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Part 1l

Neutrino Oscillations

@ Neutrino Oscillations in Vacuum

o CPT, CP and T Symmetries

@ Two-Neutrino Oscillations

@ Neutrino Oscillations in Matter
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Ultrarelativistic Approximation

Only neutrinos with energy = 0.1MeV are detectable!

Charged-Current Processes: Threshold

v+A—=B+C Ve +™Ga— "Ge+e~ Ey=0.233MeV

he , Ve +3Cl = ¥Ar+e”  Ey=081MeV
s = 2Ema + mjz > (ms + mc) Getp—onter Es = 1.8MeV
( A )2 Vp+n—p+pu Ein, = 110 MeV
mg + mc ma _ _ m
Eth:T_7 vpt+e S vetp Eth:ﬁzlo.gGeV
Elastic Scattering Processes: Cross Section o« Energy
v+e —sv+te o(E) ~ o0 E/m, oo ~ 107* cm?

Background = E, ~ 5MeV (SK, SNO), 0.25MeV (Borexino)

Laboratory and Astrophysical Limits —
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Neutrino Oscillations in Vacuum

@ Neutrino Oscillations in Vacuum

o Ultrarelativistic Approximation

o Easy Example of Neutrino Production
o Neutrino Oscillations

o Neutrinos and Antineutrinos
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Easy Example of Neutrino Production

t = pt +u, vy = Z Upkvi
K

two-body decay == fixed kinematics E? = p2 +m;

2\ 2 2
o _mp (MmNt mE ()  mh
Pk == 2 5 2 4 m2
T at rest: M M M
o m\ L m(_m  m
SETNE D TR
4 m?2 2 m2 4 m2
2
m
0th order: mk:0:>pk:Ek:E:ﬁ 1-—£) ~30MeV
2 m?2
t mi mi
1%t order: | Ex ~ E —= ~F—(1-
order: | Eg +Eo Px (-8

1 m>
= (1-—2£]~02
‘ 2( m%) ’
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Neutrino Oscillations

v

1957: Bruno Pontecorvo proposed Neutrino Oscillations in analogy with
K° = KO oscillations (Gell-Mann and Pais, 1955)

v

Flavor Neutrinos: v, v,, v  produced in Weak Interactions

v

Massive Neutrinos: vy, 15, v3  propagate from Source to Detector

v

A Flavor Neutrino is a superposition of Massive Neutrinos

[Ve) = Uet |v1) + Uez [12) + Ues |v3)
[Yu) = Upt |v1) + Uz [v2) + Ups |v3)
|vr) = Uri|v1) + Urz |v2) + Urz |v3)

v

U is the 3 x 3 Neutrino Mixing Matrix
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Neutrino Oscillations in Vacuum

[Eliezer, Swift, NPB 105 (1976) 45] [Fritzsch, Minkowski, PLB 62 (1976) 72] [Bilenky, Pontecorvo, SINP 24 (1976) 316]

Lec ~ W, (TeryPer + Vary” e + V" i)
Fields Vo = Z Uakvi = |Ve) = Z Ui rlvi) States
K K

initial flavor: a« = e or u or T

vk (t, x)) = e EtHP ) =y (t, X)) = Z Uz, e~ Exttipc |y

k
)= > Uslvg) = Ialt,x) = > (Z U;ke_iEkt+ikaU/3k> lvg)
B=e,u,T B=e,u,7 k
A,,aa,,ﬂ(t,x)
Ay s05(0,0) = > Usi Upie = Sap Ay (t>0,x > 0) # bap
k
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w(t =0))=|ve) = Ue1 V1) + Uea |v2) + Uesz |v3)

Vi

Ve /\/W\/\/ V,U
AVAVAVAVAVE

source propagation detector

|V(t > 0)) = Ue1 eiiElt |V1> + Ue2 eiiEzt |V2> + Ues eiiEﬁ |V3>‘/{|Ve>
at the detector there is a probability > 0 to see the neutrino as a v,

Neutrino Oscillations are Flavor Transitions
Ve = Uy Ve — Vs Yy — Ve v, — Vs

Ue = Uy Ue = Ury Dy — Ve Uy — Uy
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2
Pua—n/ﬁ(t, x) = ‘A,,D(_),,ﬁ(t,x)‘2 =

> Uspe ERttPx g,
k

ultra-relativistic neutrinos — t~x =L source-detector distance

E27p2 m> 2
Ext —pex ~ (Ep — pe) L= =k —"k | — k |~k
kt — prx =~ (Ex — pk) E o Ect o oF

2
PVa‘”—’ﬁ(L1 E) = Z Uak eiimiLﬁE Upk
k
. . _AmijL
= ZUakUﬁkUajUﬂjexp —i 5E
kj

2 _— 2 2
Amkj =my — mj
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Neutrinos and Antineutrinos

Right-handed antineutrinos are described by CP-conjugated fields:

P_A0cpT = —cv*

C = Particle = Antiparticle
P = Left-Handed = Right-Handed

. cP

Fields: v4 = Z UakVie — v, aL = Z kaL
CP |- _

States: |vy) = Z aklVk) — V) = Z Uak|7k)

NEUTRINOS U < U* _ANTINEUTRINOS

Ami L
ua—w;s([— E)= Z kUﬁkUaJUﬁj eXp( 2EJ >

Am2L
P,;aﬁ,;ﬁ(L,E):ZUakUﬁkU U,sjexp(—l 2Ekj )
kj
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CPT Symmetry

CPT
Pll‘xﬁllﬂ ? P175—H7a

CPT Asymmetries: ACPT

I/aﬁll,s Pﬁﬁ*ﬂja

Local Quantum Field Theory — ACPT 0  CPT Symmetry

Am?
PUa—w,s(L1 E) Z Uak Uﬁk Uaj Uﬁj eXp( 4l )
k.Jj

is invariant under CPT: U = = B

‘PVQ—)Vﬁ = Pljﬁ—)lzz

Pyo—sve = Poy—,, ‘ (solar ve, reactor e, accelerator v,,)
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CPT, CP and T Symmetries

@ CPT, CP and T Symmetries
o CPT Symmetry
s CP Symmetry
s T Symmetry
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CP Symmetry

CP
Plla—)l/ﬂ ? Pﬂa—n_/p

CP Asymmetries: Aaﬁ =Py — Poa—sip |CPT = Aaﬁ =

CcpP
A/Sa

Am2L
CP o * NP kj
Aaﬁ(L,E)74k§>j;|m[uakuﬁkuajuﬂj] sm< oE )

Jarlskog rephasing invariant: Im[U;k Usk UajUEj] =+J

2 .
J = c12512C23523C{3513 5in 013
violation of CP in neutrino oscillations is proportional to

|Ues| =sin®13  and  sindi3
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T Symmetry

-
Puaauﬂ — PVﬁ*)Va
T Asymmetries: Alﬁ = Pra—svp — Popg—va

CPT — O©

ASE" = Prasvp — Pogsa
- Pvaﬁuﬁ - Puﬁﬁua + Puﬂﬁua - Pﬂsﬁia

T CP T CP T CP
= Aaﬁ + A}Sa - Aaﬁ — Aaﬁ —— Aaﬁ - Aaﬁ

Am L
T _ * TR kj
Als(LE) = 4k§>; Im [ Uz Upi Unj Upy ] sin <—25 )

Jarlskog rephasing invariant: Im[U;k UﬁkUajUEj] =4J
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Two-Neutrino Mixing and Oscillations

2
Uy

2
Vo) = > Uak|lvi)  (a=e,p) 2
k=1

vy

U_ cos?  sind |Ve) = cos® |v1) + sin® |1s)
~ \—sin? cos? [Vu) = —sin®d |v1) + cos ¥ |v)

2 2 _— 2 2
Am :Am21:m2—m1

Am?L
Transition Probability: P,,e_),,u = P,,M_,,,e =sin? 2% sin2< :]E )

Survival Probabilities: Presve = Poysv, =1 =Py,
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Two-Neutrino Oscillations

@ Two-Neutrino Oscillations
o Two-Neutrino Mixing and Oscillations
o Types of Experiments
o Average over Energy Resolution of the Detector
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two-neutrino mixing transition probability

a#p oa,f=euT
Am?L
.2 .2
Pyo—svp(L, E) =sin" 299 sin <T>

2 2
—sin2 20 sin2<1.27 M)

E[MeV]
Am?[eV?] L[km])

=sin% 29 sin2<1.27 E[GeV]

oscillation length

ATE E [MeV] E [GeV]
=247 o m =247 = km
Am Am? [eV?] Am? [eV?]

LOSC _
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Types of Experiments

Two-Neutrino
Mixing

Am?L observable if
Pyoosvs (L E) = sin22195in2< A:nE ) AL >1
4E

SBL Reactor: L ~ 10m, E ~ 1 MeV
L/E <10eV 2=Am? > 0.1eV? Accelerator: L ~ 1km, E > 0.1GeV

ATM & LBL Reactor: L ~ 1km, E ~ 1MeV CHOOZ, PALO VERDE
L/E < 10*eV™2 Accelerator: L ~ 103 km, E > 1GeV K2K, MINOS, CNGS
(3 Atmospheric: L ~ 102 — 10*km, E ~ 0.1 — 102 GeV
Am? > 107*eV?2 Kamiokande, IMB, Super-Kamiokande, Soudan, MACRO, MINOS

SUN L~10%km, E~0.1-10MeV
Homestake, Kamlokande GALLEX, SAGE,
11 -2 2 > 11 2
107 eVE=Am 107" eV Super-Kamiokande, GNO, SNO, Borexmo
Matter Effect (MSW) =10 * <sin?2¢9 <1, 10 8eV2 < Am? < 10 *eV?

VLBL Reactor: L ~ 10 km, E ~ 1 MeV

L/E <10°eV ?=Am? > 10 °eV? KamLAND
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10" 1 10
E [GeV]

Am? =1eV sin?29 =1 L =1km
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Average over Energy Resolution of the Detector

Am?L 1 Am?L
2o a2 BMTE) L 2 _
Pyo—svp(L, E) = sin” 29 sin < iE ) 5 sin 29 [1 cos< °F )]

08 F

06 F

PI/{, —vg

04F

02

0 E I I Ll I‘\""I I v‘l"l I‘l“
10? 103 10* 10°
L [km]

Am?>=103eV  sin?20=1 (E)=1GeV  AE =0.2GeV

m2L

<Pyﬁuﬁ(L,E)>—§sin22«9[1— /(A >¢(E)dE] (o # B)

| C. Giunti — Neutrino Physics — May 2011 — 106 |

Exclusion Curves

1 Am?L
(Proa—vs(L, E)) = 5 sin® 299 [1 - /cos( o

>¢(E)dE] (a # B)

2 Pmax

Vaﬁ)llls

(Pyosvs(LLE)) < P> —  sin?2¢9 <
g 1— [ cos(272L) ¢(E) dE

Va—Vpg

1
o
=

sin’ 20

T0-5

3
B
75 (6h)

105

e o @ o =

215 50
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W[ 5’ Anatomy of Exclusion Plots
>3
< 2 -1
Snl _ » Am* > (L/E)
TE e * e in? 20 & 2P
5 1 . .
o0 L Proax ™~ > sin? 29 = sin?29 ~
2PmaX
L 0
90% (L, L <23)
99% (L L <46) = » Min <605(Am2L)> 2 -1
R . N S )2
v o } 10° 107 0t 9 4
sin’20 jn 20 B a0 op
Reactor SBL Experiments: 7 — Ue Accelerator SBL Experiments:(uz *}(Ve) 2 §'1112 29> P, Sin2 219 — + > Pmax
: A max lfMin<cos(%)> -
@ i ’ Am? ~ 2m(L)—1
S Am? ~2n(L/E)™!
h ] RUS
‘ i » Am? K 2m{L/E)~!
E A Li—1 [ Poax
. ' Am? = 4(5) "/ 5855 AmPL 1/ AmPL\?
. L LR 3 cos °F ~1-— 5 °F
o Cis. 0 9o%CL. m\ log sin2 29
10t 10° 107 10t 1 107 107 1 5 -1
srt2 ar 20 Lsin?20 [1— (cos(88L))] = Poax  AnP~a( L Prra
Accel . (=) (=) (=) (=) - E . 2219
ccelerator SBL Experiments: v, — vy and ve — vr sSin
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Neutrino Oscillations in Matter Effective Potentials in Matter
Vey Vpy Vr Vey Vs Vr

M\/E/
T
e Ve

@ Neutrino Oscillations in Matter

o Effective Potentials in Matter Vee = V2GeN, Vlsle(;) _ '5%) = | W = VIEIIZ:) _ —QGFN
2 n

o Evolution of Neutrino Flavors in Matter

@ MSW Effect (Resonant Transitions in Matter
t( ) Ve = Ve + Vi Vi=V, = Wnc
@ Solar Neutrinos
o In Neutrino Oscillations Dirac = Majorana only Vec = Ve — V, = Ve — Vi, is important for flavor transitions
antineutrinos: VCC = —Vcc VNC = —Wc
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Matter Effects

a flavor neutrino v, with momentum p is described by

va(p)) = Z ok [Vi(P))

Ho [vk(p)) = Ex |vk(p)) Ex = /P> + mj
in matter H=Ho+Hi Hi Va(p)) = Va lva(p))
V, = effective potential due to coherent interactions with the medium

forward elastic CC and NC scattering
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2

ultrarelativistic neutrinos: Ex=p+ =% 2E E=p t=x

Ve = Ve + Wne V, =V, = Wc

. d -
"ix wp(p,x) = (p+ Wnc) ¢s(p, x) + Z (Z Usk % Up + 0pe 6pe Vcc> ©o(p, x)
p k
1/Jﬁ(p, x) = ‘Pﬁ(P, X) eipx+if0>< Ve (x) dx’

4

. d _ ipx+ifx Ve (x') dx’ . d
i¥s=e 0 (‘P_VNC+/d—X>‘p/5

d My
i d_X ’(,0/3 = ; (zk: Uﬂk > Upk + Jﬁe (Spe Vcc> 1/Jp

Poo—vp = |‘pﬁ|2 = W/ﬁ|2
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Evolution of Neutrino Flavors in Matter

Schrédinger picture: i% lv(p, t)) = H|v(p, t)), lv(p,0)) = |va(p))
flavor transition amplitudes: vp(p, t) = (va(p)lv(p, t)), wp(p,0) = bap
i%‘Pﬂ(P: t) = (ws(p)|Hlv(p, 1)) = (vs(p)|Holv(p, 1)) + (vs(p)IHilv(p, 1))

(ve(p)[Holv(p, 1)) = Z(Vﬂ(P)|H0|Vp(P)> (Vo(P)Iv(p, t))
®o(p, )

= ZZ Usk (vi(P)|Hol¥i(P)) Up; 00 (p, t)
——— —
4 JkJEk

Wa(p)[Hilv(p, ) = Y (wa(p)[Hilva(p)) 9o(p: t) = Vo s (p, t)
i 660 Vp

.d "
’a‘ﬂﬂzz <ZU5kEk Upk + 6pp Vﬁ) ®p

I’ k
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evolution of flavor transition amplitudes in matrix form

idix\ll,l:%(UM2UT+A>wa

2
Pe m; 0 0 Acc 0
\Ila:<¢u> M2=|0mo Az(éco
Yr 0 0 m3 00

Acc = 2EVcc = 2\6EGFNe

)

[=]leNo]

effectlve matter effective
massatEred M = UMP U T2 Y2 U4 2BV = My ™0
in vacuum T in matter

potential due to coherent
forward elastic scattering
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Two-Neutrino Mixing

cosd  sin®d ii Pe) 1 —Am?cos2® +2Acc  Am?sin29\ (e
Ve — vy, transitions with U = < I cosﬁ) dx \ Y, 4E Am?sin29 Am?cos28 ) \ ¢,
UME U — cos2'l9_m% + s2in219mz% cc_;s;? sin;? (m? N mi)
cos®sin? (m5 — m3) sin“¥mi + cos?¥m3 initial v, — (gegg) _ <(1)>
B 12 2, 1 —Am? cos2¥ Am?sin29 ’
T2EM TS Am?sin29 Am? cos2d
T
irrelevant common phase PVe—”’,u(X) = W#(X)f
Poesve(X) = [Ye(X)|" =1 — 'DVe%Vu(X)
Ym? = m? + m3 Am? = m3 — m?
C. Giunti — Neutrino Physics — May 2011 — 117 C. Giunti — Neutrino Physics — May 2011 — 118
Constant Matter Density
Effective Mixing Angle in Matter
ii Pe) 1 —Am? cos2® 4+ 2Acc  Am?sin29 )\ (. tan 20
dx \Yu) 4E Am?sin29 Am?cos28 ) \ ¢, tan 29y = SR —
1 ¢
2
dAcc Am? cos 2
dx
Diagonalization of Effective Hamiltonian Effective Squared-Mass Difference
Pe _ costy  sindy Y1 Amf,I = \/(Am2 cos 29 — Acc)2 + (Am?Zsin 29)2
Yy —sindy  costm | \ 9o
. d ("/’1) [ACC n 1 (—Amfﬂ 0 U Resonance (9 = 7/4)
i— ==+ —=
dx \¥2 4E  4E 0 Am,%,I P2 Am?
T AEC:Am2cos2ﬂ = NE:M
2v/2EGg

irrelevant common phase

C. Giunti — Neutrino Physics — May 2011 — 119 C. Giunti — Neutrino Physics — May 2011 — 120




() _ 1 (=amy 0 (4 MSW Effect (Resonant Transitions in Matter)
Yo 0 Am}y )\

~4E
Pe\ [ cosu  sindum Y1 Y1\  [cosdu —sindy Pe Zg ‘ v~ e
Yu ) \—sindu cosdu 2 Y]  \sindu  cosPm Yy 70

Ve = cost V1 + sinthy Vo

v s [(PO) (1) (#1(0)) (costm =h: | [ o= P + cosdu v,
° Yu(0)) \O ¥2(0) ) \ sindm »r =10 |
, WE vmn pzn 1 tan 20 tan 29
Amiyx % 20 10 P % 100 ansuvm = A
x) = cosPmexp | i M No/Ns (emt 1— CC
Vi) = costu p( 4E ) e A o5
14 T
Amyx 2k . o
Xx) = sindpexp | —i M L |
1/’2( ) M p( 4E ) I ) n Am,%,I = {(Am2cos2z97Acc)2

Pocswy() = [0 = | = sinBugha (x) + costnaa(x) f f © (A sinm)f”

) ) Am2 X ‘\ L \ L
Par o, 0) = sin? 26y sin” ( ul ) R
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<¢ ) (cosﬂM Sim?,w) <¢1> Averaged Survival Probability
€ —
~ \ —sin® ¢ .
Yu sindm  cosdm ) \ P2 " Ye(x) = costiy Y1(x) + sindy Ya(x)
4 () A L (=amy 0 ) [0 T .
dx \ s 4E aE 0 Am%/l ddwu 0 s neglect interference (averaged over energy spectrum)
i—
T d _
irrelevant common phase ) Puesve(x) = ‘<¢e(x)>|2 = coszﬁf\‘,‘ cosz'ﬁ(,f,, |A$1|2 + coszﬁ’,\‘,, Si”219(13/| |A2Rl|2
maximum near resonance
2 2,90 | AR (2 | o2 - 240 | 4R |2
<¢1(0)> (cosz?o i ) <1> <cosz9° ) + sin“dy cos Py |Aa|” + sin“dy sin“Yy A
_ M M _ M
=1 <90 0 =\ sing0
¥2(0) sindy  costy 0 sindy conservation of probability (unitarity)
R 2 (x! R 2 (x
Yi(x) ~ |:c0519?w exp (:/ Am;”E( )dx’> AR+ sindd) exp <—i/ 2 :"E( )dx’> A§1:| |A$2‘2 = |.A§1|2 = P |.A§1|2 = |.A2R2|2 =1- P
0 0
e i [ 2mMOD 4 P. = crossing probability
4E
0 ¥ . " Amy (<) -, R, . 40 . " Amy (<) -, R D 1 1 0 X
Pa(x) ~ |[cosdy exp | i 1E dx’ | A7, +sindexp | —i 1E dx' | Ay PVe—’Ve(X) = 5 —+ E — PC COS219M COS2'¢,M

0 0

X
i Amfﬂ (x") ,
xXexp | —i dx
4E [Parke, PRL 57 (1986) 1275]
XR
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Crossing Probability

F
exp (—59F) — exp (_%’ysin—z'ﬂ)
P. = [Kuo, Pantaleone, PRD 39 (1989) 1930]

1—exp (—%7#)

S Am /2E Am?sin?29
adiabaticity parameter: v = =
2|d¥wm /dx| R 2E cos2v ‘—dlr(‘jACC
x IR
Ao x F =1 (Landau-Zener approximation) [parke, PRL 57 (1986) 1275]
Ax1l/x F = (l — tan? '19)2/ (1 + tan? '19) [Kuo, Pantaleone, PRD 39 (1989) 1930]

[Pizzochero, PRD 36 (1987) 2293]
A x exp (—X) F=1-—tan?® [Toshev, PLB 196 (1987) 170]

[Petcov, PLB 200 (1988) 373

Review: [Kuo, Pantaleone, RMP 61 (1989) 937]
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Electron Neutrino Regeneration in the Earth

(1-2P0%.) (PR, —sin®s)

sun+earth __ Hsun
Pveﬂue - Pueﬂue +

O
[Mikheev, Smirnov, Sov. Phys. Usp. 30 (1987) 759], [Baltz, Weneser, PRD 35 (1987) 528]

Eningl .
é sl Pﬁ;ﬂh,,e is usually calculated numer-
= 6 . . .
o ically approximating the Earth den-
—— Data 1 1 1 1
2l mon sity profile with a step function.
0 et
6F Effective massive neutrinos propa-
A i gate as plane waves in regions of
E 4l
=3l constant density.
=]
z2r — Data
e —— Wave functions of flavor neutrinos
01000 2000 3000 4000 5000 6000 are joined at the boundaries of steps.
r (Km)

[Giunti, Kim, Monteno, NP B 521 (1998) 3]
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Solar Neutrinos

R
SUN: Ne(x) ~ NS exp <_x£0) NE = 245 Np/cm?® X = 10.(;4

‘ R 1 1

ab s/ e R/, 1 P = 5 + (5 — Pc> cos219?,| cos2¢

2 BP2000 - - F

s P = exp (_ 5’)’F) — exp (_5’ysin219)
Z ¢ 1 T F
S —ep (=37575)
® Lk A sin?2¢

-2 2E cos2¥ |—d "(‘jfcc ‘R

=r F=1-tan®9

I R T — ‘?/;@ 06 07 08 08 1 ACC — 2\/§EGFNe

numerical |dInAcc/dx|g  for x < 0.904Rg
for x > 0.904Rg

practical prescription:
[Lisi et al., PRD 63 (2001) 093002] |dInAcc/dx|g —

Ro
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Phenomenology of Solar Neutrinos

r ixing An : m° ~ B n“9 ~ 0.
LMA (Large M Angle Am* ~5x107%eV?, tan’® ~ 0.8
m°): m° ~ - n ~ 0.
LOW (LOW Am? Am> ~7x107%eV?,  tan’® ~ 0.6
ma ixin ngle): m° ~ e an“ 9 ~ 10~
SMA (Small M Angl Am* ~5x107%V?, tan’® ~ 103
uasi- uum illations): m° ~ 10" n“9 ~
QVO (Quasi-Vac Oscillations Am? ~ 1077 eV? , tan’9 ~ 1
VAC (VACuum oscillations): Am* <5x107%eV?,  tan’d ~ 1
10 T T T T
104 1074 | LMA 1
LMA é
10°° E 1
100 L 3 3
g g ok 90 % C.L. Q 3
E : LOWw, 3 % C.L. LoW
Fw % joe — 95 % C.L. >
X LI SR e 3
10 l 100 == 9973 %CL. 4
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[de Gouvea, Friedland, Murayama, PLB 490 (2000) 125] [Bahcall, Krastev, Smirnov, JHEP 05 (2001) 015]
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In Neutrino Oscillations Dirac = Majorana

dq 1
Evolution of Amplitudes: i;/}—x =>F ] (UM2UT + 2EV>aﬁ Pp
difference: Dirac: )
' Majorana: UM = y®)p(x)
10 0
0 e*21 0 1
D(\) = = DI=D"
0 0 - elm
m%O 0
2 0 mj - 0 2 2 2 2
M? — , — DM?=M?D — DM?D'=Mm
0 0 - m

UM pM2(yMYE — O pm2pt (U = O pm2(yPH
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2. Am® = 5.5 x 1072 eV’

Am? = 1.4 x 1070 e\?

C. Giunti — Neutrino Physics — May 2011 — 130

10 15
tan® 9 = 0.26
tan’® = 5.5 x 1074
tan® § — 0.72
tan’ ¥ = 1.0
tan? 9 = 0.38



