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Part I: Theory of Neutrino Masses and Mixing

Dirac Neutrino Masses and Mixing

Majorana Neutrino Masses and Mixing

Dirac-Majorana Mass Term

Number of Flavor and Massive Neutrinos?

Sterile Neutrinos
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Part Il: Neutrino Oscillations

Neutrino Oscillations in Vacuum

CPT, CP and T Symmetries

Two-Neutrino Oscillations

Neutrino Oscillations in Matter
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Part 1ll: Phenomenology

Solar Neutrinos and KamLAND

Atmospheric and LBL Oscillation Experiments
Phenomenology of Three-Neutrino Mixing
Absolute Scale of Neutrino Masses

Anomalies Beyond Three-Neutrino Mixing

Conclusions
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Neutrino Oscillations in Vacuum

@ Neutrino Oscillations in Vacuum
Ultrarelativistic Approximation

Easy Example of Neutrino Production
Neutrino Oscillations

Neutrinos and Antineutrinos

¢ ¢ ¢ ¢
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Ultrarelativistic Approximation

Only neutrinos with energy = 0.1MeV are detectable!

Charged-Current Processes: Threshold

v+A—=>B+C
4

U

2
E, = (mstmc)”
2ma

s =2Ema+ m> > (mg + mc)2

ma
2

Ve + 'Ga — "Ge + e~
ve +3Cl = ¥ Ar+ e~
17e+P—)n—|—e+
Vptn—ptp

Vpte — Vet

Ein = 0.233 MeV

Ei, = 0.81 MeV
Ein = 1.8 MeV
Ew, = 110 MeV
mZ
Ew ~ 5 =10.9 GeV

Elastic Scattering Processes: Cross Section oc Energy

v+e —v+e

o(E) ~ oo E/me

oo ~ 107*cm?

Background = Ey, ~ 5MeV (SK, SNO), 0.25 MeV (Borexino)

Laboratory and Astrophysical Limits —
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Easy Example of Neutrino Production

=t 4y, vy = > Uk
k
two-body decay = fixed kinematics EE = pi + mi

2\ 2 2
2 mx (g M\ mi (), M
P="4 ! m?2 2 1—i_m2
7 at rest: ) A2 ) 5 .
E2 ﬂ ]__ﬂ _|_ﬂ ]__ﬂ + My
KT g m2 2 m?2 4 m2
2
m
0" order: mk:0:>pk:Ek:E:ﬁ<1——g>:30MeV
2 ms

2
15t order: Ek:E—i—f% psz—(l—E)mk

1 m>
=-(1-—£]~02
¢ 2( m%) °
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Neutrino Oscillations

1957: Bruno Pontecorvo proposed Neutrino Oscillations in analogy with
K% = KO oscillations (Gell-Mann and Pais, 1955)

Flavor Neutrinos: v, vy, v produced in Weak Interactions
Massive Neutrinos: 1, 15, v3  propagate from Source to Detector

A Flavor Neutrino is a superposition of Massive Neutrinos

[Ve) = Uer V1) + Uez [12) + Ues |v3)
[Vu) = Una [v1) + Upz [v2) + Uys |v3)
|vr) = Ur1 |v1) + Uro [12) + Urs [v3)

U is the 3 x 3 Neutrino Mixing Matrix
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|I/(t = 0)>:|I/e> = Uea |I/1> 4+ Ueo |I/2> + Ues |I/3>

N NN
Ve NN\ P
AVAVAAVAVA

source propagation detector

_ —iEit —iEt —iEst
lv(t > 0)) = Uer e ™1 1) + Uea € 228 1) + Uez € 53 |13) #|ve)
at the detector there is a probability > 0 to see the neutrino as a v,
Neutrino Oscillations are Flavor Transitions
Ve = Uy Ve — Vs vy — Ve v, — Vs
Ve = Uy Ve — Uy Uy — Ve Uy — Uy
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Neutrino Oscillations in Vacuum

[Eliezer, Swift, NPB 105 (1976) 45] [Fritzsch, Minkowski, PLB 62 (1976) 72] [Bilenky, Pontecorvo, SINP 24 (1976) 316]

Lcc ~ W, (TeryPer + Uiy’ L + v7iyP 1)
Fields Vo = Z Uk Vi = |Va) = Z Uk lvi) States
K k

initial flavor: @ = e or u or T

vi(t, x)) = e BHEPC ) = Jua(t, X)) ZU* 1)

)= > Uslve) = Iva(t, )= Y. <ZU;ke_iEkt+ikaUﬁk> lvg)

B=e,u,T B=e,u, T \ k

Avg—vg(t,X)

Aua—)v,s 0 O Z Uak Uﬁk - 604/3 -Ava—)v,s(t > O;X > O) ?é 604/3
k
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Z U* —iEx t+ipgx U,Bk

Pua—n/ﬁ(t;x “A'Va—ﬂ/ﬁ t X ‘

ultra-relativistic neutrinos =— t~x =L source-detector distance

2 2 2 2
k Pk, My Nka

Ex +px Ex+px 2E

Ext — pex ~ (Ex — pi) L =

2
> Usye MMHEPE Uy
k

'DVaHV,s(L: E) =

AkaL
Z kUﬁkUaJUﬂJ exp °F
Py

2 _— 2 2
Amkj = my mJ
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Neutrinos and Antineutrinos

Right-handed antineutrinos are described by CP-conjugated fields:
P_y0co’ = —Ccv*

C = Particle = Antiparticle
P = Left-Handed = Right-Handed

. cP
Fields: v, = Z UakVir — VaL = Z kaL
P
| oc Z Uock|Vk

NEUTRINOS U < U* _ANTINEUTRINOS

States: |Vy) = Z klvk) —

AmL
Py sp(L, E) = Zuakuﬁkuajuﬁjex;)< 21:51 >
ki

Aka
Po—is(L, E) = Zuakuﬁkuajuﬁjexp<_, 2EJ>
kyj
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CPT, CP and T Symmetries

o CPT, CP and T Symmetries
o CPT Symmetry
o CP Symmetry
o T Symmetry
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CPT Symmetry

cPT
Prg—ve

Pl/a—HJ/s
CPT Asymmetries: ACPT = Pup—svp — Pog—pa

Local Quantum Field Theory — ACPT 0 CPT Symmetry

Am
Pro—ss(L, E) = Zuakuﬂkuajuﬁjexp< K )
kyj

is invariant under CPT: Uu <=

B

)

PVa—)Vls = Pﬁﬁ—)ﬁa

Po,—v., = Po,—5, (solar ve, reactor v, accelerator 1/#)
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CP Symmetry

CP
Pl/a—)llls — Pl_/a—)l_lls

CP Asymmetries: ASE = P, — Po,p, |CPT = ASh = —AGH

Am2.L
ASE(L, E)_4Z|m[uaku,skuajuﬁj]sm< 21:?)
k>j

Jarlskog rephasing invariant:  Im [U;k Ugk UajUEj] =4J

2 .
J = c12512023523¢13513 5iN 013
violation of CP in neutrino oscillations is proportional to

|Ues| =sin®13  and  sindis3
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T Symmetry

T
Plla—H/,s — PV,s—)l/a

T Asymmetries: Aaﬁ = Popyovsg — Prgva

CPT - 0 = ACPT - PVD‘—H/ﬁ - Pﬂﬁ—)ﬁa

= Puaauls 'Dulsaua + PV,g%Va - P_B%Ea

= Alp+Ash = Al —ASy = |Alg =A%

Am2.L
T o * g | o kj
Aaﬁ(L,E)_4k§>;|m[uakuﬁkuajuﬁj] sm< oF )

Jarlskog rephasing invariant: ~ Im [U;k Ugk UajUEj] =4J
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Two-Neutrino Oscillations

@ Two-Neutrino Oscillations
@ Two-Neutrino Mixing and Oscillations
o Types of Experiments
o Average over Energy Resolution of the Detector
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Two-Neutrino Mixing and Oscillations

o)
V/,

2
Va) =D Uaklvh) (@ =e,p) e
k=1

14

U— cos? sind |Ve) = cos®? |v1) + sin® |vo)
~ \—sin? cos? |vu) = —sin® |v1) + cos 1)

2 2 — .2 2
Am®=Am5y = m; — mj

" . . o AmPL
Transition Probability: Poesv, = Puysve = sin? 2¢ S|n2< iE >

Survival Probabilities: Poesve =Pyysv, =1 =Py,
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two-neutrino mixing transition probability

a#p o, =euT

Am?L
.2 .2
Pyo—vs(L, E) =sin” 29 sin <T>

2 2
—sin2 20 sin2<1.27 M)

E[MeV]

Am?[eV?] L[k
= sin229 sin2<1.27 m/E‘e[Ge]v][ m]>
oscillation length
AmE E [MeV] E [GeV]
[%¢ = —— =247 ———=—m =247 ———
Am? Am? [eV?] Am? [eV?]
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Types of Experiments

Two-Neutrino
Mixing

. o AmPL observable if
Py.—vs(L, E) —5|n22195|n2< 1E ) AmL > 1
T

SBL Reactor: L ~ 10m, E ~ 1 MeV
L/E <10eV~2=Am? > 0.1eV? Accelerator: L ~ 1km, E > 0.1 GeV

ATM & LBL Reactor: L ~ 1km, E ~ 1MeV CHOOZ, PALO VERDE
L/E < 10%eV 2 Accelerator: L ~ 103 km, E > 1GeV K2K, MINOS, CNGS
U Atmospheric: L ~ 10> — 10*km, E ~ 0.1 — 102 GeV
Am? > 10" *eV?2 Kamiokande, IMB, Super-Kamiokande, Soudan, MACRO, MINOS

SUN L~10%km, E ~0.1—10MeV

> Homestake, Kamiokande, GALLEX, SAGE,
Super-Kamiokande, GNO, SNO, Borexino

Matter Effect (MSW) =107* <sin?2¢9 <1, 1078eV2 < Am? < 107%eV?

L
£~ 101t eV2=Am? > 107 eV

VLBL Reactor: L ~ 10° km, E ~ 1 MeV
L/E <10°eV?=Am? > 107°eV? KamLAND
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Average over Energy Resolution of the Detector

Am?L 1 Am?L
=2 - 2 T oan2 o
Pyo—svg(L, E) = sin® 28 sin < 1E ) = 5 sin 20 [1 cos< oF )]

L i

T
0.8

0.6

PVQAHIH

04F

02

o E ] AT ENRN B RS BT
102 103 104 0°
L [km]

Am?>=10"3eV  sin20=1 (E)=1GeV  AE=02GeV

m2
(Pya—svg (L, E)) = % sin? 29 [1 — /cos(AzEL> ¢(E)dE] (a # B)
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E [GeV]

Am? =1eV sin29 =1 L=1km
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Exclusion Curves
2
_ /cos<A2m L) ¢(E)dE] (a % B)

2 PmaX
(Pch—)VIB(L) E)> < Plr,nai)yls —— sin2 29 S Va—Vg

1-— fcos(A’” L) ¢(E)dE

1
<'Dua—>uﬁ(L, E)> - 5 sin2 29 |1

o [
=

| H

o EXCLU DLLP RI:L

= 06F

2 | H ‘

5 0ab ‘/\ \H\\M ‘ i
" 4 rotate =
0 : ‘ and =
Eh o 10 107" mirror 2

Am? (eV) >

10 4

1

10
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10
o b - 2
; 3
; E
b BUG ~ GOSGEN <10 ¢
<
2
E
S oL 1F
2 -
o E KRASNOYARSK:-. 0 e
E 90% (Ll < 2.3)
F 99% (L L < 4.6)
-2
'l L 1 10 L L -
o - ) 107 107 0t 1
sin” 20

sin’20

Reactor SBL Experiments: 7o — ¢

RUS

L‘ - Vo =V, §
e 10 E 0 e,
90%C.L. CDHS 90% C.L. CHOO. ]

0* 1% 107 10 1 107 107" 1
sin® 28 sin® 28

. =) (=) (=) (=)

Accelerator SBL Experiments: v, — v and ve — vr
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log Am?

Anatomy of Exclusion Plots

\ sin? 209 ~ 2Pnax

sin? 209 > Pax

Am? ~ 2%(%}’1

2 ~g(L\—1 / Pmax
Am 74<E> sin2 29

P

log sin? 209

Lsin® 20 [1 — <cos(A2LEZL>>] = Prax
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1
Poax ~ 5 sin2 29 = sin® 29 ~
2Pmax
Min <cos(A2LEZL)> > -1

2 Pmax
> Pmax

1—Min <cos(Ag’E2 L)> -

Am? ~ 21 (L/E)~?

sin? 29 =

Am? L 2m(L/E)~1




Neutrino Oscillations in Matter

@ Neutrino Oscillations in Matter

o Effective Potentials in Matter
Evolution of Neutrino Flavors in Matter
MSW Effect (Resonant Transitions in Matter)
Solar Neutrinos
In Neutrino Oscillations Dirac = Majorana

<

¢ ¢ ¢
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Effective Potentials in Matter

Vee = V2GeNe

Vey Vs Ve Vey Uy, V.

e ,p,n e ,p,n

e n \/§
Ve = vl o e =2 = — - Ge N,

Ve = Ve + Wne V, =V, = Wc

only Vcc = Ve — V,, = Ve — V. is important for flavor transitions

antineutrinos: Vee = —Vee Ve = —We
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Matter Effects

a flavor neutrino v, with momentum p is described by

|V01 ZUak|Vk

Ho [vk(p)) = Ex lvk(p)) Ex =+/p*+ m}

in matter H="Ho+H Hi Va(p)) = Va |va(p))
V,, = effective potential due to coherent interactions with the medium

forward elastic CC and NC scattering
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Evolution of Neutrino Flavors in Matter

Schrédinger picture: i% lv(p, t)) = Hlv(p, t)), lv(p,0)) = |va(p))
flavor transition amplitudes: wp(p,t) = (vp(p)lv(p, t)), wp(p,0) =dap
i% pe(p,t) = (va(p)|H|v(p, 1)) = (ve(p)|Holv(p, 1)) + (ve(p)|Hilv(p, 1))

(ve(p)|Holv(p, £)) = > (ve(p)[Holvo(P)) (e (P)I¥(p, t))
————

’ ®o(p, t)
= ZZ U <w(p)6|%;|u,-(p)> 5 00(p, t)
kj Ek

We(P)[Hulv(p, 1)) = > (wa(p)|Hilvo(p)) @o(ps t) = Vo 0 (p, t)
? b60 Ve

. d "
,W:z(zuﬁkfku,,k+sﬁpvﬁ> N

P k
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2
ultrarelativistic neutrinos: Ex=p+ 2_Ek E=p t=x

Ve = Ve + Wne V, =V, =Wc

. d ko
i 4 8P x) = (p+ Vic) ws(p, x) + > (Z Usk % Upic + 8pe 8pe Vcc> ¢e(p,x)
P k

Yp(p,x) = pp(p, x) ePXH [g Vie(x) dx’

. d . ipx-l—ifX VNC(X’)dx’< . d )
Idx"/}ﬁ_(e ’ P VNC+Idx e

. d m:
I&"/}ﬁ:%:(zk: Uﬁk2_Ek pk+6ﬁe6pe Vcc) ’t/Jp

PVoc_)V/S = |‘Pﬁ|2 = |’¢ﬁ|2
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evolution of flavor transition amplitudes in matrix form

d 1 )
P - T
i Ve =5F (um? Ut + ) v,
Pe mi 0 0 Acc 00
\ua:<¢u> M?=1| o0 mo Az(gcoo)
¥r 0 0 m 000
Acc = 2EVcc = 2v2EGeN,
effective J ) 5 matter ) 5 effective J
e Minc = UM? UT 55 UMP U4 2V = Miyar ™7 250
in vacuum in matter

potential due to coherent
forward elastic scattering
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Two-Neutrino Mixing

Ve — v, transitions with U = cost  sind
) g ~ \ —sin?® cos?

20t cos’>®¥m? + sin9¥m3 cos® sin® (m3 — m?)
UM~ U = ; 2 2\ cin2:9 2 2,922
cos? sin (m5 — m3) sin“¥mi + cos*¥mj

I 2 -
N 2Zm * 2\ Am?sin28 Am?cos2®
T

irrelevant common phase

1 1 (—Am2 cos2¥ Am? sin219>

Ym? = m? + mj Am? = m3 — m?

C. Giunti — Neutrino Physics — May 2011 — 117



"dx Yu 4E Am? sin29 Am?cos29 | \ ¢,

. d (1/Je> _ 1 (—Am2cos219+2Acc Am2sin219> <1/}e>
4F

Pe(0)) (1
initial v, — <"/’u(0)> = <O>

PVe_)V;t(X) = |"/}u(X)|2
Pyesve(x) = |¢e(x)|2 =1- PVe_”/;l.(X)
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Constant Matter Density

- 4E

d (Ye| 1 [—Am?cos2¥ +2Acc Am?sin2d ) (e
"dx Yy Am?sin29 Am? cos29 | \ Y,

dAcc
dx

Diagonalization of Effective Hamiltonian
Pe)\ [ cosPy  sindy Y1
Yu) \—sindy costu /) \ P2
4 (w) _[Acc, 1 (-am 0 \](w
dx \%2) | 4E T4E\ 0 Amy) | \¥2

1

irrelevant common phase

0

C. Giunti — Neutrino Physics — May 2011 — 119




Effective Mixing Angle in Matter

tan 2%
_ Acc
Am? cos 29

tan 29y =

1

Effective Squared-Mass Difference

Amdy = \/(Am2 cos 29 — Acc)? + (Am?sin 20)?

Resonance (%m = 7/4)

R Am?cos2y

AR = AmPcos2d =— NR =
CcC e 2\/§EGF
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d (¢ 1 [(-Am O P
) = (5 am) (1)
() = (ot oy () = () = (S oo ()
o = (50)-6) = (0) (&)

2
P1(x) = costm exp <iAmMX>

4E

, Amx
Po(x) = sindy exp <—/ 4EM )

Puesw,(x) = [9u(x)2 = | = sindmpa (x) + cosBuya(x)|*

2
Pyu s, (x) = sin? 28y sin2 (ATI:E"X>
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I

(10%eV?)

2
My

miy.

90
80
70
60

40
30
20
10

MSW Effect (Resonant Transitions in Matter)

NN,
T T
L Ve Uy V1 B
L 9 =107 |
r VeV V1 B
| | I
0 20 40 60 80 100
Ne/Ny (em™)
N7/Ny
T
L v, vy B
= Yy 12 —
L v 4 B
. “ Ve ‘Amz =7x10%eV? 9 =1073| 4
| | | |
0 20 40 60 80 100

N./Ny (cm™)

Ve = cosB\ V1 + sinthy 1o

v, = —sinty vy + costy 1o
tan 29
tan 2%y = an
1- __Acc
Am? cos 2

Ampy = {(Amz cos29 — Acc)’

1/2
+ (Am2 sin 29)2]
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x]
dx

Pe)\ [ cosPy  sindy Y1
Yu) \—sindy costu | \ P2

1\ [Acc 1 [(-Am? 0 0 i
(o) = 3+ 2 (0™ am) | o0
T X

irrelevant common phase

1

maximum near resonance

1\  [cost,

0)  \sind}y

R 2 (!

dx’) 'A?l +sin19(,3/| exp (—i/ Am‘:rVIE( )
0

")

xR Am2
dx' ) AR +sin®® exp [ —i M
12 M €XP 2E

0

¥1(0)\  (cos®), —sindd
¥2(0)) — \sin®d,  cos®,
[ R Am2 (x"
cosﬂ& exp (l‘/o m‘:/IE( )
x 2 (1
X exp (I/ Am:AE(X ) dx’

R
R
cos®?; ex i
mEeXP | T
L 0
X

xXexp | —i

P1(x)

IR
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Averaged Survival Probability

Pe(x) = costyy ¥1(x) + sindyy Ya(x)
neglect interference (averaged over energy spectrum)

Py (x) = |(¢e(x)>| = coszﬁM cos? |A |2 + coszﬁM sin? (,SA |A§1|2

+ sin?07, cos>¥hy |AD|2 + sin?8y, sin?0Y, | A, [?

conservation of probability (unitarity)
R |2 R |2 R |2 R |2
[AR|” = [Ax|” = P Al = [Ap|"=1-Fc
P. = crossing probability

— 1 1
Py (x) = 5+ (5 P > 029, cos28%,

[Parke, PRL 57 (1986) 1275]
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Crossing Probability

exp (—57F) —exp (—%’ysm 19>

c = [Kuo, Pantaleone, PRD 39 (1989) 1930]
1—exp (— )
Sln
e Am3,/2E Am?sin?29
adiabaticity parameter: v = = T
2|ddm/dx| R 2E cos2? ‘%
R
A x x F =1 (Landau-Zener approximation) (parke, PRL 57 (1986) 1275]
2
A x 1/X F = (1 — tan2 '19) / (1 + tan2 19) [Kuo, Pantaleone, PRD 39 (1989) 1930]

[Pizzochero, PRD 36 (1987) 2293]
A o exp (—x) F=1—tan?® [roshev, PLB 196 (1987) 170]

[Petcov, PLB 200 (1988) 373]

Review: [Kuo, Pantaleone, RMP 61 (1989) 937]
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Solar Neutrinos

_ ke
©10.54

SUN: Ne(x) =~ NS exp <—Xi> NE =245 NpJem®  xg
0

* ' ' ' ‘ ‘ ‘ ‘ ‘ ‘ ‘ —Ssun 1 1
N 1P =3 + (— — C) cos29Y, cos29

log(n,/N,) vs. R/R, Ve—Ve 2

_exp (=57F) —exp (-5 gvs)
B I —exp (_%75{20)
Am?sin?29
" 2E cos29 |dlnAc |
F=1-—tan’®
“40" o1 oz o8 o4 13/‘?19 06 07 08 08 I Acc = 2V2EGeN.,

2 BP2000

v

practical prescription: numerical |[dInAcc/dx|g  for x < 0.904Rg

[Lisi et al., PRD 63 (2001) 093002] |dInAcc/dx|g — R— for x > 0.904Rg
O]
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Electron Neutrino Regeneration in the Earth

sun—earth __
’Due—we ’Due—we +

-_sun

(1-2P}",.) (P, —sins)

cos2?
[Mikheev, Smirnov, Sov. Phys. Usp. 30 (1987) 759], [Baltz, Weneser, PRD 35 (1987) 528]

14 T T T T

Ng/N, (cm™)

12 (A)
10
sl
6L
40
—— Data
2r Our approximation
0 + + + + + +
6
5
4
3
2r —— Daa
1r Our approximation
00 1000 2000 3000 4000 5000 6000
r (Km)
Kim, Monteno, NP B 521 (1998) 3]

[Giunti,

Pgarth, is usually calculated numer-

ically approximating the Earth den-
sity profile with a step function.

Effective massive neutrinos propa-
gate as plane waves in regions of
constant density.

Wave functions of flavor neutrinos
are joined at the boundaries of steps.
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Phenomenology of Solar Neutrinos

LMA (Large Mixing Angle): Am? ~5x107%eV?, tan’® ~ 0.8
LOW (LOW Am?): Am* ~7x107%eV?,  tan’® ~ 0.6
SMA (Small Mixing Angle): Am? ~5x10 %eV?, tan’® ~10°
QVO (Quasi-Vacuum Oscillations): Am® ~107%eV?, tan9 ~ 1
VAC (VACuum oscillations): Am® <5x107%eV?, tan’d® ~1
10~ T T T T
104 1074 |- s LMA
sMA LMA (&
10 10° F s sma 3
~ 10 10 q
€ -
T low 3 107F 90 % C.L. LOWQ E
S E o[ == %%CL S
. 3 f e 99 %CL e 3
10 100 ©——= 9973 % CL Iz 4
0 _L__ 1o-0 [ Cl + Ga + SK + Sp(D) + Sp(N) 1
—
o VAC i _ - B free + BP2000 Just Sot ]
== —
10-12 L L L L
0001 001 01 1 10 10 10 10® 107t 100 1ot
tan?@ tan?(g)
[de Gouvea, Friedland, Murayama, PLB 490 (2000) 125] [Bahcall, Krastev, Smirnov, JHEP 05 (2001) 015]
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[Bahcall, Krastev, Smirnov, PRD 58 (1998) 096016]
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tan®® = 5.5 x 10~*



In Neutrino Oscillations Dirac = Majorana

dYy 1
Evolution of Amplitudes: /'i = — (UM2 Ut + 2EV> 5 Vg

dx 2E 5
P (D)
difference: D|r.ac. U(M) (D)
Majorana: U™ = U™ D(X)
1 0 = 0
0 e ... 0
Dm:(; - ) = D'=D"
(’) 0 e"XNl
m? 0 0
5 0 m 0 2 2 2 2
mi=| @ T — DM?=M°’D = DM*D'=M
0 0 - m

UMp2 (oMYt = y® pm2ptu®PHE = yPI M2 (yPHt
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