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Part I

Theory of Neutrino Masses and Mixing
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Higgs Mechanism in SM

I ����� Doubl�t: �(x) =

 �+(x)�0(x)

! j�j2 = �y� = �y+�+ � �y0�0

I ����� L��r������: 	
��� = (���)y(���)� V (j�j2)
I ����� Pot��t��l: V (j�j2) = �2j�j2 � �j�j4
I �2 < � ��d � > � =) V (j�j2) = ��j�j2 � v�

2

�2
, w�t� � � q����

I ���uu�: V��� for j�j2 = v�
2 =) h�i = 1p
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�

!
I �po�t���ou� �y���try Br��k���: �U(�)� �U(�)Y ! U(�)Q

I U��t�ry G�u��: �(x) = 1p
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L�pto�E����� Fuk�w� L��r������

	J;K = �O ` A� � `R � O � A� e� �R � �T�T

U��t�ry G�u��
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�p
�

 
� � �(x)

�

!
	J;K = � O `p

�

��� `�� �

� � �(x)

! `R� O �p
�

��� `�� � � �(x)

�

! �R � �T�T

C. ��� !� � N"�!#� $ %&'*�-* � /3' 5677 � 77

	J;K = � O ` �p
�
`� `R � O � �p

�
�� �R� O `p

�
`� `R � � O �p

�
�� �R � � �T�T

X` = O ` �p
�

X� = O � �p
�

Z`J =
O `p

�
=

X`
�

Z�J =
O �p

�
=

X�
�

� =
�p
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�1=2
= �]^ G��
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Three-Generations Dirac Neutrino Masses

L0�� � 0� � 0��`0�� � � 0�1A L0�� � 0� � 0��`0�� � �0
�

1A L0�� � 0� � 0��`0�� � � 0�1A`0�R � � 0R `0�R � �0
R `0�R � � 0R� 0�R � 0�R � 0�R

��p����H	gg
 Y�k�w� ��g��g	��

��;� = � X�;���;�;� h� 0�̀� L0�� � `0�R + � 0��� L0��
e� � 0�R

i
+ H.�.

U�	��� ���g�

�(x) = 1p
2

0� 0

v + �(x)

1A e� = ��2 �� = 1p
2

0�v + �(x)

0

1A
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��;� = ��v + �p
4

� X�;���;�;� h� 0�̀� `0�� `0�R + � 0��� � 0�� � 0�R

i
+ H.�.

��;� = ��v + �p
4

�h
`0� � 0` `0R + 5 0
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i
+ H.�.

`0� � 0B�� 0��0
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� 0`�� � 0`�� � 0`��1CA � 0� � 0B�� 0�
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vp
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��;� = ��v + �p
4
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`0� � 0` `0R + 5 0

� � 0� 50
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i
+ H.�.

8	�g���l	z��	�� �f � 0` ��d � 0� w	�9 ��	��� V�̀ : VR̀ : V �
� : V �

R

`0� = V�̀ `� `0R = VR̀ `R 50
� = V �

� ;� 5 0
R = V �

R ;R
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� �9�� l��>� 	�>�	��� �9� k	���	� ��<
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�� B�5 0

� + 50
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= `�V
`y
� � B�V�̀`� + : : :
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4
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Massive Chiral Lepton Fields

`� = V
`y
� `0� � 0BBBB�������1CCCCA `R = V

`y
R `0R � 0BBBB��R�R�R1CCCCA

�� = V
�y
� � 0

� � 0BBBB��1��2��3�1CCCCA �R = V
�y
R � 0

R � 0BBBB��1R�2R�3R1CCCCA
�H;� = � �� + �p
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`� Y

` `R + �� Y
� �Ri+	.c.

= � �� + �p
�

�" X�
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3X
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y�k �k� �kR#+ 	.c.
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I De�nition: Left-Handed Flavor Neutrino Fields

�� = U �� = V
`y
� �0

� =

0B����������1CA
I They allow us to write the Leptonic Weak Char�ed Current as in the SM:

j
�
� ;� = 2 �� � `� = 2

X���;�;� ��� � `��
I Each left-handed avor neutrino �eld is associated with the

correspondin� char�ed lepton �eld which describes a massive char�ed

lepton:

j
�
� ;� = 2 (��� � �� + ��� � �� + ��� � ��)

I �n practice left-handed avor neutrino �elds are useful for calculations in

the SM approximation of massless neutrinos (interactions).

I �f neutrino masses must be taken into account, it is necessary to use

j
�
� ;� = 2 �� Uy � `� = 2

3X
	�1

X���;�;� U��	 �	� � `��

� G����� � �������� P������ � ��� �0�� � ��

� !"#$ %&'*#/ 4567&$8

Flavor Neutrino Fields are useful for de�nin�

Flavor Lepton Numbers

as in the SM

9� 9� 9�
(�� ; ��) +; < <

(�� ; ��) < +; <

(�� ; ��) < < +;

9� 9� 9�
(�>

� ; �?) �; < <��>� ; �?
�

< �; <

(�>� ; �?) < < �;

9 = 9� + 9� + 9�
Standard Model: Lepton numbers are conserved


� G����� � �������� P������ � ��� �0�� � ��

@ A
BJKK = � ���� ��� ����0B�OA

�� OA
�� OA

��
OA�� OA�� OA��
OA�� OA�� OA��1CA0B���R��R��R1CA+ H.c.

9�, 9�, 9� are not conserved

9 is conserved: 9(��R) = 9(���) ) jQ9j = <


� G����� � �������� P������ � ��� �0�� � �X

I Leptonic Weak Char�ed Current is invariant under the �lobal Y(;) �au�e

transformations`�� ! �Z'� `�� ��� ! �Z'� ��� (� = �; �; � )

I �f neutrinos are massless (SM), Noether[s theorem implies that there is,

for each avor, a conserved current:

j�� = ��� � ��� + `� � `� ��j�� = <

and a conserved char�e:

L� =

Z
d3\ j]�(\) �]L� = <

:L� : =

Z
d3^

(2�)3 2_

h
g
q�zy�� (^) g

q�z�� (^)� {
q?zy�� (^) {

q?z�� (^)
i

+

Z
d3^

(2�)3 2_

X
|��1

h
g
q|zy`� (^) g

q|z`� (^)� {
q|zy`� (^) {

q|z`� (^)
i
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I Lepton-Higgs Yukawa Lagrangian:

��;� = ��v + �p
2

�" X���;�;� y�̀ `�� `�R +

3X
��1

y �� ��� ��R#+H.c.

I Mixing: ��� = 3X
��1

U�� ��� () ��� = X��� ;�;� U��� ���
��;� = ��v + �p

2

� X���;�;� "y�̀ `�� `�R + ��� 3X
��1

U�� y �� ��R#+H.c.

I �n	ariant for`�� ! 
�'� `�� ; ��� ! 
�'� ���`�R ! 
�'� `�R ; 3X
��1

U�� y �� ��R ! 
�'� 3X
��1

U�� y �� ��R
I But kinetic part of neutrino Lagrangian is not in	ariant

�
(�)
����� =

X���;�;� ���� /���� + 3X
��1

��R � /���R
because

P3
��1 U�� y �� ��R is not a unitar� combination of the ��R 's

C� G����� � N������� P������ �  !� "0## � "5

T$%&l *,4%$6 789;,<

I Dirac neutrino masses 	io>ate conser	ation of F>a	or Lepton ?umbers

I @ota> Lepton ?umber is conser	edA because Lagrangian is in	ariant

under the g>oba> EJKO gauge transformations��� ! 
�' ��� ; ��R ! 
�' ��R JQ = K; 2; SO`�� ! 
�' `�� ; `�R ! 
�' `�R J� = 
; �; �O
I From ?oether's theorem:

j� = 3X
��1

�� � �� + X���;�;� `� � `� ��j� = V

Wonser	ed charge: L� =

Z
d3X jZ�JXO �ZL� = V

:L: =
3X
��1

Z
d3[

J2�O3 2\ X
]��1 h^(])y�_ J[O ^

(])�_ J[O� `
(])y�_ J[O `

(])�_ J[Oi
+

X���;�;� Z d3[

J2�O3 2\ X
]��1 h^(])y`� J[O ^

(])`� J[O � `
(])y`� J[O `

(])`� J[Oi
C� G����� � N������� P������ �  !� "0## � "q

z{|{6} z&%<{|

I Leptonic ~eak Wharged Wurrent: j
�
� ;� = 2�� U

y � ��
I U = �

`y
� � �

� =

0B�U11 U1� U13
U�1 U�� U�3
U31 U3� U33

1CA � 0B�U�1 U�� U�3
U�1 U�� U�3
U�1 U�� U�31CA

I Enitar� ��� matrix depends on �� independent rea> parameters

� = S =) � J� � KO

2
= S Mixing �ng>es

� J� + KO

2
= � �hases

I ?ot a>> phases are ph�sica> obser	ab>es

I �n>� ph�sica> e�ect of mixing matrix occurs through its presence in the

Leptonic ~eak Wharged Wurrent

C� G����� � N������� P������ �  !� "0## � "�

I ~eak Wharged Wurrent: j
�
� ;� = 2

3X
��1

X���;�;� ��� U��� � `��
I �part from the ~eak Wharged WurrentA the Lagrangian is in	ariant

under the g>oba> phase transformations J� arbitrar� phasesO�� ! 
�'_ �� JQ = K; 2; SO ; `� ! 
�'� `� J� = 
; �; �O
I �erforming this transformationA the Wharged Wurrent becomes

j
�
� ;� = 2

3X
��1

X���;�;� ��� 
��'_ U��� 
�'� � `��
j
�
� ;� = 2 
�� ('��'�)| {z }

1

3X
��1

X���;�;� ��� 
�� ('_�'�)| {z }
�

U��� 
�('��'�)| {z }
�

� `��
I @here are � arbitrar� phases of the �e>ds that can be chosen to e>iminate

� of the � phases of the mixing matrix

I � and not � phases of the mixing matrix can be e>iminated because a

common rephasing of a>> the �e>ds >ea	es the Wharged Wurrent in	ariant() conser	ation of @ota> Lepton ?umber.
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I The mixing matrix contains 1 Physical Phase.

I �t is convenient to express the 3� 3 unitary mixing matrix only in terms

of the four physical parameters:

3 Mixing Angles and 1 Phase

C� G����� � N������� 	
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S������� ����������z����� �� ������ ������0B���L��L��L1CA =

0B�U� U�! U�"
U� U�! U�"
U� U�! U�"1CA0B�� L�!L�"L1CA

U =

0B�1 # #

# $!" %!"
# �%!" $!"

1CA0B� $ " # % "&
�'Æ()

# 1 #�% "&
'Æ() # $ "

1CA0B� $ ! % ! #�% ! $ ! #

# # 1

1CA
=

0B� *(+*() ,(+*() ,()��-Æ()�,(+*+)�*(+,+),()�-Æ() *(+*+)�,(+,+),()� -Æ() ,+)*()
,(+,+)�*(+*+),()�-Æ() �*(+,+)�,(+*+),()�-Æ() *+)*()

1CA
$/b � cos#/b %/b � sin#/b # � #/b � �

4
# � Æ " � 4�

3 Mixing Angles # !5 #!"5 # " and 1 Phase Æ "
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7tandard Parameteri8ation

U =

0B�1 # #

# $!" %!"
# �%!" $!"

1CA0B� $ " # % "&
�'Æ()

# 1 #�% "&
'Æ() # $ "

1CA0B� $ ! % ! #�% ! $ ! #

# # 1

1CA
Example of Di;erent Phase <onvention

U =

0B�1 # #

# $!" %!"&
'Æ+)

# �%!"&
�'Æ() $!"

1CA0B� $ " # % "
# 1 #�% " # $ "

1CA0B� $ ! % ! #�% ! $ ! #

# # 1

1CA
Example of Di;erent Parameteri8ation

U =

0B� $ 0 ! % 0 !&�'Æ0(+ #�% 0 !&'Æ0(+ $ 0 ! #

# # 1

1CA0B�1 # #

# $ 0!" % 0!"
# �% 0!" $ 0!"1CA0B� $ 0 " # % 0 "

# 1 #�% 0 " # $ 0 "1CA
C� G����� � N������� 	
���� � ��� 20�� � 6�

>� V��?�����

I U 6= U� =) <P @iolation
I Beneral conditions for <P violation F1H conditionsJ:

KO QR WwR XYZ[\]^ _]`WRjk R[ WwR j]qW[{jRk Z[] ^]\]j][ZW] {j |Zkk }~
XRj^{W{Rjk�

�O QR |{�{j\ Zj\_] {k ]�qZ_ WR � R[ �=� }~ XRj^{W{Rjk�
�O �Y] `Y�k{XZ_ `YZk] {k ^{�][]jW �[R| � R[ � }� XRj^{W{Rjk�

I These 1H conditions are com�ined into the single condition det� 6= #

� = �� �� 0� � 0�y ; � 0` � 0`y�
det � = �4 �

�
�!�+ ��!�(� ��!�) ��!�(���!�) ��!�+��
�!� ��!

�

� �
�!� ��!

�

� �
�!� ��!��

I �arls�og rephasing invariant: � = $ !% !$!"%!"$
!
 "% " sin Æ " Fstand. par.J

��� ��������� � ¡�� ¢£¤� ¥£¦¦� §§ ¨(©ª§« (¬)©� � � ¡�� � +© ¨(©ª§« ®©(¯

�°� ±� ²�££³´£��� � ¡�� ¢£¤� µ )+ ¨(©ª§« (ª®(¯

�¶� µ·³¸£¦¹� °� ±� ²�££³´£��� µ�³º»¸ ±·� � ¡�� ¢£¤� ¥£¦¦� §§ ¨(©ª§« +©)§¯
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Example: #12 = 0

U � R�3R�3W��

W�� �

0B� cos#�� sin#���
��Æ�� �� sin#���

��Æ�� cos#�� �

� � �

1CA#�� � � �) W�� �

0B�� � �

� � �

� � �

1CA � 	

r
�� i�ing �tri� U � R�3R�3

C. G�u��� � N�u����� Phy���� � M�y ���� � ��

Example: #1� = �=�
U � R�3W�3R��

W�3 �

0B� cos#�3 � sin#�3�
��Æ��

� � �� sin#�3�
�Æ�� � cos#�3

1CA#�3 � �=� �) W�3 �

0B� � � ���Æ��
� � ����Æ�� � �

1CA
U �

0B�   !�"Æ���#��$���$��#��!"Æ�� $��$���#��#��!"Æ��  

#��#���$��$��!"Æ�� �$��#���#��$��!"Æ��  

1CA
C. G�u��� � N�u����� Phy���� � M�y ���� � �4

U �

0B� � � ���Æ��jU��j����� jU��j����� �jU��j����� jU��j����� �

1CA��� � ��� � ��� � ��� � � ��� � ��� � ��� � ��� � ��k ! ��'% �k (& � �; �; ') ; `� ! ��'� `� (� � �; �; �)
U ! �

!�"'*   
 !�"'�  
  !�"'� �   !�"Æ��j+��j!"��� j+��j!"���  j+��j!"��� j+��j!"���  

!�
!"'�   
 !"'�  
  !"'� �

U �

 
  !",�Æ���'*-'�/j+��j!",����'�-'�/ j+��j!",����'�-'�/  j+��j!",����'�-'�/ j+��j!",����'�-'�/  

!'� � � '� � ��� '� � ��� '� � '� � ��� � ��� � ���'� � '� � ��� � � � ��� � ��� � � � ��� � ��� OK5

U �

�   ��j+��j j+��j  j+��j �j+��j  

�
C. G�u��� � N�u����� Phy���� � M�y ���� � �6

Example: 7�8 = 7�9
j
�
; ;L � �<> Uy � `>

U � R��R�3W�3 �) j
�
; ;L � �<> W

y
�3R

y
�3R

y
�� � `>

W�3 �

0B�� � �

� cos#�3 sin#�3���Æ��
� � sin#�3���Æ�� cos#�3 1CA

W�3<> � <0> R��R�3 � U 0 �) j
�
; ;L � �<0> U 0y � `>�� �nd �3 �r
 indisting?is@�b�


droA t@
 Ari
 �) j
�
; ;L � �<> Uy � `>

r
�� i�ing �tri� U � R��R�3

C. G�u��� � N�u����� Phy���� � M�y ���� � �B



Jarlskog Rephasing Invariant

� S�m����� ����	��
� �
�	��	
��: jU� j = U�U�� ; U�U��jU
��U�j=�

h
U�U��jU

��U�j

i
= ��

� = =�
h
U�2U�

�3U��2U�3

i
= =�

0B�� Æ �� � Æ� � � 1CA
� �
 ��	
d	�d �	�	m�����z	���
:

� = c12�12c23�23c2
13�13 ��
 Æ13

=
�

8
��
 �#12 ��
 �#23 ���#13 ��
 �#13 ��
 Æ13

� �	������ �
�	��	
� �� u��fu� f�� qu	
��fy�
� CP ����	���
 �
 	

�	�	m�����z	���
-�
d���
d�
� w	y

� A�� m�	�u�	b�� CP-����	���
 ������ d���
d �
 �.
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,axi/al 45 Violation

� 6	9�m	� CP ����	���
 �� d�;
�d 	� ��� �	�� �
 w���� j�j �	� ���

m	9�mum �����b�� �	�u� j�j<>? =
�

@
p

B

� �
 ��� ��	
d	�d �	�	m�����z	���
 �� �� �b�	�
�d f��#12 = #23 = �=D ; �13 = �=pB ; ��
 Æ13 = ��

� T��� �	�� �� �	���d T��m	9�m	� 6�9�
�. A�� ��� 	b���u�� �	�u�� �f ���

���m�
�� �f ��� m�9�
� m	���9 	�� �qu	� �� �=pB:

U =

0BB� 1p
3

1p
3

� Ep
3�1

2 � E
2
p

3
1
2 � E

2
p

3
1p
3

1
2 � E

2
p

3
�1

2 � E
2
p

3
1p
3

1CCA =
�p
B

0B� � � �F�H�E�=K H�E�=K �

H�E�=K �H�E�=K �

1CA
�� G����� � N ��!��" #$%&�'& � M(% )0** � +L

OI, ,eQhanis/

[WXYX Z\]^_`{| }X ~\�`�`�\`^| YX �]�]��| �_�^X ���X � � ������ �����

� T�� u
��	���y �f ��̀� ��̀ 	
d � �
� �m����� ��	� ��� �9�������
 �f ���


�u��	� w�	� �u���
� �
 ���m� �f ��� �����
 ;��d� w��� d�;
��� m	���� ��

��� �	m� 	� ��	� �
 ���m� �f ��� ���m�d �����
 ;��d�:

�
�
� ;� =� ��

� �0� � � 0� � � � �
� �0� ��0� � � � �

� �0� ��0�
=� ��

�  � �
�y
� � � �

�  � � � � �
� �� �

`y
� � ��̀ �� � � � �

� �� �
`y
� � ��̀ ��

=� ��
�  � �  � � � � �

� �� ��� � � � �
� �� ���

� T�� u
��	���y �f U �m����� ��� �	m� �9�������
 f�� ��� 
�u��	� w�	�

�u���
� �
 ���m� �f ��� ¡	��� 
�u���
� ;��d� �� = U  �:

�
�
� ;� = � ��

� �� U � Uy �� � � � �
� �� ��� � � � �

� �� ���

= � ��
� �� � �� � � � �

� �� ��� � � � �
� �� ���
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Majorana Neutrino Masses and Mixing

D���c �������� 	�

�
 ��� 	����

	������� �������� 	�

�
 ��� 	����

Tw�-C�mp����� Th���� �f � 	�

l�

 ��������

	������� Eq������

	������� L�������

	������� A�����������?

L�p��� ��mb��

CP S�mm����

�� 	������� �������� 	�

 �� �h� S	

E��c��v� 	������� 	�



	���� �f Th��� 	������� ��������


	���� 	�����
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 T��m
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�v� ��������
?
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 !o"#o$%onent  &eor' o( a Mass)ess Neutrino

[*+ *,/3,56 7589+ :;<=+ > @BHIJK BOJ]6 [Q+R+ *UU6 V+7+ Y,/W6 :;<=+ XUZ+ B\I @BHIJK B^JB]6 [_+ `,9,k6 75zZz V{k+ I @BHIJK OHH]

| D���c Eq������} ~���� ��� � �
| Ch���l ��c�mp�
����� �f � F��m��� F��l�}  �  � �  �
| Eq������
 f�� �h� Ch���l c�mp�����
 ��� c��pl�� b� m�

}

���� � � � �
���� � � � �

| Th�� ��� ��c��pl�� f�� � m�

l�

 f��m���} ���l Eq������
 ~�����

���� � � �
���� � � �

| A m�
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 f��m��� c�� b� ��
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~���l Sp������

�. G����� � �������� ��y���� � ��y 2011 � 42
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} �� �h� ch���l
��p��
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! � 0BBB�������
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�c�l p����cl� w��h � ���l 
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Majorana ��uation
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p���� ��
c��b� � m�

�v� f��m���? ��
� ~E�
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I  =  C implies the equality of particle and antiparticle
I Only neutral fermions can be Majorana particles

I For a Majorana �eld, the electromagnetic current vanishes identically: � =  C� C = � TCy�C T =  C�TCy = � � = 0
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�������� L���������

Dirac �agrangian

� � = � (� /� ��) �
= ��� /��� + �R � /��R �� (�R �� + �� �R)�R ! �C� = C ��T

�

�
� � ! �� � /� �� � �

�

���T� Cy �� + �� C ��T�
Majorana �agrangian

� = �� � /� �� � �

�

���T� Cy �� + �� C ��T�
= �� � /� �� � �

�

��C� �� + �� �C� �
�. G����� � N������� P�	
��
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I Majorana Field: � = �� + �C�
I Majorana !ondition: �C = �
I Majorana �agrangian: � =

�

�
� (� /� ��) �

I "he factor �=� distinguishes the Majorana �agrangian from the Dirac

�agrangian

I Quantized Dirac #eutrino Field:�(x) = Z
d3$

(��)3 �E X
%&�' �*-%7($) 8-%7($) 9�;<�> + ?-%7y($) @-%7($) 9;<�>�

I Quantized Majorana #eutrino Field [?-%7($) = *-%7($)]�(x) = Z
d3$

(��)3 �E X
%&�' h*-%7($) 8-%7($) 9�;<�> + *-%7y($) @ -%7($) 9;<�>i

I A Majorana �eld has half the degrees of freedom of a Dirac �eld
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�������� H�J��KSJ����U

I A Majorana neutrino is the same as a Majorana antineutrino

I #eutrino interactions are described by the !! and #! �agrangians

� VV
W;X = � Yp

�

��� � `� Z� + `� � �� Z y��
�\V
W;� = � Y

� cos#^ �� � �� _�
I `n practice, since detectable neutrinos are always ultrarelativistic, the

neutrino mass can be neglected in interactions
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I �n inter�ction �mplitudes we neglect corrections of order �=E
I Dir�c:

8>>>>><>>>>>: �L ( destroys left-h�nded neutrinos

cre�tes right-h�nded �ntineutrinos�L ( destroys right-h�nded �ntineutrinos

cre�tes left-h�nded neutrinos

I M�jor�n�:

8>>>>><>>>>>: �L( destroys left-h�nded neutrinos

cre�tes right-h�nded neutrinos�L( destroys right-h�nded neutrinos

cre�tes left-h�nded neutrinos

I Common de�nitions:

M�jor�n� neutrino with neg�tive helicity � neutrino

M�jor�n� neutrino with positive helicity � �ntineutrino

�. G����� � N���	��
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������ ���b��

Z
Z
ZZ�

�
��

� = +�  � � = �� �! Z
Z
ZZ�

�
��

� = ���L �)  � !" ��L �)  � �"
#$ � �L % /� �L � �

&

���L �L ! �L ��L �
Tot�l 'epton (um)er is not conserved: * � �&
Best process to �nd viol�tion of Tot�l 'epton (um)er:

(eutrinoless Dou)le-� Dec�yN ,A;35! N ,A;3 ! &5 ! &6� !77HH&8�; ,���<�5N ,A;35! N ,A;3 � &5 ! &6> !77HH&�; ,��><�5
�. G����� � N���	��
 P����� � �a 2011 � ?0
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I Under � CK tr�nsform�tion

UOQ�L,x5U�ROQ � �OQ� < ��L ,xQ5
UOQ��L ,x5U�ROQ � ��OQ� � < �L,xQ5
UOQ�L,x5U�ROQ � �OQ� � ��L ,xQ5 <
UOQ��L ,x5U�ROQ � ��OQ� �L,xQ5 <

with j�OQ� jV � "W x� � ,x<;~x5W �nd x
�
Q � ,x<;�~x5

I The theory is CK-symmetric if there �re v�lues of the ph�se �OQ� such

th�t the '�gr�ngi�n tr�nsforms �s

UOQ# ,x5U�ROQ � # ,xQ5

in order to keep inv�ri�nt the �ction X �

Z
dYx # ,x5

�. G����� � N���	��
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I The M�jor�n� M�ss Term

#$
[\]],x5 � �"& � h��L ,x5 �L,x5 ! �L,x5 ��L ,x5i

tr�nsforms �s

UOQ#
$
[\]],x5U

�R
OQ � � "

&
�
h�,�OQ� 5V �L,xQ5 ��L ,xQ5�,�OQ� �

5V ��L ,xQ5 �L,xQ5i
I UOQ#

$
[\]],x5U

�R
OQ � #$

[\]],xQ5 for �OQ� � �%
I The one-gener�tion M�jor�n� theory is CK-symmetric

I The M�jor�n� c�se is di^erent from the Dir�c c�seW in which the CK

ph�se �OQ� is �r)itr�ry
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No Majorana Neutrino Mass in the SM

I �������� ���� T��� / h�	
L Cy �L � �L C �L	

i

�v�lv�� ��ly ��� ����
��

l�f�-���d�d c�
��l ��ld �L, w�
c� 
� p������ 
� ��� �� (��� f�� ��c�

l�p��� g������
��)

I E
g��v�l�� �f ��� w��k 
���p
� � , �f 
�� ��
�d c��p����� �3, �f ���

�yp��c���g� Y ��d �f ��� c���g� Q �f ��� l�p��� ��d H
gg� �l�
pl���:

� �3 Y Q = �3 + �
2

l�p��� d�bl�� �L =

0��L`L1A 1=� 1=��1=� �1
0�1

l�p��� �
�gl�� `R 0 0 �� �1

H
gg� d�bl�� �(x) =

0���(x)��(x)

1A 1=� 1=��1=� +1
1

0

I �	
L Cy �L ��� �3 = 1 ��d Y = �� =) ���d�d H
gg� ��
pl�� w
�� Y = �

C. G����� � �������� P� !�"! � #$ %&'' � 5*

/4e6ti7e Majorana Mass

I D
����
���l ���ly�
�: F���
�� F
�ld � [8 ]3=2 B���� F
�ld � [8 ]

I D
����
��l��� �c�
��: � =

Z
d9x ; (x) =) ; (x) � [8 ]9

I K
���
c �����:  < >� � [8 ]9, (���)y ��� � [8 ]9

I ���� �����: m  � [8 ]9, m2 �y� � [8 ]9

I ?? w��k 
�����c�
��: @ AL�`L W� � [8 ]9

I Jk�w� c�pl
�g�: O �L�`R � [8 ]9

I U��dc� �f ��ld� VX w
�� ����gy d
����
�� Z � d
�-Z �p������

I ;\^_q = z\^_qVX =) z\^_q � [8 ]9�X

I VX>9 ��� ��� �������l
{�bl�

C. G����� � �������� P� !�"! � #$ %&'' � 5|

I �� }�g���g
�� 
�cld�� �ll VX�9 
�v��
��� �d�� �~(�)L �~(1)�

I �� c����� b� c���
d���d �� ��� ���l �����y �f �v��y��
�g

I �� 
� �� ���c�
v� l�w-����gy �����y

I �� 
� l
k�ly ���� �� 
� ��� l�w-����gy p��dc� �f ��� �y�����y b���k
�g

�f � �
g�-����gy �
��d �����y

I �� 
� pl��
bl� ���� �� l�w-����gy ����� ��� ���c�
v� ���-�������l
{�bl�

VX>9 ��� ��������� ����� ���� ����� �� ������ �����

I �ll VX ��� ���p�c� �~(�)L �~(1)� , b�c��� ���y ��� g�������d by ���

�
g�-����gy �����y w�
c� ��� 
�cld� ��� g�g� �y�����
�� �f ��� ��


� ��d�� �� b� ���c�
v�ly ��dc�d �� ��� �� �� l�w ����g
��
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I VX>9 
� �pp�����d by � c���c
��� M9�X , w���� M 
� � ���vy ����

c����c���
��
c �f ��� �y�����y b���k
�g �c�l� �f ��� �
g�-����gy �
��d

�����y:

; = ; ¡ +
@¢M V¢ +

@£M2 V£ + : : :
I ���l�gy w
�� ;

\¤¤q
¥¦ / §¨ (�©L�ªL) (ªL��©L) + : : :

V£ ! (�©L�ªL) (ªL��©L) + : : : @£M2 ! §¨p
�

=
@2

«m2
¬

I M9�X 
� � �����g �pp����
�� f�c��� w�
c� l
�
�� ��� �b���v�b
l
�y �f ���

l�w-����gy ���c�� �f ��� ��w p�y�
c� b�y��d ��� ��

I T�� d
�cl�y �� �b���v� ��� ���c�� �f ��� ���c�
v� l�w-����gy

���-�������l
{�bl� �p������� 
�c����� ��p
dly w
�� ���
� d
����
���l
�y

I V¢ =) �������� ����
�� ������ (}�p��� ��b�� v
�l��
��)

I V£ =) B��y�� ��b�� v
�l��
�� (p����� d�c�y)
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I Only one dim-5 oper�tor�

�� = (LT
� �2 �) Cy (�T �2 L�) + H.c.

=
1

�
(LT

� Cy �2 ~� L�) � (�T �2 ~� �) + H.c.

�� =
g�

�M (LT
� Cy �2 ~� L�) � (�T �2 ~� �) + H.c.

I Electrowe�k Symmetry Bre�kin�� � =

 �	�0

!

������������!
��a����

 
�

v=p�

!
I ��


������������!
��a����

� M
�ass =

1

�

g� v2M �T
� Cy �� + H.c. =) � =

g� v2M
C� G�u��� � N�u����� Ph��� � � !"� #$%% � &7

I '*e ,t/dy of 3�jor�n� ne/trino m�,,e, pro4ide, t*e mo,t �cce,,ible

low-ener�y window on new p*y,ic, beyond t*e S3

I � / v2M / �2
DM n�t/r�l expl�n�tion of ,m�llne,, of ne/trino m�,,e,

(,peci�l c�,e� See-S�w 3ec*�ni,m)

I Ex�mple� �D � v � 1�2 6eV �nd M� 1�8� 6eV =) � � 1��2 eV

C� G�u��� � N�u����� Ph��� � � !"� #$%% � &9

:;<;>? @A FJKQQ :RU@KR>R WQXYK;>@Z

I [ 0
� � 0B�� 0\�� 0��� 0��1CA � M

�ass =
1

�
[ 0T

� Cy ]� [ 0
� + H.c.

=
1

�

X�;�^\;�;� � 0T�� Cy ]��� � 0�� + H.c.

I _n �ener�l` t*e m�trix ]� i, � complex ,ymmetric m�trixX�;� � 0T�� Cy ]��� � 0�� = �X�;� � 0T�� ]��� (Cy)T � 0��

=
X�;� � 0T�� Cy ]��� � 0�� =

X�;� � 0T�� Cy ]��� � 0��

]��� = ]��� () ]� = ]�T

C� G�u��� � N�u����� Ph��� � � !"� #$%% � &q

I � M
�ass =

1

�
[ 0T

� Cy ]� [ 0
� + H.c.

I [ 0
� = z �

� {� =) � M
�ass =

1

�
[ 0T

� (z �
� )T Cy ]� z �

� [ 0
� + H.c.

I (z �
� )T ]� z �

� = ] ; ]|} = �| Æ|} (~ ; � = 1; �; �)

I �eft-*�nded c*ir�l �eld, wit* de�nite m�,,� {� = z �
�
y [ 0

� =

0B��8��2����

1CA
� M

�ass =
1

�

�
{T

� Cy ] {� � {� ] C {T
�

�
=

1

�

�X
|^8

�|

��T
|� Cy �|� � �|� C �T

|�

�
I 3�jor�n� �eld, of m�,,i4e ne/trino,� �| = �|� + ��

|� ��
| = �|

I { =

0B��8�2��

1CA =)� M =
1

�

�X
|^8

�| (� �� ��|) �| =
1

�
{ (� �� �]) {

C� G�u��� � N�u����� Ph��� � � !"� #$%% � �$



Mixing Matrix

I Lep�o��c We�k Ch���ed Cu��e��:

j
�
� ;� = 2�	 U

y � `	 w��h U = V
`y
	 V �

	

I De�����o� of �he lef�-h��ded �vo� �eu����o �elds:

�	 = U �	 = V
`y
	 �0

	 =

0B��
	��	��	1CA
I Lep�o��c We�k Ch���ed Cu��e�� h�s �he S� fo��

j
�
� ;� = 2�	 � `	 = 2

X��
;�;� ��	 � `�	
I ��po����� d��e�e�ce w��h �espec� �o D���c c�se:

Two �dd���o��l CP-v�ol����� ph�ses: ���o���� ph�ses

�. G����� � N������� ��y���� �  !y "011 � 61

I ���o���� ��ss Te�� #$
m%&& =

'

2

3X
(�)

*( �+(	 Cy �(	 , H/c/ �s �o� ��v������

u�de� �he �lob�l 45'7 ��u�e ����sfo�����o�s�(	 ! 89'; �(	 5< = '; 2; >7
I Lef�-h��ded ��ss�ve �eu����o �elds c���o� be �eph�sed �� o�de� �o

el������e �wo ���o���� ph�ses f�c�o��zed o� �he ���h� of ��?��� �����?:

U = U@ A$ A$ =

0B�' B B

B 89�E B

B B 89�F1CA
I U@ �s ���lo�ous �o � D���c ��?��� �����?J w��h o�e D���c ph�se

I S���d��d p����e�e��z���o�:

K O

0� QREQRF XREQRF XRFY�ZÆ[\�XREQEF � QREXEFXRFYZÆ[\ QREQEF � XREXEFXRFYZÆ[\ XEFQRF
XREXEF � QREQEFXRFYZÆ[\ �QREXEF � XREQEFXRFYZÆ[\ QEFQRF

1A0�] ^ ^
^ YZ�_ ^
^ ^ YZ�\1A

I q��lsko� �eph�s��� ��v������: { = |)}~)}|}3~}3|
}
)3~)3 s�� Æ)3

�. G����� � N������� ��y���� �  !y "011 � 6"
I A$ = d���

�
89�R ; 89�E ; 89�F�J bu� o�l� �wo ���o���� ph�ses ��e ph�s�c�l

I �ll �e�su��ble �u������es depe�d o�l� o� �he d��e�e�ces of �he

���o���� ph�ses`� ! 89'`� =) 89�; ! 89��;�'�
89��;��� � �e����s co�s����

I �u� co�ve���o�: �) = B =) A$ = d���
�
' ; 89�E ; 89�F�

I CP �s co�se�ved �f �ll �he ele�e��s of e�ch colu�� of �he ��?��� �����?

��e e��he� �e�l o� pu�el� ���������:Æ)3 = B o� � ��d �( = B o� �=2 o� � o� >�=2
�. G����� � N������� ��y���� �  !y "011 � 6�

�ira��Ma��rana Ma�� ��r�

D���c �eu����o ��sses ��d ��?���

���o���� �eu����o ��sses ��d ��?���

D���c-���o���� ��ss Te��

��e �e�e����o�

�e�l ��ss �����?

��?���l ��?���

D���c L����

Pseudo-D���c �eu����os

See-S�w �ech���s�

���o���� �eu����o ��ss�

�u�d��e���l ��elds �� ��T

���h�-H��ded �eu����o ��ss Te��

S���le� ���o�o� �odel

Th�ee-�e�e����o� ��?���
�. G����� � N������� ��y���� �  !y "011 � 6�



One Generation

If �R �x�s�s, �h� m�s� g�����l m�ss ���m �s �h�

D���c-M�j����� M�ss T��m

L�+�
	
�� = L �

	
�� � L 
	
�� � LR

	
��

L �
	
�� = ��� �R � � H.c. D���c M�ss T��m

L 
	
�� =

1

2
� �� Cy � � H.c. M�j����� M�ss T��m

LR
	
�� =

1

2
�R ��R Cy �R � H.c. N�w M�j����� M�ss T��m!
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 "�l#m� m����x �f l�f�-h��d�d ch���l $�lds: % =

 ��&R! =

 �C �R�!
L�+�
	
�� =

1

2
%� Cy'% � H.c. ' =

 
� ��
�� �R

!
 Th� D���c-M�j����� M�ss T��m h�s �h� s��#c�#�� �f � M�j����� M�ss

T��m f�� �w� ch���l ��#����� $�lds c�#pl�d b( �h� D���c m�ss

 D��g���l�z�����: ) = Uy% =  �*�/!
U� ' U =

 
�* 3

3 �/

!
4��l �k � 3

 L �+�
	
�� =

1

2

X
k7*;/�k ��k Cy �k � H.c. = �1

2

X
k7*;/�k �k �k�k = �k � �&k

 M�ss�v� ��#�����s ��� M�j�����! �k = �&k
C� ��u��� � ��u����� P�y���� � ��y �0�� � 66

8ea9 ;a<< ;atri>

 "? �s c��s��v�d �f �h� m�ss m����x �s ���l: ' = '�
 ' =

 
� ��
�� �R

!
w� c��s�d�� ���l ��d p�s���v� �R ��d �� ��d ���l �

 A ���l s(mm����c m�ss m����x c�� b� d��g���l�z�d w��h U = O �O =

 
c�s# s��#� s��# c�s#! � =  �* 3

3 �/! �/k = �1
 O� ' O =

 
�0
* 3

3 �0
/

!
��� 2# =

2��

�R ��

�0
/;* = 1

2

�
� ��R �q@� ��RB

/ � E�/�

�
 �0

* �s ��g���v� �f ��R < �/�

U�'U = ��O�'O� =  �/*�0
* 3

3 �//�0
/

!
=) �k = �/k �0

k

C� ��u��� � ��u����� P�y���� � ��y �0�� � 6F

 �0
/ �s �lw�(s p�s���v�:

�/ = �0
/ =

1

2

�
� ��R �

q
@� ��RB

/ � E�/�

�
 If ��R � �/�, �h�� �

0
* � 3 ��d �/* = 1

�* =
1

2

�
� ��R �q@� ��RB

/ � E�/�

��* = 1 ��d �/ = 1 =) U =

 
c�s# s��#� s��# c�s#!

 If ��R < �/�, �h�� �
0
* < 3 ��d �/* = �1

�* =
1

2

�q
@� ��RB

/ � E�/� � @� � �RB

��* = J ��d �/ = 1 =) U =

 
J c�s# s��#�J s��# c�s#!

C� ��u��� � ��u����� P�y���� � ��y �0�� � 6K



I �f �m2 is s�all, there are oscillations between active �� generated by �L
and sterile �� generated by �CR :

P��!�� (�;E) = sin2 �# sin2

 
�m2 �

4E

!
�m2 = m2

2 �m2
1 = (mL + mR)

q
(mL �mR)

2 + 4m2
D

I �t can be shown that the 	
 parity of �k is ���k =  �2k :
U���k(x)U�1�� =  �2k 0 �k (x�)

I Special cases:

� �� � �� �) M������ M�����

� �� � �� � � �) ����� �����

� j��j;�� � � �) !"#u$%-����� N#u����%"

� �� � � � � �� �) &##-&�' M#�*���"�

./ G35673 � 8957;36< >?@A3BA � FH@ JKOO � QT

VWXYZW[ VYXY\]

mL = mR# = �=4
m0
2;1 = mL �mD( �21 = +^ ; m1 = mL �mD if mL � mD�21 = �^ ; m1 = mD �mL if mL < mD

m2 = mL + mD

mL < mD8>><>>: �1L =
�p
�

��L � �CR ��2L =
^p
�

��L + �CR �8>><>>: �1 = �1L + �C1L =
�p
�

h
(�L + �R) � ��CL + �CR �i�2 = �2L + �C2L =

^p
�

h
(�L + �R) + ��CL + �CR �i

./ G35673 � 8957;36< >?@A3BA � FH@ JKOO � _K
`YjWq zYZY{

mL = mR = |

I m0
2;1 = �mD =) ( �21 = �^ ; m1 = mD�22 = +^ ; m2 = mD

I }he two ~a�orana �elds �1 and �2 can be co�bined to give one �irac

�eld: � =
^p
�
(�1 + �2) = �L + �R

I � �irac �eld � can always be split in two ~a�orana �elds:� =
^

�

h�� � �C�+ �� + �C�i
=

p
�

 � � � �Cp
�

!
+

^p
�

 � + �Cp
�

!
=

^p
�
(�1 + �2)

I � �irac �eld is e��ivalent to two ~a�orana �elds with the sa�e �ass

and opposite 	
 parities

./ G35673 � 8957;36< >?@A3BA � FH@ JKOO � _O

�������`YjWq ���{jY\��jmLj ; mR � mD

I m0
2;1 ' mL + mR

�
�mD

I m0
1 < | =) �21 = �^ =) m2;1 ' mD � mL + mR

�

I }he two �assive ~a�orana ne�trinos have opposite 	
 parities and are

al�ost degenerate in �ass

I }he best way to reveal pse�do��irac ne�trinos are active�sterile ne�trino

oscillations d�e to the s�all s��ared��ass di�erence

�m2 ' mD (mL +mR)

I }he oscillations occ�r with practically �a�i�al �i�ing:

tan �# =
�mD

mR �mL
� ^ =) # ' �=4

./ G35673 � 8957;36< >?@A3BA � FH@ JKOO � _J



See-Saw Mechanism
[���ko��k�, PLB 67 (1977) 42; Y���g�d� (1979); G�ll�����, R��o�d, 	l���ky (1979); �o
�p�tr�, 	��j��ov��, PRL 44 (1980) 912]

� = � �D � ��

I � 
���� �� f�������� �� �� ����� ���� =) � = �

I �D . ! � "��#�V �� $����% �� �� �� H�$$� ��&'%����

*+�� �& �� �� �� ����� ����/

I �� �� �� +�� �& �� �� �� ����� ���� =) �� �M3UT � !

I �0
5 ' ��:

D
��

�0
: ' ��

9=; =) 8<: �:5 = �" ; �5 ' �:
D

���:: = <" ; �: ' ��
ν2

ν1

I N% u�%> �x+>%�% ��� �f ��%>>���� �f ��u ���� �%����

I ��x��$ %�$>� �� ?��� ��%>>@  %� A# = A
�D

��
� "

I �5 �� &��+���� �%��>� �f %& �?� �@ �5 ' �C �
I �: �� &��+���� �%��>� �f � ���>� �� @ �: ' �E�

FJ KOQWXO � Z\QX^OW_ `bqzO{z � |}q ~��� � ��

��nnec�i�n wi�h ��ec�i�e �a��an�ian �����ach

I ���%&��%���%�% ��u ���� �%��  ��� �� ' � = �@

� D�� = ��D *�� � < � ��/ <
"

A
��

���� Cy �� < �y
� C ��

�

�
I ���?�  '� �>�& ����%� ����� ������%���$ �&%>�@

� D�� = �� � ��� e�y � < � e� ���<
"

A
��

���� Cy �� < �y
� C ��

�

�
I �f �� � ! =) �� �� � % �& =) ���� �&  ��� �� ��u% ��� �f �� ��� &%�

�� ��$>�& ��@

� ' �� D����� = �� ��� Cy � � � � e��� ' � � �
��

e�� C �
�

� D��!� D��
� ' �"

A

*� �/:
��

*�� �: �/ Cy *�� �: �/ < H�&�

FJ KOQWXO � Z\QX^OW_ `bqzO{z � |}q ~��� � ��

�� =
 M *�� �: �/ Cy *�� �: �/ < H�&�

� D��
� ' �"

A

*� �/:
��
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Fundamental Fields in QFT

I E�ch ��������r� p�r��c�� �� 	��cr�b�	 b� � ���	 wh�ch �� �� �rr�	
c�b��

r�pr��������o� of �h� Po��c�r�� gro
p (Lor���z gro
p + �p�c�-����

�r�������o��).

I �� �h�� w��

 U���� ��������� �������������� �� ���������y �������� ������� �������

  �!���!��� �� ������"���� #��$ ��v������ ����"��� �� ���������y %�����

I Sp��or��� ��r
c�
r� of � p�r��c�� �� 	���r����	 b� ��� r�pr��������o� 
�	�r

�h� r���r�c��	 Lor���z gro
p of prop�r ��	 or�hochro�o
� Lor���z

�r���for����o� (�o �p�c� or ���� ��&�r��o��).
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I R���r�c��	 Lor���z gro
p �� ��o�orph�c �o S>(?)� S>(?).

I @������c���o� of f
�	������� r�pr��������o��A

(B; B) �c���r '
(D=?; B) ��f�-h��	�	 W��� �p��or �H (J�jor��� �f �����&�)

(B; D=?) r�gh�-h��	�	 W��� �p��or �K (J�jor��� �f �����&�)

I O�� r�pr��������o�� �r� co���r
c��	 co�b����g �h� �wo f
�	������� W���

�p��or r�pr��������o��.

(D=?; D=?) fo
r-&�c�or V� (�rr�	
c�b��)

(D=?; B) + (B; D=?) fo
r-co�po���� X�r�c �p��or  (r�	
c�b��)

I Ywo-co�po���� W��� (J�jor��� �f �����&�) �p��or �� �or� f
�	�������

�h�� fo
r-co�po���� X�r�c �p��or.
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I Ywo-co�po���� r�gh�-h��	�	 W��� (J�jor��� �f �����&�) �p��orA�K [

 �K\�K]!
I ^o
r-co�po���� X�r�c �p��orA  [

 �K�H! [
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I Four�component form of two�component left�handed Weyl (Majorana if

massive) spinor�  L =
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I Majorana mass term�

� L
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�2 is antisymmetric!

I Anticommutativity of spinors is necessary, otherwise�T
L ��2�L =

��T
L ��2�L

�T
= ��T

L ��2�L = 0
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Majorana mass term for �J respects the SU(�)L � U(�)Y Standard Model

Symmetry! LK
J = ��

�
�
��O

J �J + �J �O
J

�
Majorana mass term for �J breaks Qepton number conservation!

Vhree possibilities�

8>>>>>>>>>><>>>>>>>>>>:
I Qepton number can be explicitly broken

I Qepton number is spontaneously broken

locally, with a massive vector boson coupled

to the lepton number current

I Qepton number is spontaneously broken

Xlobally and a massless Zoldstone boson

appears in the theory (Majoron)
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¤£� = massive scalar, � = Majoron (massless pseudoscalar Zoldstone boson)

Vhe Majoron is weakly coupled to the liXht neutrinoL��� =
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I Diagonalization of the Dirac-Majorana Mass Ter� =) �assive

Majorana neutrinos

I See-Saw Mechanis� =) right-handed neutrinos have large Majorana

�asses and are decoupled fro� the low-energy pheno�enology.

I �f all right-handed neutrinos have large Majorana �asses, at low energy

we have an e�ective �ixing of three Majorana neutrinos.

I �t is possible that not all right-handed neutrinos have large Majorana

�asses: so�e right-handed neutrinos �ay correspond to low-energy

Majorana particles which belong to new physics beyond the Standard

Model (as a light neutralino in supersy��etric �odels).

I Light anti-�R are called sterile neutrinos��R!�� (left-handed)
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I Sterile �eans no standard �odel interactions

I ©bviously no electro�agnetic interactions as nor�al active neutrinos

I Thus sterile �eans no standard weaª interactions

I �ut sterile neutrinos are not absolutely sterile:

« ¬®¯°±®±°²³®´ µ³±¶®·±°²³¸

« ¹¶º ³²³»¸±®³¼®¼ °³±¶®·±°²³¸ ²½ ±¾¶ ¿¾À¸°·¸ Á¶À²³¼ ±¾¶ Â±®³¼®¼ Ã²¼¶´
º¾°·¾ Ä¶³¶®±¶¸ ±¾¶ Å®¸¸¶¸ ²½ ¸±¶°´¶ ³¶Æ±°³²¸

I ¢ctive neutrinos (�` ; ��; �� ) can oscillate into sterile neutrinos (�� )
I ©bservables:

« Ç°¸®¿¿¶®®³·¶ ²½ ®·±°¯¶ ³¶Æ±°³²¸
« µ³¼°¶·± ¶¯°¼¶³·¶ ±¾²ÆÄ¾ ·²ÅÁ°³¶¼ È± ²½ ¼®±®

I Éowerful window on new physics beyond the Standard Model
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