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Standard Theory of Neutrino Oscillations in Vacuum

[Bilenky, Pontecorvo, Phys. Rep. 41 (1978) 225]

Neutrino Production: jEC:2 Z VaLYplaL VaL:ZUak:VkL Fields
a=¢e,u, T
<0|I/aL|I/5 ZUQI{:UB] <0|Vk;L|1/g OCZUakUIBk—aa,B |I/a Z k‘l/k States
k.3 o<5k.3
Ilve) = Exlue) = [vn(®)) = e P4 m) = [valt) Z pe” Er )
i

k) = Z Ugkl|vg)

va®) = Y (Z U;:keiEktUBk> vs) S

B=e,u, 7 \ k

7

~

Aua —)I/IB (t)

Transition Probability: P, ., (t) = \(1/5|1/a(t)>|2 = ‘.A,,a_wﬁ Uk e "Brtlgy,
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Pys(t) = Y Ui UskUajUp; exp [—i (B — E;) 1]
k.

Relativistic Approximation 4+ Assumption pp = p = F

neutrinos with the same momentum}

propagate in the same direction

m2 2 Am%j 2 _ 2 2
Ek—\/p —I—m zp—l—% E+ﬁ — Ek—EjZ oF Amkj:mk—mj
Amk
. . N J
Approximation t ~ [, — ,,a_wﬂ g kUBkUQJUm exp 0T
P, vy (L) = E |U04k|2|U5k|2 < constant term

Amk]L o
+ 2Rez akUpkUaqjUg; exp < oscillating term

0
COHERENCE
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(A1)

(A2)

(A3)

(A4)

Main Assumptions of Standard Theory

Neutrinos are extremely relativistic particles OK!

Neutrinos produced in CC weak interaction processes together with charged

leptons o™ are described by the flavor state Va) V)
y Uik

Correct approximation for ultrarelativistic 's  [Giunti, kim, Lee, PRD 45 (1092) 2414]

Massive neutrino states |vg) have the same momentum pp =1p

(“Equal Momentum Assumption™) and different energies: FEp ~ E + %
Unrealistic assumption, forbidden by energy-momentum conservation and Lorentz

invariance, but gives correct result (as well as the “Equal Energy Assumption™)
[Winter, LNC 30 (1981) 101], [Giunti, Kim, FPL 14 (2001) 213], [Giunti, MPLA 16 (2001) 2363], [Giunti, hep-ph/0302026]

Propagation Time T ~ L Source-Detector Distance OKI

0
WAVE PACKETS
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Detectable Neutrinos are Extremely Relativistic

Only neutrinos with energy larger than some fraction of MeV are detectable!

Charged-Current Processes: Threshold

v+ A—>B+C

U
s =2Emyg +m?%4 > (mp + mc)?
U/ 2
(mp +m¢g)”  ma
2m A 2

% ve +37Cl =5 3"Ar 4+ e~
L Ve + 1Ga— "1Ge+ e~

5De+p—>n—|—e+
Svp+n—=-p+pu
Svpte  —vetpu”

Eip = 0.81 MeV
Eip = 0.233 MeV
Eq, = 1.8 MeV
Eip, = 110 MeV

m2

By, ~ 52 =10.9GeV

2me

Elastic Scattering Processes: Cross Section o Energy

tvt+e —svte

Background = Eip >~ 5 MeV

Laboratory and Astrophysical Limits —

o(E) ~ oo E/me

oo ~ 107 em

2

(SK, SNO)

m, < 1leV

Y
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POSSIBLE: very small mixing of v, v,, v, with heavy v;'s
IN THIS CASE

* heavy neutrino masses must be taken into account in calculation of production and

detection rates

* oscillations due to large squared-mass differences are not observable = constant
flavor-changing transition probability due to mixing = no coherence problem

* almost degenerate very heavy massive neutrinos (such that the corresponding
squared-mass differences generate observable oscillations) seem very unlikely

IN THE FOLLOWING: we study oscillations due to
light extremely relativistic massive neutrinos
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Flavor States

Mixing of Fields: v, = Z UasrkViL Mixing of States: |vq) Z celvE)

(Olvarlvs) =Y UarUs, <0|ukL\yJ < Y UakUpy, = bap

k,j o 5k3 k

Neutrino Masses have been neglected!

Ve () /d?’pz [ak(ﬁ, h)urr (P, h)e "P'* + b,z (P, h)vir (P, h)eip'x}
h
3B, h)) = a} (B, 1)[0) {ar@ 1), a}(B 1)} = 6B —B') dnn Oy
(O0lver (0)]v; (B, h)) o< urr (B, k) 6k; = (01var(0)|va(B, h)) < Y UakUjy trr (B, h) ¥ Sap
k

MIXING = Flavor States are only approximations for Extremely Relativistic Neutrinos!

States |I/a> are not quanta of Field v, [Giunti Kim, Lee, PRD 45 (1992) 2414]
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Fock Space of Flavor States?

Mixed Dirac Neutrinos: Vo () = Z Uak Vi ()
k
Quantized Massive Neutrino Fields: {vi(t, ©), V;(t,y_’)} = (% — ¥) Ok
Free Dirac Equation: (1@ — my) vk(z) =0
dﬁ — — —1 1pT — — 1 —ipT
i) = / 2my3z 2 |0 (B h) (B, R) € PP 1 0], (B, h) vy, (B, h) €' BT
h=+1
Ey, = 52 + mz%k (P — mu,,) (P, h) = (P +my,) vy, (B, h) =
~ dZ g, t—ipz 1
ay, (D, h) = e Uy, (B, h) ve(z)
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arbitrary definitions with arbitrary unphysical mass parameters m,,_

[Fujii, Habe, Yabuki, Phys. Rev. D59 (1999) 113003, hep-ph/9807266]

but mixing implies

o) = / w7z 2 2 Ua (B, )t (B, h) €™ P TP b (B, ) vy, (B, ) €kt

h=11 k

assumption: a,_(p, h) are linear combinations of a,, (P, h) only (Giunti, kim, Lee, PRD 45 (1992) 2414]
Aug p7 Z Uak a'l/k: ( T (2_57 h) Uy, (ﬁ’ h))ei(EVa e )t (One Vacuum)
. . . i(Ey, —E,
{ava (B, 1), al, <p',h’)} = 6(F — ') G (BB

xu),, (B, h) (Z Uak Uy, tw, (B, B) ul, (B, h)) Ung (B, h) % bap
k

no Fock space of flavor neutrinos (Giunti kim, Lee, PRD 45 (1002) 24147 WroONg: inconsistent derivation!
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{al/a (1_57 h) ) alg (1_5,7 h,)} — {bl/a (2_57 h) ) bJLB (ﬁla h’)} — 5(1_5 — ﬁ/) 5hh’ 5aﬁ

Fock space of flavor neutrinos exists!

[Blasone, Vitiello, Ann. Phys. 244 (1995) 283, hep-ph/9501263] [Fujii, Habe, Yabuki, Phys. Rev. D59 (1999) 113003, hep-ph/9807266]

ay,, (P h)[0) # 0 bu, (B, h) |0) # 0
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infinity of Fock spaces of flavor neutrinos
depending on the values of the arbitrary parameters m,,_

flavor vacuums: ay, (P h) |0gmy) =0 by, (B, h) |0gmy) =0
can flavor Fock states describe real neutrinos? No!

® arbitrary and non unique construction

& measurable quantities depend on the arbitrary unphysical mass parameter m,,,

Example: Tt — ,u+ + Uy \Vu(ﬁ, h)> — aL(ﬁa h) |O{m}> Evu — \/1_5 + "77’12/,1
A= <N+(ﬁuahu)a’/u(ﬁa h)| —i/d4x %'(x)‘ﬁ+(ﬁw)7o{ﬁ%}>
FHi(z) = —= Tulz) 7" (1 —5) p(z) Jp(x) (01 Tp ()7 (Br)) = iy fr cosPIce™Pm"

A =2m ﬁﬁﬂ'p fr costc 54(p7r —Pu — D) W(ﬁa h)y? (1 —s) ’Uu(ﬁw hy)

flavor neutrino Fock spaces are clever mathematical constructs without physical relevance
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Simplest Example of Neutrino Production: 7" = u*4+v, 7~ —pu” +7,

two-body decay = fixed kinematics

B2 = v+ m]

( 2\ 2 2 4
P4 m2 2 m2 4m2
m at rest: ¢

m2
0" order: my, =0 = pr, = Ex = FE = Mr <1——g> ~ 30 MeV
mﬂ'
m? m? 1 m?
15¢ order: Esz—l—ﬁﬂlg pk:E—(1—§)2—l§ §§< —m—g ~ (.2
\ /
general!
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Equal Momentum of Massive Neutrinos?
(standard assumption: neutrinos with same momentum propagate in same direction)

2
~ T (1 e\ M
pr~E—(1-¢) Yo

the special case £ =1 = pr = p; = £ in general does not correspond to reality
BUT

for Extremely Relativistic Neutrinos the phase of P, ., is independent from &

Y

Equal Momentum Assumption gives correct Oscillation Phase
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Different Momentum Contributions <= Lorentz—Invariant Oscillations

i (2, 8)) = e FEPE ) — v (2, 8) = Y Usp e PRI )

T
‘l/a(ﬂf,t» — Z ZU;ke—iEkt—l—ipkaBk |Vﬁ> |Vk; Z ng |V5>
_ B=e,u,T
B—eay‘a’r\ k P
‘Aya—)uﬁ (CB,t)
Transition Probability: P, vy (x,t) = \(1/5|1/a(:v,t)>|2 = |Avy s (m,t)|2
2

LORENTZ INVARIANT . .
Pua—n/g (x7 t) _ Z U;ks 6—zEkt+2pkw UBk
OSCILLATION PROBABILITY .

[Dolgov, Morozov, Okun, Shchepkin, NPB 502 (1997) 3], [Dolgov, hep-ph/0004032], [Dolgov, Phys. Rept. 370 (2002) 333],

[Giunti, Kim, FPL 14 (2001) 213], [Bilenky, Giunti, IJMPA 16 (2001) 3931], [Beuthe, Phys. Rept. 375 (2003) 105]

important: Flavor is Lorentz Invariant < different observers measure same P, .,
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ultrarelativistic neutrinos — t~x = L source-detector distance

Biophp_ ™k g Mg

Fit —pex ~ (B — L = — _ "k
Kt — Dk (Ex — px) By + o B+ o o

2
Py, s (D) = D U, e~ M LI2E g,
k
Am?
_ 2 kj
— Z|Uak| |U5k‘ —I—2Re§ kUBkUagUBJeXp< °F )
j

STANDARD OSCILLATION PROBABILITY!

Am?2 L ATE
25 =21 = L7 = ﬁ%] Oscillation Length
Py Z|Uak| Usk|* +2Re Y U UsiUq;Uj; exp | —2mi Lo
k>j J
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Equal Energy of Massive Neutrinos?

[Grossman, Lipkin, PRD 55 (1997) 2760], [Lipkin, PLB 477 (2000) 195]

the special case { =0 = E, = E; = E in general does not correspond to reality
BUT
for Extremely Relativistic Neutrinos the phase of P, _,,, is independent from &

Y

Equal Energy Assumption gives correct Oscillation Phase

advantage of Equal Energy Assumption: in the Lorentz Invariant treatment
the approximation 1’ ~ L is not needed

Am%jL
O = (pr —p;) L — (Bx — E;) T = (pp — pj) L~ ———3—

2F

BUT Equal Energy Assumption is incompatible with Lorentz Invariance!
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Equal Energy Assumption and Equal Momentum Assumption
are incompatible with Lorentz Invariance

[Giunti, MPLA 16 (2001) 2363]

2
. . . m
assume for illustration that in frame S FEy =F = pi = \/E2 — mi ~ F — ﬁ
ener;gy of
in another frame S’ with velocity v along the neutrino path
m2
E,=v(Er+vpr) =v(1+v)E —|~v 2—5 energies are different!
E
2 2
voom 1 m
AE = — k Ap . — — k
ki T 1w 2E Pei = 714 2F

AEy,; ~ Apy, for relativistic velocities ~ COMMON IN PRACTICE!
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Example: 7" — put + v,

Assume for sake of illustration S with £, = FE is the rest frame of =
Many experiments measure oscillations of v's produced in 7 decay in flight

e.g. short and long baseline, atmospheric v experiments with £, ~ 100 MeV — 100 GeV

1
Example:  E, ~200MeV = v~071 = — ~24 —— ~ 34
— v — v
2 1 2
AE; = — : v ;715, ~ Ap; = 3 ;715, same order of magnitude!
— v — v

for higher energies AE; . ~ Apj .

Lorentz Invariance —=  In general Equal Energy Assumption and Equal Momentum
Assumption do not correspond to reality

CONCLUSION: Forget Equal Energy Assumption and Equal Momentum Assumption.
In any case they are not needed in Lorentz-invariant derivation of flavor
transition probability of ultrarelativistic neutrinos.
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Problem

. 2
P, us(x,t) = ‘ Z Uk, Usk exp | — i (Ext — p)|
k

explicitely Lorentz-invariant

/l\

product of two four-vectors

ultrarelativistic U neutrinos

. .my L
%:Uak Ugk exp (—z 2% )

Boost O — O" moving with respect to O with velocity v in the x direction

P, v, (L) = apparently not Lorentz-invariant

Ax' =~ (Az — v At) At = (—v Az + At) y=(1- v2)_1/2

| A L

con’?ractlon At’:0:>At:'UA:B:>A:U’:7(1—'U2)Ax:—x:>L’:—

of distances ~y ~
= —vk massless

E = o (—vp + E') limit

L'/E'" #+ L/E = something is wrong!
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mp L _ . .
% derived from F.t — prx without assumptions about frame

Y

must be frame-invariant

phase

crucial point: approximation 1" = L

Ei —pi mi mi
T.L)=FE;T —pr L, —— T=L)=(Er — L=——""L=———-L~—1
ool L) = Ee T =pel 270 ol )= ) b= g L e P 2B
L is not the equal-time distance between source and detector

L is the distance traveled by the neutrino in the time T’

L is the spatial distance between the space-time events

of neutrino production and detection

O:Ax=At — O':A;B':At’Z’Y(l—’U)A;B Az =7 (Az —vAl)
At =~y (—v Az + At)

L'=~(1-v)L E'=y(1—-0v)E — L'/E'=L/E OK!
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Simple Example

source and detector at rest in the system O

Y

in the system O’ the detector is moving with velocity —v along the = axis
J

since the detector moves after the propagating neutrino has left the source,

the spatial distance traveled by the neutrino is shorter than
the instantaneous source-detector distance
\iE
the distance traveled by the neutrino is different from
the Lorentz-contracted source-detector distance

what happens if source and detector are in relative motion in the system O7?

since the oscillation probability is measured by the detector,
the velocity of the source with respect to the detector does not matter

the system O in which L coincides with the instantaneous distance between source and
detector at the time of neutrino emission is always the rest system of the detector
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O: (x,t) v=20
o ()  wv=3/5
0" (2",t") v=-3/5

2'z = arctan 3/5

t't = —arctan 3/5

e ——

hyperbolas t* — z* =t'" —2'" =

x'r = —arctan 3/5

£t = arctan 3/5
L'=L/2 L'"=2L

world-line of detector is constrained to be
the vertical line passing through D

world-line of source can be any time-like

line passing through P

12 12 /12 /12
t

— """ = constant fix the scale on axes
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t~x =1 <= Wave Packets

( ~~ Localization of Production and Detection Processes

Other Motivations:

~~ Exact Energy-Momentum conservation would imply
[Kayser, PRD 24 (1981) 110] <

creation and detection of only one massive neutrino
[Giunti, hep-ph/0302026]

(neutrino mass measurement)

m?
T=L1|1+0 —2)]
141 [ (E2

N 3
I
N~ o
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Corrections to 1T' = L

Size of wave packets is determined by coherence size of Production Process dip

(0tp = dxp because coherence region must be causally connected)

2

: : Dk my
velocity of neutrino wave packets: v, =—~1— —%
y P k E, 2 F2
Wave packets arrive at Detection Process at different times: ¢, = — ~ L (1 +
Vg

mg >m; — U <V — tk>tj

2 2 2
average time: LI RN § (1 + "’J> mij _ 'k J

2 2F? 2

wave packets overlap with detection process = range of T ~ [t — it,t + It]

Ot ~ \/5151% + 0t%)
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phase of oscillations: Sy = (px —pj) L — (Ex — E;)T

Ami jL
2F

2
T'=L — @ =-— correction: A®y; ~ — (B, — E;) (% L + 5t>

2 Am?. Am?2.L [ m?2. ot
Esz—l—f% — by —FE; ~¢ 2kj — A®p; ~ ¢ i ( A

E 2F 2E2 L
mg,; < E? (ultrarelativistic neutrinos) 0t < Ly S L
) ( . . AmijL

flux energy spectrum oscillations observable if ®;; ~ 1 = m " 1

_|_

detector energy resolution , = ¢ 2 2

fy Aby, ~ Ami,L ( mg; N ot

distance uncertainty ) ’ 2k 212 L
. negligible negligible

phase practically constant during wave packets overlap with detection process

Very Important: £ is irrelevant = oscillations of ultrarelativistic neutrinos are indepen-
dent from the kinematics of the production process
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Coherence Length

[Nussinov, PLB 63 (1976) 201], [Kiers, Nussinov, Weiss, PRD 53 (1996) 537]

Wave Packets have different velocities and separate

different massive neutrinos can interfere
if and only if —> L < LCOh

wave packets arrive with dtx; < 0tp

|08k > v —v-ITN%L — LCQhN—\/5t2—I—5t2
U1 V1
(D) V2
Y !/ L~ L L > Lggh
< Stp > (6tp < 8tp) (6tp < otp)
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Quantum Mechanical Wave Packet Model

[Giunti, Kim, Lee, PRD 44 (1991) 3635], [Giunti, Kim, PRD 58 (1998) 017301]

also called “Intermediate Wave Packet Model” [Beuthe, Phys. Rept. 375 (2003) 105]

neglecting mass effects in amplitudes of production and detection processes

va) = S U2, / dpoF (9) va(p)) ve) = Uz / dp 2 (0) [v(p))
k k

.Aag(x,t) _ <V5| e—z’Et—l—z’ﬁw ‘Va>

- ZU;k Uﬁk/dpwlf(p) D (1) o~ iEx(p)t-+ipe
k

Gaussian Approximation of Wave Packets

— . )? B Y
W (p) = (2m0%p) M exp [— @4055 ] WP () = (2morp) " exp [— @40;5 ]

the value of pj is determined by the production process (causality)
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2
Aaﬁ(x,t) 0.8 Z U;k ng /dp exp [_Z'Ek(p)t 4 ip:c . (p 40-];k)
k b

: 1 1 1
global energy-momentum uncertainty: — =5+ 5
OP O-pP O-pD

sharply peaked wave packets

op < B} (pi)/mi = En(p) = \/p? + m ~ By + vk (p — pi)

OF .
Ey = Ex(px) = \/pi + m3 VE = £(P) Sy group velocity
8}9 _ Ek
P=Dk
Aop (@, t U, U Byt + i (@ — ogt)
o (T, )oczk: 2 Ust oxp | —iBit +iprw — =

suppression factor for |z — vit| 2 oy

due to size of wave packets

1 : : 2 2 2

Oy Op = = global space-time uncertainty: 0r = 0sp t0.D
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E2_ 2
—Et + prx = —(Ek—pk)x—l—Ek(ax—t):—k—pkx—kEk(x—t)
By + pr
2 2
g g
= ————zc+ b (r—-t)x————x+Ex(z—1
By + pi Rt = o 2@ =)
§ . m; , (x—'ukt)2
Aag(x,t)oc;UakUBk exp \_Zﬁajj_ZEk (:c—t)l— 102

standard phase for ¢t = x additional phase for t # x
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Space-Time Flavor Transition Probability

) ) , Amijx .
P.s(x,t) ZUak Uk Ua; Ug; exp —ZT—FZ(E]C—EJ')(ZE—t)
kaj . o~ = - /
standard phase for t = x additional phase for t # x
_ 2 2,9
(& —vkst)” (v —v;)7 8
X exp | — 5 — 5
. 4o R 80 )
suppression factor for  suppression factor due to
|z — Ut 2 0 separation of wave packets
due to size of wave packets
2 2
Pk M oty Ty
E, 2F2 J 2 AE?2
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Oscillations in Space: P.s(L) x /dt P.s(L,t)

Gaussian integration over dt

Am L
Pas(D) o 32U Ui Uny Uy xp | 1
k,j
2 2 2
2 (vk —v;)” L*  (Ex — Ej)" o
N2 roZ TP T T2 402 242 00
k J k J x k J
~1 ~(AmZ,)" /8 E* ~e2(Am3, )’ /8 E?
(B, — B [ 1 2y )
X e — =
*P & ve + ’UJZ-
negl?éible
Ultrarel N Uz i
t tivisti trinos: ~F—(1—-§&) —=£ E. ~ F —&
rarelativistic Neutrinos Dk (1—-¢) o k +§ 5%
C. Giunti
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k,j

X exp

Pog(L) = ) Uy Uk Uaj Uj; exp

AmijL

y AmijL
2F

i

4v/2E20,

2
B 252 Am%j O
41F

j

Oscillation Lengths:

4nE

0SC __

kj

— )
Amkj

Coherence Lengths: L

coh 4\/§E2
Lo s
’ |Amij|

k,j

X exXp

Pog(L) = > Uk U Ua; U exp

i

L

coh
LS

L
Ly

[—27rz'
2 2
—2n?¢? | o2

) (ij )
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_ -
: : 2 .9 Og
new localization term: exp | —2m°& —
kj

interference is suppressed for o, 2 L3 (& ~1)

equivalent to neutrino mass measurement

uncertainty of neutrino mass measurement: mi — E,% _pi

5?7?,% ~ \/(2 Ek 5Ek)2 + (ka 5pk)2 ~ 4E0'p

1 |[Ami; | Ly |[Ami, [ Ly
Op = 5 b= 4; ’ dSmi ~ ojx J

0 2 Lyy = 0my S |Amgl
Y

I only one massive neutrino !
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Achievements of the Quantum Mechanical Wave Packet Model

AmE
Confirmed Standard Oscillation Length: = 7r_2
7 Amg,
4/ 2E*
Derived Coherence Length: LCOh \/_2 O
|Amkj|

problem: flavor states in production and detection processes have to be assumed

vo) = 3 Ui / dpyF () e (0)) vs) = 2 Ui / dp YL () i (p))

calculation of neutrino production and detection?

i

Quantum Field Theoretical Wave Packet Model
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Quantum Field Model of Neutrino Oscillations with ex- [Giunti, Kim, Lee, Lee, PRD 48 (1993) 4310]
[Giunti, Kim, Lee, PLB 421 (1998) 237]
[Cardall, PRD 61 (2000) 073006]

ternal particles in Production and Detection processes de-

scribed by wave packets and intermediate virtual neutrino [Beuthe, PRD 66 (2002) 013003]
l/a—)l/g _
Pr — Pp + 0} + v, » vg + D; — Dp + {5
0+ also called “External Wave Packet Model”
(87

[Beuthe, Phys. Rept. 375 (2003) 105]

Dy

propagator

P, vy X Z{P]—>Pp+€:—|—vk >Vk+DI—>DF‘|—£§}
k

Confirmed Standard Oscillation Length Derived Coherence Length
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“philosophical” problem of External Wave Packet Model: neutrino has no properties!

in oscillation experiments neutrinos propagate as free particles over macroscopically large
distance, sometimes astronomical distances (solar, atmospheric neutrinos)

it must be possible to describe neutrinos in oscillation experiments with appropriate state,
as in the quantum-mechanical approach
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Neutrino Wave Packets in Quantum Field Theory

[Giunti, JHEP 11 (2002) 017]

also called “Interacting Wave Packet Model” [Beuthe, Phys. Rept. 375 (2003) 105]

In Quantum Field Theory f) o< (8 — 1)) ~ —i/d4a: Hi(x)|2)

Entangled Final State in Production Process:

| Pr, 01, 7, —i/d4x H(z) |Pr)
Pr — Pp + {4 + v,

Disentangled by Interaction with Surrounding Medium (Measurement):

Va) & (Pp, 03| Pe, 5, 5,) o (P, 65| — i/d‘lx H;(z) | Pr)

Effective Interaction Hamiltonian: 3} (z) = Ua(x)¥P (1 — v5) Lo () Jf(x)
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Localization: X) = /d3p¢x(ﬁ3ﬁxa pr) X (P, hx)> (x = Pr, PFJ;D

— — 2
: T R —3/4 p—Pp
Gaussian Momentum Distribution: 9, (B; P, 0py ) = (27“;12”() / exp [_( . 2><)
o
pPX

wx(faaﬁxaaz?x) = (Ox(z)|x)
Wave Function: / d3p

Y

- = _E (—»)t+._,_,
(27-‘-)3/2 wX(papX,O'pX)e 1B, (p)t+1p%

Dispersion Relation: E,(p) = \/132 +m3 =~ By + Uy (P — T?X)

0Ly Px

Average Energy: E, = \/ﬁi +m%  Group Velocity: ¥, = =

op
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—3/4 (Z — ?7Xt)2

Wave Function: wx(:?,t;ﬁx,(fpx) ~ (27”7:20;()

A Ret)

. 1
Space and Momentum Uncertainties: 04y 0py = =

=y

Squared Energy Uncertainty: ((6E)*), = <X|(E — E,)?*|x) = Q"Jf( UI%X [Beuthe, priv. comm. 200]
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Neutrino State: |1/a X Z k;/d3 /dgppF pr pPpapPpaapPF)

X/dsp+¢£+(p£+;p£+,0£+)/d3p/pI ¢PI(Z_5,PI;Z—5PI7OPPI)

X Zu’/k p, h (1 =) Vet (p£+,h£+) Jf(ﬁ,PFath;ﬁ’pI, hp;)

X /d4x ez(p+p’v’3§ TP PP vk (D, h))

integrations over d*z ,
3 ’ 3 3 = Na Z
d pPI1 d p£+1 d pPF k

Amplitudes: A (B, h) = G, (B, h) v (1 = v5) vyt Byt , byt ) I, (Bp,., hpw; Bp,s hipy)

P 3 L]
e~k (B) replaces energy-momentum d-function
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5P = Br =D’ | [Br = B, (B) ~ (Bp =) Vel

k 2 2
Energy: FEp = Ep, — Ep, — EQ_ Momentum: pp =pPp, — DPp, — Dyt
: 1 1 1 1
Space Uncertainty: —— = ——+ —— + —
o o o o
P xPr zPr zlt
Momentum Uncertainty: o02p = 025, + 02p. + 0°
' pP pPr pPr pld
2 ’I_J*PI 17PF 6£+ o ’172PI ’I_J’?:)F B?-I—
vp =0Lp 5t 5+ =5 Yp=0zp >t o T
axPI J:I:Pp O-:Cej; axPI axPF amgg;
(0 < |vp| <1) (0<Zp <1

opp =0 — p=Dp, FE, (D) =FEp = only one massive neutrinos

plane waves

)

exact energy-momentum conservation
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flavor state: |vg) = No Y Ul / d3p e Sk (@) > AL (B,h) [ve(B, h))
k h

superposition of massive neutrino states |vg) = Ny /d3p e~ Sk @) Zﬂf(ﬁ, h) vk (D, h))
h

dSE(p -
Average Momentum: g_,(p) =0 Pr = Dl
P lp=p,
L oFE,, (p D
Average Energy: Ey = E,, (B;) = \/Br + m?  Group Velocity: ¥, = ,:(p) ]
0P lp—p, Er
mi mi
Ultrarelativistic Neutrinos: ~F—(1-¢)— E,~F R
rarelativistic Neutrinos Dk (1—-¢) o k + & 0T
) Ap — 1 77p<1—£ ap>

Squared Energy-Momentum Uncertainties: ((0p)°)i ~ ((0E)%)r ~ orp
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Detection Process at (L, T):  |vo(L, T)) = e ETHPL |y,

Detection Amplitude: Aag(f},T) = (Dp, 5| — z’/d4x H(z) |Dr,va(L,T))
/l\
Transition Amplitude

5 Lo(@) 7" (1 =) (e ) J ()

Z 55 L3 () 7P (1 — 5) vj(z) JP ()

%\533\53

Effective Interaction Hamiltonian: 7 (z)
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Aas(L,T) o S UnUsk Y [ @0 AL GRAL G, e exp [~iB, (BIT + 5 L
k h

Sk(D) = Si () + S¥ (D) e~ k() replaces energy-momentum d-functions
() = (bp —P)” | [(Ep — By, () — (Bp — D) - UP]
40‘12)13 40’1%13)\13
— >\ 2 — — =\ = 12
L Bp—P)"  |[(Ep— £y, (p) — (fp —P) Up]
402 i 402\
pD pD\D

only one massive neutrino contribution = —=  no oscillations
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formally AQB(E,T) can be obtained in the standard quantum-mechanical way:
Aas(L,T) o< {vg| e FXTELy,)
with  Jva) = No 3 Use [ eSO S0 AL G 1) (5 )
k h
Dz — —
va) = Na 3 Us [ @pemS0® S AP G (5, )
k h

but calculation of coefficients of massive neutrino components of |v,) and |v3)
needs Quantum Field Theory !
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Aap(L,T) < Y UniUsk Y / d®p Ay (B, h)AR (B, h) e~ **®) exp [—z‘Euk (B)T +ip- L
k h

integration over d®p with saddle-point approximation around minimum of S (p)

0S =
a_f =0 Energy: e = E,,(G;,) = \/Qk + mk
p P=qy,
in general G, ex # P, Ex
L T) Z U U Z C_Ika (ijv h) —Sk(dr)
aﬁ X akV Bk €

\/DetQ
1
X exp [—iskT + iqr L — 5 (L — ugT) (1) (L° - uzT)}

0%S1(P)
OpaOpb

ab _
Qb =

qu
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Ultrarelativistic Neutrinos

m2 m?
€k:E—|—p2—l’; qsz—(l—p)2—§ U

‘Akp (ak;a _)'AkD (ak:a _> ~ ‘AP(Ea _>AD(E7 _)
v/ Dety v Det(2

AR @y, H)AY (@, +)  negligible

factorized out of Z
k

(L — upT)”

2
. : . m;
Aap(L,T) zk: UlUskexp | —iexT + iqip L — yp — (4Eap) ]
N =wa;
p~1 w1 C~1
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1 Evp(1-4wp)  E¥p(1-E¥p)
P = L N\ 2 = 2
i (1—£'Up) (f"UD—l)
012) 012)13 Ap 02D AD
w = D1 g o2 [E) HORIHER)? | (v 1) () ()
o p 0-12)P>\P 0-123D>\D
y
P

4
+0o
p 012)P>‘P012)D>‘D

v¥ )24 (v3)2 v¥ )24 (v3)2 vl vE —viv
X{1+0§[(P>+<p> +<D>+<D>}+ag(pp Lol

agp)\p 012)D>‘D JZPAPJZ%D
2 2
m
Sk(@r) = ¢ | 7
k
4FE 0,

4 )2 L \27 2 "
L_F(l—ﬂvp) (1_£UD) 1 1 + 1 4 1—0-Tp
0'12) U?)PAP O'?)D)\D 0'12) O-IQJP)\P O'QD)\ 2 )\p

[¢-3p—5p)]? 24 o2 (1-43p)° N o2 (1-43p)”
0123P>‘P012)D>‘D 0'12)1—_, Ap 0129D AD
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Space-Time Transition Probability:  Pag(L,T) o [Aag(L, T)|?

Transition Probability in Space:  P,s(L) / T |Aas(L, T)|?

Ultrarelativistic Neutrinos: Z\Uak\ Usi|? —|—2Rez ok UskUajUS;
k>j

L L\ or \ (m2 +m2)’
_omi — — _9 - J

ArE 4v/2wE?
Oscillation Lengths:  Lp%" = i 5 Coherence Lengths: LCOh = w2 o
Amg [Amg |

p, w, ¢ depend on Production and Detection processes (p~ 1, w~1, { ~ 1)

Necessary Localization: o, < Ly’°
otherwise: neutrino mass measurement < no oscillations

OSsC

|Ami-| kj
LI < | Amiy|

or 2 LYY = dmj ~ ESE ~ Eop ~

Y

Oz
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N(N -1
N massive neutrinos — ( 5 ) squared-mass differences (Amij)
N(N -1
( 5 ) oscillation lengths pee = A‘ﬁ%
N(N -1
( 5 ) coherence lengths LEOP ~ |4A\/_E2 ox
L >> LCOh j

no interference term

L> LCOh Vk,7 = constant flavor-changing transitions: P

Va—Vg — Z‘Uak‘ |U/3k|

Example of intermediate case:

L <« L$" L> LCOh Vk > 2

Pl/a—H/lg (L) —

L
Ui *|Uskl* + 2ReU*, Ugo Uyy U, exp | —2mi
B a2 VB 81 Lgic
k
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Size of Wave Packets

Line Broadening studied in atomic spectroscopy since the end of 1800

Main causes (Michelson 1895)

* The change in wavelength due to the Doppler effect of the component of the velocity
of the vibrating atom in the light of sight (Rayleigh 1889) = Thermal Broadening,
incoherent effect (solar “Be line)

* The exponential diminution in amplitude of the vibrations = Natural Linewidth =

Atp ~ Tgec (wWave packet emission in vacuum)

* The limitation of the number of regular vibrations by more or less abrupt changes of
phase amplitude or plane of vibration caused by collisions = Collision Broadening or

Pressure Broadening Atp ~ 7.0 (wave packet emission in a medium if 7co1 < Tgec)
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Natural Linewidth

AtP ~ Tdec — Ogx ™ Tdec

Tt — /ﬁ + v, atrest in vacuum = Tgec = 2.6 X 107%s =— 0, ~10m

™ = put +v, inflight = E;, =1GeV = y~7 = 0, ~70m

mt — ut + v, in decay tunnel of length ¢

Ttun — ; Ttun < Tdec —> Oz ™~ Ttun

E,=1GeV — v~0.99
U Am? = 1eV?
¢/ =10m — o0, ~10m

N\ 7
Vo

il

E2
Leoh > A5 0o ™ 10 m ~ 1001y
m
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Collision Broadening

/
Mean Free Path: / — 7.1 = — Problem: Estimate Mean Free Path /
v

Nussinov, Physics Letters B 63 (1976) 201

“The effective time 7, for the atom (or nucleus) to emit an uninterrupted train of
waves is the time during which the random phase change of the emitter due to
collisions, i.e. changes of potential energy, with neighboring atoms does not exceed

~ /2" = Te = Teol

Solar Neutrinos pe =~ 100gcm™> kT. ~1keV = v~107°

Np =~ pcNa =~ 6 X 10%° ¢m 3 rwNp_l/?’ ~107%cm = 71,.= r ~3x10717s
v

Z1Z2€2
r

~ 2keV

Potential Energy: V ~

Random Phase Shift: A¢ = AEAt ~ V1, ~ 20 > g

Op ~ Atp ~ Teol ~ Tr ~ 3 X 107 s~ 10" %cm
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212262

collision <= deflection +— K~ ——— [Anada, Nishimura, PRD 37 (1988) 552, 41 (1990) 2379]
kinetic r
energy
LAV
K~T — b~ % & impact parameter
b>(N =1 collisi — / !
T = Collision ~
b2 N
> ! ¢ ~M ! ! f h
< N3 — ~ Max N N1/ mean free pat

effective time between collisions: 7. = = =— 0, ~ Teol = —
v v
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Example: 7 — u™ + v, in graphite at T ~ 300 °K

o, ~ Min [6_777 g—“]

Ur Uy

graphite:. Z=6 A~12 p~2gcm™> N ~10%cm™° N3 ~2%x10 8cm

T 2
¢ ~ Max [3 x 1072 (MeV) cm, 2 x 1078 Cm]

T ~ 300K = K, ~4x107%eV = £ ~Max[5x 1077, 2x 107%] cm = 2 x 10" ® cm

Ur
v, ~2x107° = T ~ 107 cm

Ur
(mw—m)2 —8
K, = PP~ 4MeV = [~ Max[0.5,2x107°| cm = 0.5
H 2m .
Ly
v, ~203 — — ~1lcm
Up
lr
Op ~ —= ~ 1073 cm
Vs
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Estimates of Coherence Length

2 2
fose _ ATE _ (B/MeV) o AV2E? g (B?/MeVT) (ax) .
— — 9. =
Am? (Am?/eV?) |Am?| (JAm2|/eV?) \m
Process |Am2| 1,05¢ o, 7,coh
T Y —3 12 16
at rest in vacuum: E ~ 30 MeV 2.5 x10 " eV 30 km Tr ~ 10m ~ 107" km
natural linewidth
il —3 12 —5 10
at rest in matter: E ~ 30 MeV 2.5 x10 eV 30 km Teol ~ 107" m | ~ 107" km
collision broadening
,u+—>e+—|—1/e—|—ﬂu 2 —10 2
at rest in matter: F < 50 MeV leV <125m | 7car ~ 100 " m | < 10%km
collision broadening
7Be—|—e_ — 7Li—|—1/e s g o .
in solar core: E ~ 0.86 MeV 7x10 eV 31km Teol ~ 10 "m | ~ 10" km

collision broadening
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Conclusions

Standard expression for Oscillation Length of Ultrarelativistic Neutrinos is robust.

Wave Packet Treatment is necessary for T' ~ L < Oscillations in Space.

Quantum Field Theoretical Wave Packet Models confirm Standard Oscillation
Length and allows to calculate Coherence Length.

Neutrino Unbound
http://www.nu.to.infn.it
Carlo Giunti & Marco Laveder
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