσ4

0.001 0.01 0.1 1
sin2(2θ24)

0.01

0.1

1

10

100

∆
m

2 41
[e

V
2
]

99% CL:

This work 90% CL

This work 99% CL

68% (trials)

95% (trials)

CDHS

MINOS

IceCube

DeepCore

Super-Kamiokande

MiniBooNE-SciBooNE

CDHS

MINOS

IceCube

DeepCore

Super-Kamiokande

MiniBooNE-SciBooNE

T

Neutrino physics is like the UCT:
beautiful, public (open to anybody),

it takes some efforts

Thanks for your attention!
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