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Dirac Neutrino Masses and Mixing Dirac Mass

v

@ Dirac Neutrino Masses and Mixing Dirac Equation: (i§ —m)v(x) =0 (¢ =7"64)

@ Dirac Mass

Higgs Mechanism in SM » Dirac Lagrangian: .Z(x) = v(x) (i§ — m) v(x)

<

® Dirac Lepton Masses » Chiral decomposition: v; = Pv, Vg = Pgrv, v=v +UR
o Three-Generations Dirac Neutrino Masses
o Massive Chiral Lepton Fields p, = 1—9° Pr = 1+4°
o Massive Dirac Lepton Fields -2 -2
® Quantization P?=P., Pi=Pr, Pi+Pr=1, PPgp=PgP =0
¢ Mixing
o Flavor Lepton Numbers L =vidv + VRidvr — m (VVr + VRVL)
o Total Lepton Number
¢ Mixing Matrix » In SM only v; = no Dirac mass
o Standard Parameterization of Mixing Matrix
o CP Violation » Oscillation experiments have shown that neutrinos are massive
@ Example: 912 =0
@ Example: 913 = 7/2 » Simplest extension of the SM: add vg

@ Example: m,, = m,,
@ Jarlskoe Reohasiﬂpﬁ-lﬁvﬂﬁnwtriﬂo Physics — May 2011 — 7 [ C. Giunti — Neutrino Physics — May 2011 — 8




v

v

v

v

v

v

Higgs Mechanism in SM

rm@owmtwm—<§gD o = 010 = ¢l.6, + o
Higgs Lagrangian: Liges = (D, )T (DHd) — V(|0?)

Higgs Potential: V(|®]?) = p?|®|? + A|d[*

2
p2<0andA>0 — V(|¢|2):,\(|d>|2—v;), with v = /%

Vacuum: Vi, for | = V; — (®) = % <8>

Spontaneous Symmetry Breaking: SU(2); x U(1)y — U(1)g

Unitary Gauge: ®(x) = % <v +(I)-I(x)>
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Dirac Lepton Masses

L = (Zt) Lr VR

Lepton-Higgs Yukawa Lagrangian

S =y L Olg —y' [ ®vgr +Hec.

Unitary Gauge

1 0 ~ ., 1 (v4+HKx)
d)(X)E(V—I—H(X)) b =iord %< 0 >

L

e 2t ), S

-2 w) (VT e
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4 v
X TtrH - L _Trvg H+ Hec
2 2
_ Vv _ v Vv
ml*yE m, =y E
= L= e gy= Y™
LH \/E v vH \/§ v

v = (ﬁGF)m — 246 GeV
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Three-Generations Dirac Neutrino Masses

Lr=ceg LR = LR LrR=Tg
Ver ”LR ViR
Lepton-Higgs Yukawa Lagrangian
Lup == > |V T 0lr+ YT Svhg| +He

a,f=e,u,T

Unitary Gauge

0 - v+ H(x)
¢(x):% <V+H(X)> b =ior® :% ( . )
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L)L =

HN — _
_<V\+ﬁ )[efLy'f UL Y™ ] + e

Diagonalization of Y’ and Y’ with unitary Vf, V,‘-i\, %%
= Vi L = ViR v =V/ng vp = VEng

Unitary transformations are allowed
because they leave invariant the kinetic terms in the Lagrangian

Liin = £,i0C), + Uiy + V] BV + Vpidrk
—uVitigvie + ...

= £,i@2; + LRi@r + VL[iJv + URiGVr
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T == () X [Vt Vi he] + e
V2 a,p=e,u,T

H\ r— _
.,%H,L——<V+ )[z'L Yl +v] Y’"u;?]+H.c.

V2
/ / /

) er ) €Rr / Vel , Ver
_ / _ ] _ — /
b= | m lr= | kR V= \VYu VR = | VuR

/ / ] ]
T TR v ViR
4 ”? 7 v v v
Z Ye; Ye; YEZ YEE Ye;t Ye‘r
[ 1. 1 1. v — v v v
Y*® = Y'uee Yuét Y#Z YV = er YHM Y;”
1l 1 1 v v v
YT e YT p. YTT YT e YT ﬂ YTT
M/Z — L YIZ MIV — L YIV
V2 V2
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v+ H\ — —
L= — ( ) [Z’L Yl + v Y u,’.?] +H.c.
V2
L= Vie > = VELR v, =V/nL Vg = VEng

H 0. v
L= <V\+ﬁ > [EL VY Vg + oV Ty VEVR] +Hec

Vi vt vh = vt Yip = Yabap (o, =e,p,T)

vty vy = v Y = yi b4 (k,j=1,2,3)
Real and Positive y¢, y¥
V[Y'Ve=Y «— Y =V Y V}

18 9 3 9
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Massive Chiral Lepton Fields

er €r
oo £ _
£ = VLTEIL = Lr = VRTEIR = | KR
TL TR
127 ViR
ne= Vv = |y nr = Vil vk = | uag
V3L V3R
v+ H\ _
fH,L = — <W> [ZL YZKR +nLY? nR] + H.c.
v+ H — 3 o
= - < ) [ S Vil lar + > vE VKL VkR:| +H.c
V2 J atepr P
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Quantization

—ip-x t ip-x
3 (p) ™ (p) e P + B (p) Vi (p) &

d3p
) = | GrypoE, 2.

h==+1
R =y (¢—mk)u£:)(p)=o
B+ m) v (p) =0
B-T (n h
5 " (p) = hul” (p)
B-x
5 %) = =hv"(p)

{a”(p), NPV} = {6 (p), b1 (p)} = (27)> 264 6%(B — B) 8w
(@ (p), & (P} = {a(p), 4" (p')} = 0
(6 (p), b (0 = {6 (), B ()} = 0
{a”(p), by ()} = {a (p), b T (p)} = 0
{a(p), b (6} = L (p), b (P} = 0
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Massive Dirac Lepton Fields

Ly =Ly +Llar (a =€, ”17-)

Vi = Vil + VkR (k=1,2,3)

£ 3 v
Ya V45— YV __
Ly = — Ll by — Uk Vi Mass Terms
a=e,u,T \/E [;1 \/E
Y 5 N
- z L lolo H - z 2k v H  Lepton-Higgs Couplings
a=e,u,T \/E k=1 2

Charged Lepton and Neutrino Masses

l v
YoV YV
my=="— (ax=¢eu,T myg = k=1,2,3

Lepton-Higgs coupling o< Lepton Mass
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Mixing
Charged-Current Weak Interaction Lagrangian

CcC g .
.,iﬂl( ) — ——2\/515VWP+H.C.

Weak Charged Current: Jw =Jw +ivq

Leptonic Weak Charged Current

Jwi= > xfyp(l_'f)) 6L=2 Y vyl =2v[74

a=e,u,T a=e,u,T
= Vie v, =V'n,
Jorr =2mr VTP VEeL = 2mp VT VP 0 = 2R Ut yP g

Mixing Matrix

ut = v/ v¢ u=Vvtvy
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Definition: Left-Handed Flavor Neutrino Fields
Vel
UI‘I[_ = ZTUL = I/#L
VrL

They allow us to write the Leptonic Weak Charged Current as in the SM:

Jw =200y b =2 > Var v lar

a=e,u,T
Each left-handed flavor neutrino field is associated with the
corresponding charged lepton field which describes a massive charged
lepton:
Sy = 2(VaL VP e + VarV* o + VrLv° 7L)
In practice left-handed flavor neutrino fields are useful for calculations in
the SM approximation of massless neutrinos (interactions).

If neutrino masses must be taken into account, it is necessary to use

3
.p - o * —
Jw, =20 UlyP ey =25 > U7 lar
k=1 a=e,u,T
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D D D

0 S A
"E’pmass:_(VEL Iz VTL) m%e mﬁ” m%T vur | +Hec

m're m’r;t mrr VrrR

Le, Ly, Ly are not conserved

Lis conserved:  L(vqr) = L(vgr) = |AL| =0
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Flavor Lepton Numbers

Flavor Neutrino Fields are useful for defining
Flavor Lepton Numbers
as in the SM

Le L, L Le L, L,
(Ve,e”) +1 0 0 || (¢¥5,e") -1 0 O
(vu,u™) 0 +1 0 (u;;, ;ﬁ) 0 -1 0
vry7) 0O 0 41| (w&,77) 0 0 -1

|L=Le+Ly+L]

Standard Model: Lepton numbers are conserved
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» Leptonic Weak Charged Current is invariant under the global U(1) gauge
transformations

eaL — eitpa eaL VoL — ei‘pa Val (a = e:ﬂ’:’r)
» If neutrinos are massless (SM), Noether's theorem implies that there is,
for each flavor, a conserved current:
ngVaL7pVaL+ea7p£a ap'g:O

and a conserved charge:
o= [ @x2) BolLa =0

3
Lot = [ (zj)—sz (42 () &2 () — B2 () B2 (P)]

+/ (27) 32E > o () ak)(0) — 61" (p) 52 (0)]
h==1
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Lepton-Higgs Yukawa Lagra ngia n:

v+ H 3
L= — < > [ > Yelarlar + Zyl’:V_kLVkR:| +Hec
k=1

a=e,u,T
3
Mixing: vy = Z Uak Vit — Vil = Z k Val
k=1 a=e,u,T
v+ H — . >
.,iﬂH,L = — < ) Z |:}/£ Lot bar + VaL Z Uak Y VkR:| +H.c.
V2 asep,r k=1

Invariant for )
eaL — e'¥e ZaL; ValL — e'e Val
3 3
bar = € lar, Y Uak Yk Vkr = €% > Unk yi ViR
k=1 k=1
But kinetic part of neutrino Lagrangian is not invariant
3

(v) — .
"fklnetlc = z VaL’@'/aL + Z VkR’aVkR
a=e,u,T k=1
because Zizl Uak Y Vkr s not a unitary combination of the vg's
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Mixing Matrix

Leptonic Weak Charged Current: jﬁ/,l_ =2n;UTyP e,

, Un U U Uei U Ues
U= VLT Vf = U21 U22 U23 = Up,l Uﬂz Uﬂ3
Ui U Uss Ui Up Ups

Unitary Nx N matrix depends on N? independent real parameters

N(N-1

% =3 Mixing Angles
N=3 "= ww+y

— 5 = 6 Phases

Not all phases are physical observables

Only physical effect of mixing matrix occurs through its presence in the
Leptonic Weak Charged Current

| C. Giunti — Neutrino Physics — May 2011 — 27

Total Lepton Number

» Dirac neutrino masses violate conservation of Flavor Lepton Numbers
> Total Lepton Number is conserved, because Lagrangian is invariant

under the global U(l) gauge transformations
v — e'? Vil , I/kR—)e‘kaR (k:1,2,3)
Lot — €% Lot Lar — € (plaR (Ot = e,p.,'r)
From Noether's t3heorem:
= "+ Y. LaVla 8, =0
k=1 a=e,u,T
Conserved charge: Ly = /d3xj2(x) Ola =0

Z / Q,F)B,Q,:_h 5 [ )l 0 - 62" 620

/ (2m) 325 > (a0 a2 (p) — b4 (0) 112 ()]
h==+1

a=e,u,T
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3
Weak Charged Current: jﬁ,’l_ =2 Z z Uit Uk P Lot
k=1 a=e,u,T
Apart from the Weak Charged Current, the Lagrangian is invariant
under the global phase transformations (6 arbitrary phases)
vk — ey (k=1,2,3), by = €4, (a=e,u,T)

Performing this transformation, the Charged Current becomes
3

Sy =22 2 TeT M Uake "0 lat

k 1a=e,u,T
-0 _ —7 — [ —
JW,L_2 e—i(p1—pe) Z Z Vil e —i(pk—¢p1) Uz, el(Pa—ve) P Lot
1 k=1 a=e,u,T 2

There are 5 arbitrary phases of the fields that can be chosen to eliminate
5 of the 6 phases of the mixing matrix

5 and not 6 phases of the mixing matrix can be eliminated because a
common rephasing of all the fields leaves the Charged Current invariant
<= conservation of Total Lepton Number.
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Standard Parameterization of Mixing Matrix

Vel Ui U2 Ues\ [viL

vur | = | Uur Up Uuz | | voL

» The mixing matrix contains 1 Physical Phase. VrL Ui Ur Urs) \vaL
. . . L. . . 1 0 0 s 0 sj3e /913 ci2 s12 0
> It is convenient to express the 3 x 3 unitary mixing matrix only in terms U 0 (1)3 1 13 0 12512 0

. = 3 S —s1p €
of the four physical parameters: 23 023 s 12 ©12
0 —523 3 —513€ B30 C13 0 01
3 Mixing Angles and 1 Phase _
ci2c13 s12€13 si3e~1013

= | —si2c3—cios3513e”13  crocs—sies3si13e13 syan3

s12523—Cl12023513€713  —crosp3—si2ca3si3e¥13 czars

Cap = cos P ,p Sap = sin4p 0< ¥, <

T

0§613§27r

3 Mixing Angles %15, 923, %13 and 1 Phase 413
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CP Violation

» U#U* = CP Violation
1 0 0 c13 0 s;3e /0 cia spp O » General conditions for CP violation (14 conditions):

Standard Parameterization

U=|0 o3 93 0 1 0 —s15 cp O 1. No leo ch)arged leptons or two neutrinos are degenerate in mass (6
0 —s3 c —s13€'3 0 c 0 0 1 conditions
23 03 13 13 2. No mixing angle is equal to 0 or 7/2 (6 conditions)
E le of Diff t Ph C i 3. The physical phase is different from 0 or 7 (2 conditions)
xample ot Literen ase Lonvention > These 14 conditions are combined into the single condition det C # 0
1 0 0 ci3 0 si3 cio s O C=-i [MIV M1 , M MIZT]
Uu=10 23 523(9“523 0 1 0 —S12 C12 0
0 —s;ze™™3 ¢ —s3 0 ¢ 0 0 1 _ 2 2 2 2 2 2
23 23 13 13 detC=-2J (my2 — myl) (my3 — myl) (ml,3 — muz)
. — 2 2 2 2 2 2
Example of Different Parameterization (m# — me) (mT — me) (mT — m#>
cio sipe e 0\ (10 0 as 0 sj3 L 5 .
U= —s{2e"512 cly 0 0 s sk 0 1 0 » Jarlskog rephasing invariant: J = c12512¢23523¢i3513 sind13 (stand. par.)
0 0 1 0 —s)3 Chs —s;3 0 cf3 [C. Jarlskog, Phys. Rev. Lett. 55 (1985) 1039, Z. Phys. C 29 (1985) 491]

[O. W. Greenberg, Phys. Rev. D 32 (1985) 1841]

[I. Dunietz, O. W. Greenberg, Dan-di Wu, Phys. Rev. Lett. 55 (1985) 2935]
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Example: ¥, =0

U = Ry3Ryi3Wis

cos %12 sin 19126'_"512 0
Wi = | —sin?2 e~ cos 1o 0
0 0 1
1 00
%1 =0 — Wp=1(01 0]|=1
0 01
real mixing matrix U = Ry3Ri3
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0 0 e
U= ‘U”1|ei>‘“1 |U#2\ei>‘“2 0
| UTl |ei>‘71 | U72|e">‘*2 0
)\ul_>\p2:)\71_)\72¢7r )\71—)\#1:)\7—2—)\#217('
Ve — ey (k=1,2,3), by — €% 4y (a=euT)

e~ive 0 0. 0. e~i3 efv1 0 0
U—>< 0 e*n 0 > |Uua]e™#1 [Upale™r2 0 <0 ei#2 0)

0 0 e—ieT \U-,—l\e»“fl \U-,—z\e”“ﬂ 0 0 0 ele3
0 0 ei(=613—petp3)
U= \U;L1|ei(>‘“1_'“+"1) ‘UFQ‘ei(Au2—‘P#+‘P2) 0
|Ur1|e/Pr1=@7+01) | Uypp|elPr2—¢T+02) 0
Y1 = 0 Pu = )\,u,l pr = )\7'1 Y2 = Pu — >\/.L2 - )\,u,l - )‘u2
gDQZSOT_ATQiﬂ':ATl_ATQj:ﬂ':)\’Ll_)\HQ OKI

0 0 +1
U: <‘Uu1‘ ‘Uﬂ‘ 0 >
|Ur1| —|Ur2| 0
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Example: 93 = 7/2

U = RysWi3Ry2

cos V13 0 sin®¥3e 93
Wiz = 0 1 0
—sin®3eB3 0 cos V13

0 0 e

ps=rp  — w=| 0 1 o
—eif13 0

0 0 e_i513

U=| spascose®s cpos—spsses 0
sis3—cac3e®13 —cs3—sine3e®ls 0
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Example: m,, = m,,

o =2AL Uy 4,

U= RoRisWes = jij =201 WhRLRL, v 4

1 0 0
Wos =10 cos Vo3 sin ’19236_’523
0 —sin®¥y3e %3 cos %23

Whosn; = n’,_ RisRi3 = U - ij)V,L = 2n_;_ UlJr ’)’p Yo
V> and v3 are indistinguishable
drop the prime - Jv =20 Utyr e,

real mixing matrix U= RipRi3
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Jarlskog Rephasing Invariant

Simplest rephasing invariants:  |Uak| = UakUgi,  UakUsjUgy Ugj

Sm | Unk Uz UpiUgj | = +J

[e]

X
o

J = Sm[Uea U3 U U] = Sm

In standard parameterization:
2 -
J = c1251202353¢{35135in 013

1
= 3 sin 2115 sin 213 cos %13 sin 21913 sin 13

Jarlskog invariant is useful for quantifying CP violation in a
parameterization-independent way

All measurable CP-violation effects depend on J.

| C. Giunti — Neutrino Physics — May 2011 — 37 |

GIM Mechanism

[S.L. Glashow, J. lliopoulos, L. Maiani, Phys. Rev. D 2 (1970) 1285]

The unitarity of Vf, V,g and V[ implies that the expression of the
neutral weak current in terms of the lepton fields with definite masses is
the same as that in terms of the primed lepton fields:

oL =28l V¥ v + 28 €, 7L, + 28R LR LR
=2gtar V) v Vi, +2g] & VTP VEeL + 28k Er VT P VEER
=2g/ ALy ny +2g £ Y €L + 28R LRV LR

The unitarity of U implies the same expression for the neutral weak
current in terms of the flavor neutrino fields v; = Uny:

Jo. =28/ VLU~ Ulwy + 25 €. 7v"L + 28R CR Y LR
=2gY ULy v +2g B Pl + 28h PR LR
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Maximal CP Violation

» Maximal CP violation is defined as the case in which |J| has its
maximum possible value

1
63

» In the standard parameterization it is obtained for

|J‘max -

P12 = Vo3 = 7/4, 51321/\/§, sind13 = *1

> This case is called Trimaximal Mixing. All the absolute values of the
elements of the mixing matrix are equal to 1/\/§:

1 i .
L f T 1 1 1 Fi
U= —5F 2’ §:F f _ _eil'/r/ﬁ einr/ﬁ 1
1 i 1 ? V3 eFIT/6  _gkim/6  q

2T 23 PR \/5
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Lepton Numbers Violating Processes

Dirac mass term allows L., L, L, violating processes

Example: u* — et + 17, pt— et +et +e”

Z U;k Uek = 0 = only part of v, propagator o< my contributes
k

Gem® 3a m2 W W

= L U - -

19273 321 Z ko2, ‘ .

no T U T e
BR Un, Uer
Suppression factor: e <107 for  my SleV
myy
(BR)the 5 10+ o (BR)exp S 10711
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Majorana Neutrino Masses and Mixing Two-Component Theory of a Massless Neutrino

[L. Landau, Nucl. Phys. 3 (1957) 127], [T.D. Lee, C.N. Yang, Phys. Rev. 105 (1957) 1671], [A. Salam, Nuovo Cim. 5 (1957) 299]

» Dirac Equation:  (iy*8, —m)9 =0
. . .. » Chiral decomposition of a Fermion Field: ¢ =Y, + Yr
@ Majorana Neutrino Masses and Mixing . .
o Two-Component Theory of a Massless Neutrino » Equations for the Chiral components are coupled by mass:
¢ Majorana Equation 8,9 = myr
¢ Majorana Lagrangian -
ivto =m
¢ Majorana Antineutrino? 7"0u¥r v
¢ Lepton Number
o CP Symmetry » They are decoupled for a massless fermion: Weyl Equations (1929)
s No Majorana Neutrino Mass in the SM )
o Effective Majorana Mass i 6uL = 0
o Mixing of Three Majorana Neutrinos iv8,9yr =0
o Mixing Matrix
> A massless fermion can be described by a single chiral field ¥, or ¥
(Weyl Spinor).
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> 9 and ¥R have only two independent components: in the chiral Majorana Equat'on
representation 0 xR » Can a two-component spinor describe a massive fermion? Yes! (E.
! Majorana, 1937)
_(0)y_| O _ (xR _ | xre
"l}L - X == X IlpR - 0 = 0 T
L XLI 0 > Trick: 9¥r and 7, are not independent: Yr=CYL
L2

T . . . —T T To1_
» The possibility to describe a physical particle with a Weyl spinor was > CYy isright-handed:  PrCepr =Cehy (c M€= o)

rejected by Pauli in 1933 because it leads to parity violation (¢, ;‘ YR)

Majorana Equation: i, = mCWT

>
» The discovery of parity violation in 1956-57 invalidated Pauli's reasoning . . —T
' M Field: = = C

opening the possibility to describe massless particles with Weyl spinor > Viajorana Fie LR L T

fields — Two-component Theory of a Massless Neutrino (1957) » Majorana Condition: |4 = CET —yC
» V — A Charged-Current Weak Interactions =— v Xty
> In the 1960s, the Two-component Theory of a Massless Neutrino was > Only two independent components: 9 = i )| xi

incorporated in the SM through the assumption of the absence of vg X2
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> Y= 1/}C implies the equality of particle and antiparticle
> Only neutral fermions can be Majorana particles

» For a Majorana field, the electromagnetic current vanishes identically:

Pyry = YCyryC = —yTCtyrcg” = geyrTely = —gy#y = 0
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» Majorana Field: v =y + V,_C

v

Majorana Condition: v¢ = v

v

Majorana Lagrangian: M=

7 (i@ —m)v

N |

v

The factor 1/2 distinguishes the Majorana Lagrangian from the Dirac
Lagrangian

» Quantized Dirac Neutrino Field:

3
v(x) = (2,(:)73[)25 S [ (p) uM (p) e P + b (p) V(h)(p)e"p'x}

h=+1

» Quantized Majorana Neutrino Field [b(")(p) = a(")(p)]
_ d’p D) ) D) () e=iP% 1 2B () o (B) () aiPx
”‘X)/Wél[a (p) u® (p) &= 1 2 (p) 7)) €]

» A Majorana field has half the degrees of freedom of a Dirac field
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Majorana Lagrangian

Dirac Lagrangian
ZP = T(ig-mv

= VLidv +VRiPvr — m (VR VL + VL VR)

VR — VLC = CV_/_T
1 m
~ P Uiy, — — (—VLTCTIJ[_ +V_LCV_LT)
2 2
Majorana Lagrangian
M — gy — % (~v/ ctw+mem”)
m

=vifv — 0 (VLCVL+V_LVLC)
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Majorana Antineutrino?

» A Majorana neutrino is the same as a Majorana antineutrino
» Neutrino interactions are described by the CC and NC Lagrangians
g - I
4=~ (Zr7H & Wy + By v W)

gNC_ & giaky, 7
Ly 2 cos Py VLY VL cu

> In practice, since detectable neutrinos are always ultrarelativistic, the
neutrino mass can be neglected in interactions
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Lepton Number

» In interaction amplitudes we neglect corrections of order m/E

_ ,,C
destroys left-handed neutrinos l><1 — — L><—l

creates right-handed antineutrinos

» Dirac: C

__ | destroys right-handed antineutrinos v = L=+1 v = L=-1
creates left-handed neutrinos m —
LM =Tridy — ) (l/LC v —|—V_LVLC)

{ destroys left-handed neutrinos

creates right-handed neutrinos Total Lepton Number is not conserved: |AL = 42

» Majorana:
V_{ destroys right-handed neutrinos

. Best process to find violation of Total Lepton Number:
creates left-handed neutrinos P P

Neutrinoless Double-8 Decay
» Common definitions: - B _
Majorana neutrino with negative helicity = neutrino N(A, Z) = N(A, Z +2) +2e" + 2% (B6ov)
Majorana neutrino with positive helicity = antineutrino N(A Z) = N(A Z—-2)+2e +20c (BB
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CP Symmetry

» The Majorana Mass Term

1 r—= _
» Under a CP transformation XMSS(X) = ) m [VLC(X) vi(x) + 7r(x) VLC(X)]
transforms as
Ucpri()Ugp = &5° 7% vf (xp)

1
¥ M -1_ 2 _ (¢CP\2—— C
UCPVLC(X)Ua:l, = —€EP ’)’0 vi(xp) Ucpfmass(X)UCP - 5 m [ (&) vi(xe) v (xp)
UcrPL(x)Ugp = 6577 v (%) 7° —(&7" )V vE(xp) v ()]
Ucprf ()Ucp = =€ 7i(xe) 7°
with [65P[2 = 1, x# = (x°,%), and xf = (x?, —%) > Ucp-Zmoss()Ucp = Zies(xp)  for

» The theory is CP-symmetric if there are values of the phase ¢57 such
that the Lagrangian transforms as

-1 _
UcpZ(x)Ucp = £ (xe) » The Majorana case is different from the Dirac case, in which the CP
in order to keep invariant the action / = /d4x$(x) phase ¢SP is arbitrary

» The one-generation Majorana theory is CP-symmetric
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No Majorana Neutrino Mass in the SM

» Majorana Mass Term o [V,_T ct v — I/_[_CI/_LT] involves only the neutrino

left-handed chiral field v/, which is present in the SM (one for each
lepton generation)

» Eigenvalues of the weak isospin /, of its third component /5, of the
hypercharge Y and of the charge @ of the lepton and Higgs multiplets:

I B | Y|Q=h+¥

v 1/2 0
lepton doublet L = 1/2 -1

L -1/2 -1
lepton singlet IR 0 0 |—-2 -1
1/2 1

Higgs doublet ®(x) — <¢+(X)> 1o V2
¢o(x) -1/2 0

> I/LT Cly, has 5 =1 and Y = —2 = needed Higgs triplet with ¥ = 2
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» SM Lagrangian includes all &'4<4 invariant under SU(2), x U(1)y
» SM cannot be considered as the final theory of everything
» SM is an effective low-energy theory

» It is likely that SM is the low-energy product of the symmetry breaking
of a high-energy unified theory

> It is plausible that at low-energy there are effective non-renormalizable

ﬁd>4 [S. Weinberg, Phys. Rev. Lett. 43 (1979) 1566]

> All 04 must respect SU(2), x U(1)y, because they are generated by the

high-energy theory which must include the gauge symmetries of the SM
in order to be effectively reduced to the SM at low energies
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Effective Majorana Mass

Dimensional analysis: ~ Fermion Field ~ [E]*/? Boson Field ~ [E]
Dimensionless action: | = /d4x$(x) — Z(x) ~[E]*

Kinetic terms:  9idy ~ [E]*,  (8.9)! 8¢ ~ [E]*

Mass terms:  myyp ~ [E]*,  m? ¢T¢ ~ [E]*

CC weak interaction: g opy?€, W, ~ [E]*

Yukawa couplings: y [;®4g ~ [E]*

Product of fields &4 with energy dimension d = dim-d operator
Lo = Conla = Cogy~ [E]"

O4~4 are not renormalizable
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Og~4 is suppressed by a coefficient M*~9, where M is a heavy mass
characteristic of the symmetry breaking scale of the high-energy unified
theory:

L =L+ 2 05+ 5

M M205+...

Analogy with ge(fgc) o G (Verv’e) (BLVpveL) + - - -
86 GF _ &

= —
M2 2 8mY,

2

Os — (VeLY"er) (eLVpVeL) + - - -

M*4isa strong suppression factor which limits the observability of the
low-energy effects of the new physics beyond the SM

The difficulty to observe the effects of the effective low-energy
non-renormalizable operators increase rapidly with their dimensionality

05 = Majorana neutrino masses (Lepton number violation)

Os == Baryon number violation (proton decay)
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» Only one dim-5 operator:

Os = (L] op®)CT (T o2 L;) + Hec > The study of Majorana neutrino masses provides the most accessible
1 low-energy window on new physics beyond the SM
-5 (L] Cloyd L)) - (®T 02 d)+He
L5 = B (L[ cto, gL)- (¢TU2E¢) +H.c. > mx V—2 o« m—ZD natural explanation of smallness of neutrino masses
2M M M

(special case: See-Saw Mechanism)

» Electroweak Symmetry Breaking: ¢ = (ZZ) Z%T(:Z) <V/(2/§>

» Example: mp ~ v ~ 102 GeV and M ~ 10 GeV — m ~ 1072 eV

2
Symmetry M 1 85V T At g5V
> b ——— L = = v, C'yp +He. = ===
> Breaking mass 2 M L L He m M
C. Giunti — Neutrino Physics — May 2011 — 57 C. Giunti — Neutrino Physics — May 2011 — 58
. . . . 1
Mixing of Three Majorana Neutrinos .M EV/LTCT MLy, + Hee,
1
) Pyp=Vine = L =su (V)T CTMEVE v+ He
M T L
, Lrvass = El/,/_ CtMEy, + He ,
[ s (V)T MEVE =M,  Mg=miby  (kj=1,23)
> v, = y/.tl_ 1 -
v _ IT At gLl 1 ) . ] o
Tt T2 Z Vai €' Map v + H.c. > Left-handed chiral fields with definite mass: n; = V[T v = | vy
a,f=e,u,T V3L
1
- . . . M T — T
» In general, the matrix M’ is a complex symmetric matrix Lnass = 2 ("L CtMn, —ng MCHL>
13 .
Z vt Méﬂ 1/;3L = — Z 1/;3{ l\/léﬁ €cHTv, =3 Z my (VZ—L Ctvy - C VkTL>
a,p a,p k=1
= z Vg/: ct M!.Z,s Vo = Z Vgi ct Méa V,’g[_ » Majorana fields of massive neutrinos: vy = vy + V,S_ I/kC = VU
a,p a,p
1 v 13 1
T = = — v (i@ — =—-n(id —
My =M, — Mt=mt >n 52 = zkzll/k("? m) v = 5 (i§ — M)n
3 —
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Mixing Matrix

Leptonic Weak Charged Current:

By =2ncUty e with  U=V/Tvy

Definition of the left-handed flavor neutrino fields:

‘ Vel
IJLZUI‘ILZ VLTV;_: V#L
Vri

Leptonic Weak Charged Current has the SM form

Sy =200l =2 Y Var 7 la

a=e,u,T

Important difference with respect to Dirac case:
Two additional CP-violating phases: Majorana phases
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pM = diag(es")‘l , e ei>‘3>, but only two Majorana phases are physical

All measurable quantities depend only on the differences of the
Majorana phases

by — €98y — e — &/Ok—9)
e/A«=X) remains constant

Our convention: A\; =0 = DM = diag(l, ez ei)‘3)

CP is conserved if all the elements of each column of the mixing matrix
are either real or purely imaginary:
di3=0orm and Ax=0orm/2o0rmor3m/2
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3
) 1 . . .
» Majorana Mass Term frmss = > g my I/,Z,-_ ct Vi + H.c. is not invariant

k=1
under the global U(1) gauge transformations

v = e (k=1,2,3)

» Left-handed massive neutrino fields cannot be rephased in order to

eliminate two Majorana phases factorized on the right of mixing matrix:

10 0
pM =0 e* o
0 0 e

» UP is analogous to a Dirac mixing matrix, with one Dirac phase

» Standard parameterization:

C12€13 512€13 size” o1 1 0 0
i6 is i
U= | —si2c3 — cio5o3s13€"°® 12023 — S1253513€"° $23C13 0 &% 0
is i i
S1283 — C12C23813€"° —C1253 — sppe;size’t? oscis 0 0 €

» Jarlskog rephasing invariant: J = C]_2S]_2C23523C123S]_3 sind13
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Dirac-Majorana Mass Term

@ Dirac-Majorana Mass Term

One Generation

Real Mass Matrix

Maximal Mixing

Dirac Limit

Pseudo-Dirac Neutrinos

See-Saw Mechanism

Majorana Neutrino Mass?
Fundamental Fields in QFT
Right-Handed Neutrino Mass Term
¢ Singlet Majoron Model

o Three-Generation Mixing
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v

v

v

v

One Generation » Column matrix of left-handed chiral fields: N; = (:é) = ( VL >

3 Cvg"

1
_ _ LM NTCPMN, +He M= [T TP
If vg exists, the most general mass term is the 2 mp mgr

» The Dirac-Majorana Mass Term has the structure of a Majorana Mass

Dirac-Majorana Mass Term ) - i )
Term for two chiral neutrino fields coupled by the Dirac mass

D+M _ oD L R
"E’pmass - "gmass + gmass + gmass ) ) ) V].L
» Diagonalization: n; = ut N = 5
. . 2L
fn?ass = —mpUrV, +H.c. Dirac Mass Term 0
m
. UTMU—<01 m> Real my > 0
2
L = 5 M vl Cly, +He Majorana Mass Term
1 1
1 > .ffn'?;gSM:E Z mkVZl—_CTVkL+H.C.:—§ Z my Uy Vg
ZR = 5 MR vh Clug + He New Majorana Mass Term! k=1,2 c k=1,2
Vi = VL + Vi
» Massive neutrinos are Majoranal vk = ch
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Real Mass Matrix > m) is always positive:
CP is conserved if the mass matrix is real: M = M* , 1 5 >
my =m) = > [mL+mR+\/(mL—mR) +4mD}

mg m . .
M = <mL mD> we consider real and positive mg and mp and real m;
b TR > If mpmg > m3, then mj >0 and p? =1

A real symmetric mass matrix can be diagonalized with U = O p
. 1 \/ 2 am2
o0— cos?d sin? o p1 O 02— 41 m1_§ my + mg —+/(mg — mg)” +4mg
—sind  cos? 0 po k
cos? sin?
=landpp=1 = U= .
0TMO = <mll °,> tan29 = 20 8 > (S"”’ C°“’>
0 my mgp —mp

> If mpmg < m3, then mj < 0 and p? = —1

1
m'2,1 =3 {ml_ + mp =+ \/(mL — mR)2 +4m2D}

1
m = > {\/(mL — mR)2—|—4m2D — (m + mRg)
mj is negative if mpmg < mQD

2! 0 . _ _ jcos® sind
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» If Am? is small, there are oscillations between active v, generated by v,
and sterile vs generated by I/,gi

Am? L
P, _,.(L, E) = sin® 29 sin’
—v.(L, E) = sin sin ( 4E>

2
Am? = m3 — mj = (mL+mR)\/(mL* mg)* +4mp
> It can be shown that the CP parity of vy is E,SP =ip2:
-1_:2.0
Ucpvk(x)Ucp = i pic 7" V()

» Special cases:

» mp =mrg =— Maximal Mixing

» m=mg=0 =— Dirac Limit

» |mi|,mr € mp == Pseudo-Dirac Neutrinos

» m =0 mp <K mg =— See-Saw Mechanism
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Dirac Limit

2
»m'z’lzimo - {Z%_+i: Z;;ZE
» The two Majorana fields v and v, can be combined to give one Dirac
field:
1 .
V= ﬁ(/ul—b—ug) =v; + VR
» A Dirac field v can always be split in two Majorana fields:
v =3 [(r =)+ (v+v))
i v—vC 1 (v40v© 1 .
= 7 (—/T> —i—ﬁ <7> = E(lul—i-yz)
» A Dirac field is equivalent to two Majorana fields with the same mass

and opposite CP parities
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Maximal Mixing

mp = mpgr
Y =m/4
/
myq = mp + mp

pPP=+1, m=m —mp if mg>mp
p%:—l, m=mp—m; if mg<mp

my = my + mp

m; < mp
—i
Vi = ? (1/1_ fl/,g)
= ﬁ (

vy = vy + VICL = 715 [(V[_ +VR) — (VLC + Vig>]

Z/L—I—I/'g)

V2:V2L+V2CL:%[(VL+VR)+(VLC+V’(":)]
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Pseudo-Dirac Neutrinos

‘|mL|;mR<<mD‘

my + mg

!

my 1 f + mp

my + mg

m'1<0 - p%:—l = mp1~mp+ 5

The two massive Majorana neutrinos have opposite CP parities and are
almost degenerate in mass

The best way to reveal pseudo-Dirac neutrinos are active-sterile neutrino
oscillations due to the small squared-mass difference

Am? ~ mp (mp + mg)

The oscillations occur with practically maximal mixing:

2
tan20 = ——° 51 — 9~n/4
mr — mp
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See-Saw Mechanism

[Minkowski, PLB 67 (1977) 42; Yanagida (1979); Gell-Mann, Ramond, Slansky (1979); Mohapatra, Senjanovic, PRL 44 (1980) 912]

|m1_:0 mD<<mR‘

» ZL . is forbidden by SM symmetries = m; =0

» mp < v ~ 100 GeV is generated by SM Higgs Mechanism
(protected by SM symmetries)

» mpg is not protected by SM symmetries — mg ~ Mgut > v
2

2
m m
/ D 2 _ ~ D
y m=-——= pr=-1, mx~—
mg - ) mg
/
my >~ mp p5 =41, m>~mg
» Natural explanation of smallness of neutrino masses

. . m
» Mixing angle is very small: tan 29 = 2 -0 <1
mRr
» 11 is composed mainly of active v;: vy ~ —ivy;

» vy is composed mainly of sterile vg: vy >~ z/,g
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L = % (L] o» &)t (@7 opLy) + H.c.

D+M _l (yy)2 T t T
LM~ (L o2®)CT (¢ " 02L;)+H.c.
2 mpr

> See-saw mechanism is a particular case of the effective Lagrangian
approach.

» See-saw mechanism is obtained when dimension-five operator is
generated only by the presence of vg with mg ~ M.

» In general, other terms can contribute to .%5.
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Connection with Effective Lagrangian Approach

» Dirac—Majorana neutrino mass term with m; = 0:

1
LOM — _mp (DRvL +TLvR) + 5 MR (z/;— Clug + VLCVE,)

> Above the electroweak symmetry-breaking scale:
~ — 1
LM — —y (TR L+ T vg) + 5 MR (vk Clvr +vkCvp)

» If mg > v = vg is static == kinetic term in equation of motion can
be neglected:
a$D+M

0
al/R

= mRV,-gCT —yVL_LED

v
VR ™~ _r d>TCLLT
mpr

1 v)2
$D+M_>$50+M ~ 3 ()r’n_)(LLT gy ®)CT(®T op L)) +Hec.
R
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Majorana Neutrino Mass?

V3 ud S c b t
I — | 1
12
L 1 1 1 1 1 1 1 1 1 1 1 1 1 J
107* 1073 1072 107! 10° 10' 10*> 10° 10* 10> 10° 107 10% 10° 10'° 10! 10'2
m leV]

known natural explanation of smallness of ¥ masses

See-Saw Mechanism (if vg's exist)

New High Energy Scale M = { 5-D Non-Renormaliz. Eff. Operator

Majorana v masses <= |AL| =2 <= BBy, decay
both imply My
M

Majorana neutrino masses provide the most accessible
window on New Physics Beyond the Standard Model

see-saw type relation my, ~

C. Giunti — Neutrino Physics — May 2011 — 76




Fundamental Fields in QFT

» Each elementary particle is described by a field which is an irreducible
representation of the Poincaré group (Lorentz group + space-time
translations).

> In this way

» Under Poincaré transformation an elementary particle remains itself.
» Lagrangian is constructed with invariant products of elementary fields.
» Spinorial structure of a particle is determined by its representation under

the restricted Lorentz group of proper and orthochronous Lorentz
transformation (no space or time inversions).
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» Two-component left-handed Weyl (Majorana if massive) spinor:

_ (X
XL= <XL2>

» Two-component right-handed Weyl (Majorana if massive) spinor:

_ [ XR1
xR <XR2>

XR1

» Four-component Dirac spinor: 79 = XR) _ | XR2
XL XL

Xr2
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Restricted Lorentz group is isomorphic to SU(2) x SU(2).

v

v

Classification of fundamental representations:
(0,0) scalar @
(1/2,0) left-handed Weyl spinor x; (Majorana if massive)

(0,1/2) right-handed Weyl spinor xr (Majorana if massive)

v

All representations are constructed combining the two fundamental Weyl
spinor representations.

(1/2,1/2) four-vector v# (irreducible)

(1/2,0) +(0,1/2) four-component Dirac spinor ¢ (reducible)

» Two-component Weyl (Majorana if massive) spinor is more fundamental
than four-component Dirac spinor.
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» Lorentz transformation: vE — VIt = \B, VY
v N o N 5 = goo guv = diag(1,-1,-1,-1)
» Restricted Lorentz transformation: ~ A¥, = [e¥]¥, Wyy = —Wyu

0 %1 Vo V3
—V1 0 93 —92
—V —93 0 01
—V3 92 —91 0

Wy =

> 6 parameters:
» 3 for rotations: 6 = (6, 6,,63)
» 3 for boosts: vV = (v, v, v3)

XL — XL =Mxe Ay = el(i%)9/2
XR = Xk = NRXR Ag = e/ (O+7)3/2
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» Four-component form of two-component left-handed Weyl (Majorana if
massive) spinor:

XL2

» Majorana mass term:

1 1 .
"gnﬁass = EmL'l/}Z—cT'l/}L +Hc = *EmLXI-_rlaQXL +H.c.
four-component form two-component form
(1/2,0) x (1/2,0) = (1,0) + (0,0) 0? is antisymmetric!

symmetric antisymmetric

» Anticommutativity of spinors is necessary, otherwise

. - T .
xlio*xe = (xlio*xt) = —x[io*xL =0
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Singlet Majoron Model

[Chikashige, Mohapatra, Peccei, Phys. Lett. B98 (1981) 265, Phys. Rev. Lett. 45 (1980) 1926]

Lo=—yq (L_L¢VR+W¢T LL) m —mp (VLVr + VR VL)
Ly=—ys (nﬁVRJrUTWVE) (n)j) —%mR (ﬁVR+WVf\,>
_ 271/2 . L _ 1 - — 0 mp vL H
n= (<n>+p+1X) maSS*_E("LVR)(mDmR)(Vf?)‘*‘ -C.
2
mgR > mp = See-Saw: |my ~ %
scale of L violation EW scale R

p = massive scalar, x = Majoron (massless pseudoscalar Goldstone boson)

The Majoron is weakly coupled to the light neutrino

: 2
1y. — mp [__ — mp\~ __
Ly ,= —\/';— X [V2’75V2 - —mR [V2’)’5V1 + V1’)’5V2) + (—mR> V1’75V1]
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Right-Handed Neutrino Mass Term

Majorana mass term for vg respects the SU(2), x U(1)y Standard Model
Symmetry!

LY = —%m (ﬁuR—ﬁ—WVﬁ,)

Majorana mass term for vg breaks Lepton number conservation!

> Lepton number can be explicitly broken

» Lepton number is spontaneously broken
locally, with a massive vector boson coupled

Three possibilities: to the lepton number current

» Lepton number is spontaneously broken
globally and a massless Goldstone boson
appears in the theory (Majoron)
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Three-Generation Mixing

$D+M = "(ZD + "gnl;ass + "gn’?ass

mass mass
Ns
D _ ] D s
ngass - Z Z Vsr Msa VoL + H.c.
s=1oa=e,u,T
1
L _ 1T L !
Linass = 5 ST v CtMigvp +He
a,f=e,u, 7

Ns
1
R R
imass = 5 Z V;Z\; CT Mssl V;’R + H.c.

s,s'=1

1C
, vl R
/) ;o / 1C .
L=\ V=V VR = :
R VI 1C
TL VNSR
1 Mt mPT
D+M _ IT At pgD+M ppt D+M _
Ls = ENL ct'm N; +H.c. M =m0 MR
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Diagonalization of the Dirac-Majorana Mass Term = massive
Majorana neutrinos

See-Saw Mechanism = right-handed neutrinos have large Majorana
masses and are decoupled from the low-energy phenomenology.

If all right-handed neutrinos have large Majorana masses, at low energy
we have an effective mixing of three Majorana neutrinos.

It is possible that not all right-handed neutrinos have large Majorana
masses: some right-handed neutrinos may correspond to low-energy
Majorana particles which belong to new physics beyond the Standard
Model (as a light neutralino in supersymmetric models).

Light anti-vg are called sterile neutrinos

VE—Vs (left-handed)
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_ invisibl _
ete - Z 2525 3" v, = vy

a=active

3 light active flavor neutrinos

N >3

N
mixing = Uy = Z Uak Vit a=-euT no upper limit!

k=1
Mass Basis: Vi Vs V3 Vi U
Flavor Basis: Ve Vy Vr Vs Vs

ACTIVE STERILE

C. Giunti — Neutrino Physics — May 2011 — 87

o
5]
el

v

v

v

v

v

v

v

Cross-section (pb)
5
S
T

10%E 4 20

Number of Flavor and Massive Neutrinos?

Z T T T T T T E o
Fao| ALEPH
e'e _ hadrons 3 DELPHI
L3
OPAL

+ average measurements,
error barsincreased
by factor 10

|
B =Y SLC
E ITprl LI?PI! L
0 20 40 60 80 100 120 140 160 180 200 220
Centre-of-mass energy (GeV)

[LEP, Phys. Rept. 427 (2006) 257, arXiv:hep-ex/0509008]

Fz= > Tzuit) Tzsqg+ T inv
t=ep,T gt

rinv - Nl/ rZ~>w7

| N, = 2.9840 + 0.0082
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Sterile Neutrinos

Sterile means no standard model interactions

Obviously no electromagnetic interactions as normal active neutrinos
Thus sterile means no standard weak interactions

But sterile neutrinos are not absolutely sterile:

» Gravitational Interactions

» New non-standard interactions of the physics beyond the Standard Model
which generates the masses of sterile neutrinos

Active neutrinos (v, vy, ¥7) can oscillate into sterile neutrinos (vs)

Observables:
» Disappearance of active neutrinos
» Indirect evidence through combined fit of data

Powerful window on new physics beyond the Standard Model
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