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Part I: Theory of Neutrino Masses and Mixing

Dirac Neutrino Masses and Mixing

Majorana Neutrino Masses and Mixing

Dirac-Majorana Mass Term

Sterile Neutrinos

C. Giunti — Theory and Phenomenology of Massive Neutrinos — | — KIAS — 30 Nov — 2 Dec 2015 — 2/91



Fermion Mass Spectrum
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Dirac Neutrino Masses and Mixing

@ Dirac Neutrino Masses and Mixing
¢ Higgs Mechanism in SM
o SM Extension: Dirac Neutrino Masses
@ Three-Generations Dirac Neutrino Masses
e Mixing
e CP Violation
o Lepton Numbers Violating Processes
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Dirac Mass
Dirac Equation: (i — m)v(x) =0 (@ =~"9,)

Dirac Lagrangian: .Z(x) = 7(x) (i§ — m) v(x)

Chiral decomposition: v, = P,v, vr = Pgru, v=v+UR
1—7° 1+4°
Left and Right-handed Projectors: P, = 27 , Pr= 27

P?=P., Pi=Pgr, P .+Pr=1, PPr=PrP.=0
L =vridu, + VRivgr — m (Vg + URYL)

In SM only v, by assumption = no neutrino mass
Note that all the other elementary fermion fields (charged leptons and quarks)
have both left and right-handed components

Oscillation experiments have shown that neutrinos are massive

Simplest and natural extension of the SM: consider also vg
as for all the other elementary fermion fields
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Higgs Mechanism in SM

do(x)

Higgs Lagrangian: Zhiggs = (DuCD)T(D"CD) —V(|¢?)

Higgs Doublet: ®(x) = <¢+(X)> |2 = dTd = ¢+¢++¢o¢o

Higgs Potential: V/(|®|?) = 12|12 + \|o[*

2

2
p?<0and A >0 = V(|®]?)=2A (|¢\2 — v7>

v = —”72 = (\/§G|:)_1/2 ~ 246 GeV

. ) 2 _ V2 _ 1 (0
Vacuum: Vi for [®° = 5 = () = 7 (v)

Spontaneous Symmetry Breaking: SU(2), x U(1)y — U(1)g
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» Unitary Gauge: ®(x) = % (v—l—?—l(x)) — |02 =% 4 vH + I H?

2

2
> V= (10P = %) = AW2H2 4 AVH + 3 HE
my = V2\vZ = /2% ~ 126 GeV
—p2 =~ (89GeV)? A= -5 ~013
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SM Extension: Dirac Neutrino Masses

LL = (:z‘) fR VR

Lepton-Higgs Yukawa Lagrangian

gH,L = —yeL_LCMR —yVL_La;I/R + H.c.

Spontaneous Symmetry Breaking

o0 = i2 (v +(l)4(x)> ©=iog®* = % (V +:(X)>
HhL= - y—i (&) <v —I—(;-I(x)> ‘R
L ) (V) e
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2 2
v v
mg:yéﬁ mu:yyﬁ
- e_mé o V_mzz
geH—\/i— » ng—\/i— »

v = (\/§G|:>_1/2 = 246 GeV

PROBLEM: y” <107 <« y¢~ 1070
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Three-Generations Dirac Neutrino Masses

I Ve /. VLL ;o Vi
el = ul = TL =
oL =€ LL—ML =T
R = € %R = iR RETR
V;R V;/;R V;—R
Lepton-Higgs Yukawa Lagrangian
Lap=— 3 VT 0+ YT, S| +He
a,f=e,u,T
Spontaneous Symmetry Breaking
1 0 ~ 1 v + H(x)
O(x) = — b — ioyd* = —
V2 \ v+ H(x) V2 0
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v+ H __ _
LhL = — < > Z [YcﬁfB L lsr+ YV, VER] +H.c.
\/E 0475:67!/«77'

H\ r— _
L= — <V\—|/_§ > [E’L y’t RV Y”’u};] +H.c.

/ / / /
(0 R o e
— / — / —
fL = IU’L fR = HR VL = UUL I/R = Z/NR
o r,; hy Ve
" " " v v v
Yee Yeu YET Yee Yeu Yer
Yi= (VYL vi o v Y= vy vrovey
" "W " v v v
YTe Y’TIU, Y’TT Y’Te Y’TIU, YT’T
v v
M/f _ Y/f M/l/ — Y/I/

V2 V2
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H\ r— _
L= — <V\—|/_§ > [E’L Yl + v Y”’uﬁ;] + H.c.

Diagonalization of Y’ and Y’ with unitary V/, V5, V/, V¥

/ 4 / (4 / /

Important general remark: unitary transformations are allowed
because they leave invariant the kinetic terms in the Lagrangian

Liin = LLIPEL + LRiPlr + ViV + viidvg
= e V/igvie + ...

= L1il, + LRiJlr + VLiv + DRijvg
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H\ r— _
.,%HL:_<V\% >[£/LY“ /R—I—V/LY/VV;?]—I—H.C.

/ 4 / (4 / /

H\ r_
Ll = — (V i > {szfT Y Vier + oV Y’”VEVR} +H.c.
Vit Yt vh = vt Yi=yioas (a8 =epT)

VIEYY VR =YT o Y=y (kj=1,23)
Real and Positive y’, Vi
V/YVe=Y — Y =V Y V}
18 9 3 9
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Massive Chiral Lepton Fields

er €R
b=V = br= Vgt = | g
L TR
V1L "R
no= Vv =y ng = Vg v = | g
V3L V3R

gH,L

V2

()

> Yilartar + Z YK VKL VKR

a=e,u,T

H\ r
—<V+ )[ELYZKR—FH_LY”nR}—i-H.C.

+ H.c
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Massive Dirac Lepton Fields

ga = EaL + EaR (Of = emu’T)
vk =viL +vkr (k=1,2,3)

V

xR

g 3
Y
L= — Z Z Mass Terms
a=e,[,T \/5 \/§
% =y
- 2L 0l H —ky_yk H Lepton-Higgs Couplings
PR
Charged Lepton and Neutrino Masses
¢ v
.yav -yk v
my,=— (a=e,u,T7 my = k=123
o \/§ ( K ) k \/5 ( )

Lepton-Higgs coupling o< Lepton Mass
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Quantization

h=+1

0 F, — /82 4+ m2 Che mk)()() 0

P—Ek— p-+ k (Ié‘i‘mk) I(()()_O
Fom () = halp)

(7 (0). 4" () = (5" (p). 5" (¢} = (27)* 265 5°(B — ) oy

{2 (p). 3" ()} = {4, (p). 3} " (p')} = 0
{67(p). b (p')} = (" (p), B4 " (p')} = 0
{37 ()- 57 (0} = {3 (p). i 1 (P1)} =0
{@7(e). 5100} = {2 (p). B} = 0
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Mixing
Charged-Current Weak Interaction Lagrangian

A0 = 2ngWW +H.c.

Weak Charged Current: Jw =JiwL tinaq

Leptonic Weak Charged Current

JWL_2 Z E/L'Y VaL_zﬁL'VpVL

a=e,[,T
JWL—2£L VLT'VPVL “L_QZLVPV Vin =229 Un,

Mixing Matrix

l
u=Vvitvy
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Definition: Left-Handed Flavor Neutrino Fields
Vel
vi=Un =V V/n =V = v
VrL

They allow us to write the Leptonic Weak Charged Current as in the SM:
J'{?J,L =24,7"v =2 Z lat ™’ VaL
a=e,u,T

Each left-handed flavor neutrino field is associated with the
corresponding charged lepton field which describes a massive charged
lepton:

jﬁh =2(ery veL + LY Vur + T VrL)

In practice left-handed flavor neutrino fields are useful for calculations in
the SM approximation of massless neutrinos (interactions).

If neutrino masses must be taken into account it is necessary to use

Jp =28y Un =2 > Z%LV Uak Vit
a=e,u,T k=1
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Flavor Lepton Numbers

Flavor Neutrino Fields are useful for defining
Flavor Lepton Numbers
as in the SM

(ve,e”) 41 0 O (vS,et) -1 0 O
(uopn™) 0 41 0 || (WS, put) 0 -1 0
(vpy77) 0O 0 411 (v&,77) 0 0 -1

‘L:Le+Lu+LT‘

Standard Model: Lepton numbers are conserved
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» Le, Ly, L; are conserved in the Standard Model with massless neutrinos

» Dirac mass term:

D D D
oS T Y
< :_(VeL Vul VTL) mlée m%u m/g VLR + H.c
mre mT;L me, Vrr

Le, L, L; are not conserved

» L is conserved: L(var) = L(vpr) = |AL| =0
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» Leptonic Weak Charged Current is invariant under the global U(1) gauge
transformations

lop — €7 Loy VaL — €'%° vy (a = e,N,T)

> If neutrinos are massless (SM), Noether's theorem implies that there is,
for each flavor, a conserved current:

=71y VoL + Lo’ la D,jf = 0
and a conserved charge:
Lo = /d3xjg(x) doLe =0
L _/ d’p [(—)( )al)(p) — bHT(p) BEH( )]
La: (277)32E p)ay.’(p) — by (p) b, (p
_ pMt (h)
+f %)325/72;1 [51(5) o () — B (5) B ()]
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» Lepton-Higgs Yukawa Lagrangian:

3
v+ H — o
gH,L:_< 7 ) > Vilarlar + ) yEVivir| +H.c.

a=e,u,T k=1
3
» Mixing: v = Z Uak Vi — VL = Z Uk VaL
k=1 a=e,,T
3
v+ H — _
gH,L:_< \/§ > Z }’ﬁgaLgaR‘i‘VaLZUakylijkR +H.c

a=e,u,T k=1
» |nvariant for )
EaL — e'?e EO{La Vol — e've Vol
3 3
lor = €% lar, Y Unk i vir = €% Uak ¥ vir
k=1 k=1
» But kinetic part of neutrino Lagrangian is not invariant

3

W) . .

"%kinetic = § VaL’aVaL + § VkR’aVkR
a=e, [, T k=1

because Zi:l Uak Y§ Vkr is not a unitary combination of the v4g's
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Total Lepton Number

» Dirac neutrino masses violate conservation of Flavor Lepton Numbers
> Total Lepton Number is conserved, because Lagrangian is invariant
under the global U(1) gauge transformations
Vil — ei‘p Vil , VKR — eis& VKR (k = ]., 2, 3)
EaL — e"“° EQL s EaR — e"“° EQR (Oé = e, U, 7’)
» From Noether's theorem:
JP—ZVW vkt Y lanla 0pjP =0

a=e,l,T

Conserved charge: L, = /d3x1a(x) Oola =0

Z / oy 3 [ ) e) — i 6 )

h=%1

p /27r32E

a=e,u,T +1

> a7 Py ol (p) — b7 (p) " (p)]
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Mixing Matrix

Uel Ue2 Ue3
U=VIVi=|Ua Uso Us
UTl UT2 U7'3
Unitary Nx N matrix depends on N? independent real parameters
N(N -1
% =3 Mixing Angles
V=3 = s+
— 5 = 6 Phases

Not all phases are physical observables
Neutrino Lagrangian: kinetic terms + mass terms + weak interactions
Mixing is due to the diagonalization of the mass terms

The kinetic terms are invariant under unitary transformations of the
fermion fields

What is the effect of mixing in weak interactions?
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Weak Charged Current: jWL =2 Z ZEQLV Uok Vit
a=e,u,T k=1

Apart from the Weak Charged Current, the Lagrangian is invariant
under the global phase transformations (6 arbitrary phases)
by — €%l (a=epu,T), vk — €%y (k=1,2,3)

Performing this transformation, the Weak Charged Current becomes
3

Wi=2 3 > lare™ 0 Ve v

a:e,,u,ﬂ' k:].
3
Pt o a—i(pe—p1) 7 e i(pa—we) Ap i(pr—ep1)
JwL=2¢ Z Z%Le Y Uak € VL
1 04:6’711«77' k:]- 2 2
There are 5 independent combinations of the phases of the fields that
can be chosen to eliminate 5 of the 6 phases of the mixing matrix

5 and not 6 phases of the mixing matrix can be eliminated because a
common rephasing of all the lepton fields leaves the Weak Charged
Current invariant <= conservation of Total Lepton Number.
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> The mixing matrix contains 1 Physical Phase.

> It is convenient to express the 3 X 3 unitary mixing matrix only in terms
of the four physical parameters:

3 Mixing Angles and 1 Phase
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Standard Parameterization of Mixing Matrix

Vel Uer Ue2 Ues\ [riL
vt | = (Uit U2 Us | | vaL
VrL Ui Ur2a Urz) \vaL
1 0 0 C13 0 513e_’513 c1p s12 0
U= 0 C23 523 0 1 0 —S512 C12 0
0 —S23 (23 —5136'513 0 C13 0 01
C12€13 S12€13 s13e7/013

— is is
= | —si2c3—ci2s23513€'°13 o3 —s12523513€'°13 sp3€13

S1253— 1202351367013 —ciosp3—s100o3513€7913 o313

Cap = €OSV4p S = sintp 0< Y, < 0<d13<2m

|3

3 I\/Iixing Angles ’1912, ’1923, ’1913 and 1 Phase 513

C. Giunti — Theory and Phenomenology of Massive Neutrinos — | — KIAS — 30 Nov — 2 Dec 2015 — 27/91



Standard Parameterization

1 0 0 C13 0 513e_i513 C12
U= 0 23 523 0 1 0 —S512
0 —sx3 3 —s13e83 0 c13 0
Example of Different Phase Convention
1 0 0 caz 0 si3 C12
U=10 3 5236'523 0 1 0 —S12
0 —5236_'513 23 —s13 0 ¢3 0
Example of Different Parameterization
/ I a—id) !
Co sppe 2 0 1 0 0 3
YA
U= [ —sje’® P 0 0 o3 3 0
/ / /
0 0 1) \0 —sp3 3/ \—513

S12
C12

512
C12

o

[}
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CP Violation
U+# U* = CP Violation (CPV)

General conditions for CP violation (14 conditions):

1. No charged leptons or neutrinos are degenerate in mass (6 conditions)
2. No mixing angle is equal to 0 or 7/2 (6 conditions)
3. The physical phase is different from 0 or 7 (2 conditions)

These 14 conditions are combined into the single condition
detC£0  with  C=—i[M"M"" MM

detC = —-2J (mg2 — ml2,1) (ml2,3 - mgl) (mg3 - ml2,2)
(m2 — ) (m2 = m2) (2~ m2) # 0

. . . e x ok
Jarlskog rephasing invariant: J = Sm[UeUz3U5i Uys]
[C. Jarlskog, Phys. Rev. Lett. 55 (1985) 1039, Z. Phys. C 29 (1985) 491]
[O. W. Greenberg, Phys. Rev. D 32 (1985) 1841]

[I. Dunietz, O. W. Greenberg, Dan-di Wu, Phys. Rev. Lett. 55 (1985) 2935]
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Example: 9, =0

U = R3RizWh»

cos V12 sin e~ 012 Q
Wis = | —sin9ype 012 cos V12 0
0 0 1

1 00
Y1 =0 — Wp=101 0f=1
0 01

real mixing matrix U = Rx3Ry3
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Example: 913 = 7/2

U = RysWi3R12

cos )13 0 sintqize 0
Wi = 0 1 0
—sin13e3 0 cos 13
0 0 e

1913 = 7'('/2 — W13 = 0 1 0
_elf13 0
0 0 e—i013

U= —S12Co3—C12523€913 1223 —S12523€/013 0

S12523—C1o 03013 —c1o83—512023€7%13 0
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0 0 e i3
U= |UH1|e")‘#1 |Uu2|ei>‘u2 0
|Ur1 |6'>‘71 |Ur2| elAr 0

)\ul_)\;ﬂ:)\fl_)\TZiﬂ' )\Tl_)\u].:)\Tz_)\inTr

v — e (k=1,2,3), lo — €%ty (a=e,uT)

emive 0 0 o 0 e B\ feer o o
U— 0 e ion 0 |Up1le' "1t [Up2le™#2 0 0 e¥2 0

0 0 e ier |Uri|eP1 |Upple=2 0 0 0 €v3
0 0 el(—d13—we+e3)
U= \Uul\e’(A#r“"”“’l) \UuQ\e’(Aﬂ*“’”*“’Z) 0
\U.,1|e"(A7’1_¢T+¢1) ‘UTz‘ei(A7-2—<PT+SD2) 0

p1=0 Pu = )\ul ©r = An1 Y2 = Pu — )\u2 = )\ul - )\u2
2= Aot T =A1—AptmT=Aa— A2  OK
0 0 =+1
U: <Uu1 |Uu2| 0 >
‘U‘rl| _‘U7'2| 0
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Example: m,, = m,,

Jyo=2nUT e
U=RpRisWss = jj, =20t WHRLRL A £,
1 0 0
W= 1|0 cos 923 sin 31023
0 —sindyze 023 cos o3
Wosng =n)  RpRi=U = jj, =2n Uy
v and v3 are indistinguishable
drop the prime — jﬁw_ =2a UM,
real mixing matrix U= RiRi3
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v

Jarlskog Rephasing Invariant

Simplest rephasing invariants:  |Uy,|? = ok Unk s UakUp;Uji Us;

Simplest CPV rephasing invariants: ~ Sm|[Uq Uaj Uik Usj| = £J
o X
J= %m[U&Q U:3 UZ2 U‘u3j| =%m |- x ©)
In standard parameterization:
2 .
J = c12512023523C13513 5iN 013

1
= g sin 2’1912 sin 2’1923 Cos ’1913 sin 2’1913 sin (513

Jarlskog invariant is useful for quantifying CP violation due to U # U*
in a parameterization-independent way.

All measurable CP-violation effects depend on J.
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Maximal CP Violation

» Maximal CP violation is defined as the case in which |J| has its
maximum possible value

1
6v3

> In the standard parameterization it is obtained for

1912:?923:7T/4, 513:1/\/5, sin513:i1

‘J|max —

» This case is called Trimaximal Mixing. All the absolute values of the
elements of the mixing matrix are equal to 1/+/3:

i .
V3 :leﬁ 1 i /5 ;/6 T
1 — = | _eEim eFim 1
li ; \/§ e:Fi7T/6 _e:tiﬂ/6 1
3
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GIM Mechanism

[S.L. Glashow, J. lliopoulos, L. Maiani, Phys. Rev. D 2 (1970) 1285]

» Neutral-Current Weak Interaction Lagrangian:

Q%(NC) _ g p

.p o .p -p
" 2cos Jw Iz Jz=Jz1 T zq

> Leptonic Weak Neutral Current:  (gf = %, g/ = —% +sin® Yw, gk = sin> Jw)
51 =28 V" V| + 28] £ L) + 28k £r 7 LR

» Invariant under mixing transformations with unitarity Ve V,g, vy

. P —_— e - [

o =280 ALV Vi ng + 2g[ B0V V£ + 28R TR Vi 7 ViR g

=2g/n v’ n .+ 2gf L, ~Pl + 2g,€ LryPelR

» Invariant also under the mixing transformation v; = U n; which defines

the flavor neutrino fields:

Jou =28l VLU Ulwp + 281 80770 + 28R €7 LR
=2g/viyv + 2gf L Pl + 2g,€ Lr Y LR

» Mixing has no effect in neutral-current weak interactions.
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Lepton Numbers Violating Processes

Dirac mass term allows L, L, L; violating processes

Example: % — et ++4, et tet +e”
uwo—e +v
u,xé‘\\w
K T Vk T e
v, U

Z U;kUek =0 — GIM suppression: A x Z i Uek f(mg)
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DZ(CC) —
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Uy,

Unrsl =) PEM%

A x Zue ek VYo 1_75) P

eva(l—=75)e+Tva (1 =)+ ..

D [TUva (1= v5)e + T Ujpva (1

i .
UeiYa(l = 75)

2 2
pT—my

Uk vg (1= 75)uy
m;,

]

— )t

]



p2_ P o p2
m? m? m
A T vat (14 58) - vt T - S vt
P p P p k w

2

GEm® 3a m?
r=—_# > Uk
19273 321 zk: Vet Uy m2,

BR
[Petcov, Sov. J. Nucl. Phys. 25 (1977) 340; Bilenky, Petcov, Pontecorvo, PLB 67 (1977) 309; Lee, Shrock, PRD 16 (1977) 1444]

e <107 for my <1leV

Suppression factor:
mwyy

(BR)the < 10747 (BR)exp S 1071
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Majorana Neutrino Masses and Mixing

@ Majorana Neutrino Masses and Mixing
@ Two-Component Theory of a Massless Neutrino
@ Majorana Equation

CP Symmetry

Effective Majorana Mass

Mixing of Three Majorana Neutrinos

¢ ¢ ¢
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Two-Component Theory of a Massless Neutrino

[L. Landau, Nucl. Phys. 3 (1957) 127; T.D. Lee, C.N. Yang, Phys. Rev. 105 (1957) 1671; A. Salam, Nuovo Cim. 5 (1957) 299]

» Dirac Equation:  (iv*9, —m)y =0
» Chiral decomposition of a Fermion Field: ¢ =, + g

» Equations for the Chiral components are coupled by mass:

iOubL = myr
i7u8u¢R =myy

» They are decoupled for a massless fermion: Weyl Equations (1929)

i7u8u¢L =0
V"0, Yr =0

» A massless fermion can be described by a single chiral field 1, or ¥g
(Weyl Spinor).
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» Chiral representation of v matrices:

o (0 -1 . (0 & s (1 0
=21 o T3 o T =l -1

XR1
» Four-components Dirac spinor: ¢ = (XR> — | XR2
XL XL1
XL2
» The Weyl spinors v, and ©g have only two components:
0 XR1
0 0 XR> XR2
Y= Py <XL> i Yr = PRy < 0 0
XL2 0
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The possibility to describe a physical particle with a Weyl spinor was
P
rejected by Pauli in 1933 because it leads to parity violation (¢, = ¥g)

The discovery of parity violation in 1956-57 invalidated Pauli’s reasoning,
opening the possibility to describe massless particles with Weyl spinor
fields = Two-component Theory of a Massless Neutrino (1957)

1958: Goldhaber, Grodzins and Sunyar measured the polarization of the
neutrino in the electron capture e™ + 12F — 12G5m* 4 1, with the
subsequent decay °2Sm* — 1¥2Sm 4 = neutrinos are left-handed
—— V[ [PR 109 (1958) 1015]

1958: V — A theory of by Feynman
and Gell-Mann [pr 100 (1958) 1931, Sudarshan and Marshak [pr 109 (1958) 1860],
J.J. Sakurai [nc 7 (1058) 649]

In the 1960s, the Two-component Theory of a Massless Neutrino was
incorporated in the of
Glashow [NP 22 (1961) 579], Weinberg [PRL 19 (1967) 1264], Salam [Proc. of the 8th Nobel
symposium, 1968] through the assumption of the absence of vg
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Majorana Equation

Can a two-component spinor describe a ma

ssive fermion?

Yes! (E. Majorana, 1937)
Trick: g and ¢, are not independent: Yr =Y[ = CET
charge-conjugation matrix:  Cv) C™! = —y,
1} is right-handed: Pryf = 9f Py; =0

oL = mig  — i OubL = myf

Majorana equation

Majorana field: ¢ =, + Yr = ¥ + ¢f

Majorana condition
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1) = 1) implies the equality of particle and antiparticle
Only neutral fermions can be Majorana particles

For a Majorana field, the electromagnetic current vanishes identically:

Py = eyt = —TCIyrCy " = ey Tehp = iy =0

X12

. I'O.2X* _X*
Only two independent components: v = L) = L1
XL XL1

XL2
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Majorana Lagrangian

Dirac Lagrangian
ZP = T(ig-m)v
= DLidu +TVRiIJur — m (VRvL + VL VR)
VR — I/E = CI/_[_T

1
S 20— Tigv - % (—u[cTuL+u—Lcu—LT)

Majorana Lagrangian

.,%M

migv -5 (vl ctu +mremT)

. m — _
=T iy — > (Ufl/l_—l—yl_yf)
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» Majorana field: v =v; + v}
such that it satisfies the Majorana condition v = v

v (i —m) v,

N —

» Majorana Lagrangian: .M =

» Quantized Dirac Neutrino Field:

V(X):/ 27r)325 > [ae) u™(p) e P 4 60 (p) ) (o)

h==+1
> Quantized Majorana Neutrino Field [b(")(p) = a(h)(p)]
_ d3p (h) (h) ip-x ip-x
”(X)_/WZ[Q (p) u(p) e~ + aMi(p) v(P)(p) e ]

h==+1

» A Majorana field has half the degrees of freedom of a Dirac field
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Lepton Number

><1<——>L><—1

v = L=+1 vpi = L=-1

. m — _
.,%M :U_Llaljl_— E (VEVL—FVLVE)

Total Lepton Number is not conserved: AL =42

Best process to find violation of Total Lepton Number:

Neutrinoless Double- Decay

N(AZ) = N(A Z +2)+2e" +25  (BBy,)
N(AZ) - N(A Z -2)+2e" +205  (BB)
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CP Symmetry

» Under a CP transformation

Ucpr(x)Ucp = &7 70 v (xp)
Ucprf(x)Ucp = =657 7P vi(xp)
UcpPL(x)Ucp = &7 vE (xp) 7°
Ucprf(x)Ucp = —&5F 71(xp) 7°

with |ESPP2 = 1, xt = (x°,%), and xf = (x°, %)

» The theory is CP-symmetric if there are values of the phase £5P such
that the Lagrangian transforms as
UcpZ(x)Ugp = Z(xp)

in order to keep invariant the action | = /d4x.§f(x)
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» The Majorana Mass Term

1
Lhes(x) = —5m [VE() v (x) + 7r(x) vE (X))
transforms as

Uch Zihs()UGh = — 5 m [~(657)2 72w) v ()

—(£57 2V Gep) v ()]

> UcpgmaSS( )U(_ZI% = "gn,:/lass(XP) for §§P =4

» The one-generation Majorana theory is CP-symmetric

» The Majorana case is different from the Dirac case, in which the CP
phase £CP is arbitrary
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No Majorana Neutrino Mass in the SM

» Majorana Mass Term o [1/,:’— ct v — I/_LCV_/_T} involves only the neutrino
left-handed chiral field v, which is present in the SM

» Eigenvalues of the weak isospin /, of its third component /5, of the
hypercharge Y and of the charge @ of the lepton and Higgs multiplets:

I'| b |Y|Q=hk+%
v 1/2 0
lepton doublet L, = t 1/2 / -1
l -1/2 -1
lepton singlet lr 0 0 |—-2 -1
X 1/2 1
Higgs doublet ®(x) = 0+ 1/2 24
¢o(x) —1/2 0
> I/LT C'vi has 3 =1 and Y = —2 = needed Y = 2 Higgs triplet
(I=1hLkL=-1)
» Compare with Dirac Mass Term o« Tgy, with 5 =1/2 and Y = —1

balanced by ¢9 — v with 5 = —1/2 and Y = +1
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Confusing Majorana Antineutrino Terminology

A Majorana neutrino is the same as a Majorana antineutrino

Neutrino interactions are described by the CC and NC Lagrangians

AT = —% <V_L7“£L W, + 2" v WJ)

D%NC - ___ &
v 2 cos Iy

V_L'V'u v Z,u
. destroys left-handed neutrinos
Dirac: v . . .

creates right-handed antineutrinos

destroys left-handed neutrinos

Majorana: v . .
) L { creates right-handed neutrinos

Common implicit definitions:

left-handed Majorana neutrino = neutrino
right-handed Majorana neutrino = antineutrino
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Effective Majorana Mass

Dimensional analysis:  Fermion Field ~ [E]*/? Boson Field ~ [E]
Dimensionless action: | = /d4x.$(x) — Z(x) ~ [E]*

Kinetic terms:  1idy ~ [E]*, (8M<b)T oMo ~ [E]*

Mass terms:  mip ~ [E]*,  m?¢plo ~ [E]*

CC weak interaction: gy £, W, ~ [E]*

Yukawa couplings:  y L, ®lr ~ [E]*

Product of fields ¢, with energy dimension d = dim-d operator
Loy = Conla = Coy~EI"

O4~4 are not renormalizable
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SM Lagrangian includes all 0y<4 invariant under SU(2); x U(1)y
SM cannot be considered as the final theory of everything
SM is an effective low-energy theory

It is likely that SM is the low-energy product of the symmetry breaking
of a high-energy unified theory

It is plausible that at low-energy there are effective non-renormalizable

ﬁd>4 [S. Weinberg, Phys. Rev. Lett. 43 (1979) 1566]

All 04 must respect SU(2), x U(1)y, because they are generated by the
high-energy theory which must include the gauge symmetries of the SM
in order to be effectively reduced to the SM at low energies
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O4~4 is suppressed by a coefficient M*~9 where M is a heavy mass
characteristic of the symmetry breaking scale of the high-energy unified
theory:

&5 86
L= L+ B 0+ & Gyt
VG vEAChl

. CcC _ _
Analogy with ,,iﬂe(ff ) GF (Ter"er) (€LvpveL) + - - -
& G &
M2 2 8mi,
M*=9 is a strong suppression factor which limits the observability of the
low-energy effects of the new physics beyond the SM

O — (Terv"e) (€LvpveL) + - -

The difficulty to observe the effects of the effective low-energy
non-renormalizable operators increase rapidly with their dimensionality

Os = Majorana neutrino masses (Lepton number violation)

U¢ = Baryon number violation (proton decay)
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» Only one dim-5 operator:

Os = (L] 0o ®)CT (®T 0o L1) +H.c.

1
=5 (L] CTopG L)) (®T 0265 )+ Hec

L = 2M (L] CToad L)) - (®T 025 ®) +Hec

> Electroweak Symmetry Breaking: ® = <<§;(;> 5;23%::) (V/(i/§>

2
Symmetry M 1 gsv T ot g5V
b Yy = = v, C'vp+Hec — m=
° Breaking ™= 2 M LT M
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» The study of Majorana neutrino masses provides the most accessible
low-energy window on new physics beyond the SM

natural explanation of smallness of neutrino masses

(special case: See-Saw Mechanism)

» Example: mp ~ v ~ 10?> GeV and M ~ 10*® GeV = m ~ 1072 eV
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Mixing of Three Majorana Neutrinos

1
M =TT MY+ He.

/ U;L mass 2
_ /
> VL = VN'L 1
’
v =3 E CTMﬁVBL+HC

a,f=e,u,T

» In general, the matrix M’ is a complex symmetric matrix

-
ZV C" Mg vh =) (V&TL C" Mg VéL)
’6
= ZVﬁL CNTvp =) vhi CT Mg,
O{,
= Z 1CT Mo v

MLy = ML, <« ME=mtT

C. Giunti — Theory and Phenomenology of Massive Neutrinos — | — KIAS — 30 Nov — 2 Dec 2015 — 58/91



v

v

v

v

v

1

M = EV,LT CtMLy] +He
1
v =V/n — ZM = EuiT(VL”)TCT M-V v +Hec.
(V)T MEVE =M, My = m oy (k,j=1,2,3)
V1L
Left-handed chiral fields with definite mass: n; = VfT v, = | vy
I
1
L = 5 (n[cT Mn, —n—LMCn[)
3
_ EZ m T CT —7a5C T
~ 9 k\ Vit C Vil — Vi UV
k=1
Majorana fields of massive neutrinos: v, = vy + vg Vi = Vg
1 1 3
n=[wn]| =M= > kz; vk (i — mk)Vk\uk:u;
1% =
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Mixing Matrix

Leptonic Weak Charged Current:

Jmo=2E7"Un,  with  U=VTV

As in the Dirac case, we define the left-handed flavor neutrino fields as

; Vel
I/L:UI’IL: VLTV/L: L
VrL

In this way, as in the Dirac case, the Leptonic Weak Charged Current
has the SM form

=20 v =2 Y Tarr’ v

a=e,,T

Important difference with respect to Dirac case:
Two additional CP-violating phases: Majorana phases
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3
1
» Majorana Mass Term M= 5 Z my Z/,Z—L CT v + H.c. is not invariant
k=1
under the global U(1) gauge transformations

Vil — e"“o" Vil (k = 1,2,3)

> For eliminating some of the 6 phases of the unitary mixing matrix we
can use only the global phase transformations (3 arbitrary phases)

by — e, (a=e,u,T)
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» Weak Charged Current: jW L =2 Z ZEQL P Upk ViL

a=e,u, T k=1

» Performing the transformation E — e (,, we obtain

JWL_2 Z Zf L€ ~ia pU ok VkL

a=e,lu, T k=1
-pT —i 7 a—i(pa—
JwL=2¢€"" E E o e 122 AP U vy
—— ~——
1 04:6’711«77' k:]- 2

» We can eliminate 3 phases of the mixing matrix: one overall phase and
two phases which can be factorized on the left.

> In the Dirac case we could eliminate also two phases which can be
factorized on the right.

C. Giunti — Theory and Phenomenology of Massive Neutrinos — | — KIAS — 30 Nov — 2 Dec 2015 — 62/91



» In the Majorana case there are two additional physical Majorana phases
which can be factorized on the right of the mixing matrixd:

1 0 0
pV= [0 e* o
0 0 e

» UP is a Dirac mixing matrix, with one Dirac phase

» Standard parameterization:

C12€13 S12€13 si3e~ 1013 1 0 0
_ is is i
U=| —sinc3—ciasmsi3e°13  cracoz—siospzsize’®13 523€13 0 €2 0
Ss33—C1o03s13€13  —crasi3—sipc3si3e’13 ©3C13 0 0 e'?3
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DM = diag(e’.)‘1 , e ei)‘3>, but only two Majorana phases are physical

All measurable quantities depend only on the differences of the
Majorana phases

Uy — %0, = &M — /M=9)
e/(A«=A) remains constant

Our convention: A\ = 0 = DM = diag(l7 e™2 ei’\3)
CP is conserved if all the elements of each column of the mixing matrix

are either real or purely imaginary:
d13=0orm and X, =0orm/2or7or3m/2
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Dirac-Majorana Mass Term

@ Dirac-Majorana Mass Term
@ One Generation
o See-Saw Mechanism
@ Three-Generation Mixing
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One Generation

If vg exists, the most general mass term is the

Dirac-Majorana Mass Term

D+M D L R
"gma—is_s = "gmass + "S/ﬂmass + jmass
ZD = —mpURy, +Hec Dirac Mass Term
1
-i”nﬁass =5 mg VLT Cv +He. Majorana Mass Term
1
f,fass =3 mg u,l ¢t vr +H.c. New Majorana Mass Term!
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» Column matrix of left-handed chiral fields: N; = (%) = < V_L-,—>
Vp Crgr
1 mg m
D+M T L D
LM — 5 N C'MN,+Hc M= mo me
» The Dirac-Majorana Mass Term has the structure of a Majorana Mass
Term for two chiral neutrino fields coupled by the Dirac mass
» Diagonalization: n; = Ut N, = <V1L>
2]
UTI\/IU:<m1 0) Real my > 0
0 my
> gnl])a-is-sl\/l = Z my I/,Z—LCJr VkL—l-H.C. — = Z my Vg Vi
k:1,2 k 1,2
Vi = Vg + VkL
» Massive neutrinos are Majorana! Uk = VL
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Real Mass Matrix

CP is conserved if the mass matrix is real: M = M*

mg m . .
M = <mL mD> we consider real and positive mg and mp and real m;
D R

A real symmetric mass matrix can be diagonalized with U = Op

[ cos?y sind _(p1 O 2
O_<—sinz9 cosz?) p—<0 p2> P=+1

oTmo=(m © tan2g — — 2D
0 my mr — mgp
1
m§71 = 5 |:mL + mp £ \/(mL — mR)2 + 4m%:|
m', is negative if 2
1 gative It mpmg < mp

UTMU = pTOTMOp = (1T 0 = o} m|
=p r=1"" 2, = | Mk = pj My
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» m), is always positive:

1
m2:m/2=§ [mL+mR+\/(mL—mR)2+4m2D}

> If mpmg > m2D, then m} > 0 and p% =1

1
m1:§ [mL+mR—\/(mL—mR)2+4m2D]

cos?  sind
pr=land pp=1 — U:<_sim9 cosﬁ)
» If mpmg < m2D, then m} < 0 and P% =-1
1
m =3 [\/(m/_ — mg)? +4md — (mg + mR)]
_ jcostv sindd
p1 =1 and P2 = 1 = U= (—/sm'ﬁ COS'19>
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» If Am? is small, there are oscillations between active v, generated by v,
and sterile v5 generated by vg:
4E

Am? L
Py, si(L, E) = sin229 sin2< m )

Am? = m3 — m? = (m, + mg) \/(mL— mg)® + 4 m3
» It can be shown that the CP parity of vy is fEP = ipi:
Ucpri(x)Ucp = i o 7" vi(xp)

» Special cases:
» m = mr = Maximal Mixing
» m = mr =0 — Dirac Limit
> |my|,mr < mp = Pseudo-Dirac Neutrinos

» m=0 mp <K< mrg — See-Saw Mechanism
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Maximal Mixing

2mD

— =P = Y=q/4
mr — mgp

mil:m/_imD
p%:—i-l, m; = myp — mp if m; > mp
p%:—l, m=mp—mg if m < mp
mo = my + mp
myp < mp
Vi — _—I (VL — I/E)
V2
1
= —=
V2

‘7; (e + v) — (v + vF)
C 1 (o} C
Vo =1y +Vp = % (v +vR) + (v[ + vR)]

(v +vR)

c
1 :V1L+V1L =
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Dirac Limit
mp = mgr = 0
p1 =1, my = mp
p% =+1, my = mp
The two Majorana fields v1 and v, can be combined to give one Dirac
field:

mhy=+mp — {

1.
V:%(’V1+V2):VL+VR

A Dirac field v can always be split in two Majorana fields:

v %.[(y ) 4 (4 09)]

A Dirac field is equivalent to two Majorana fields with the same mass
and opposite CP parities
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Pseudo-Dirac Neutrinos
ImL|, mr < mp

my + mg
mil:TimD
my+m
m <0 = pi=-1 — m2,1:mD:|:%

The two massive Majorana neutrinos have opposite CP parities and are
almost degenerate in mass

The best way to reveal pseudo-Dirac neutrinos are active-sterile neutrino
oscillations due to the small squared-mass difference

Am? ~ mp (mg + mg)

The oscillations occur with practically maximal mixing:

2
tan2y = ——° 1 — ¥~ /4
mgr —mg
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See-Saw Mechanism

[Minkowski, PLB 67 (1977) 42; Yanagida (1979); Gell-Mann, Ramond, Slansky (1979); Mohapatra, Senjanovic, PRL 44 (1980) 912]

‘mL:0 mD<<mR‘

» 2L . is forbidden by SM symmetries = m; =0

» mp < v~ 100GeV is generated by SM Higgs Mechanism
(protected by SM symmetries)

» mpg is not protected by SM symmetries =— mg ~ Mgyt > v

2 2
m m
/ D 2 D
m; ~ ——— =-1, mx~—
> ! mg = p; ' mg
/
my >~ mg p5 =41, m~mgp
» Natural explanation of smallness of neutrino masses
.. . mp
» Mixing angle is very small: tan29 =2 — <1
mg
» v is composed mainly of active v;: v, ~ —iy;
>

v is composed mainly of sterile vg: v ~ vp
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Connection with Effective Lagrangian Approach

» Dirac—-Majorana neutrino mass term with m; = 0:
LPM — _mp (TR + 7L vR) + % mgr (V;-CT VR + V};C VE)
» Above the electroweak symmetry-breaking scale:
LOTM — (W&DT Ly +L_L$I/R) + % mg (V;-CT VR + V;;CVE)

» If mp > v = vpg is static = kinetic term in equation of motion can
be neglected:

(yy)2(LT oV (o
[ 02®)CT (P opL;)+ Hec.
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L= (L] 0o®)CT (T 02 L) + Hec.

£
M

1 v\2
LM~ 2 o) (L] op®)CT (T 0n L)) +H.c.
2 mgr
yl/ 2
g:_( 2) M = mr

» See-saw mechanism is a particular case of the effective Lagrangian

approach.

» See-saw mechanism is obtained when dimension-five operator is
generated only by the presence of vg with mg ~ M.

> In general, other terms can contribute to .%.
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Generalized Seesaw

> General effective Dirac-Majorana mass matrix:
my m
M:<L D>
mp mgr
» m; generated by dim-5 operator:

my < mp < mpg

> Eigenvalues:

‘mL — M mp

-0
mp mr — [

;ﬁ—(ﬁ(—ka)u—i-mLmR—m%:O

,u:%[mR:t\/m,z?—4(mLmR—m2D)}
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1T
M:E mRi\/m%—ll(mLmR—mD)
r 1/2
1 2
= 2 | mp £ mp <1—4mLmR2 mD>
2 mp
10 mym m?
~ — mR:I:mR (1—2 = R2 D):|
2| mp
+ = Mheavy = MR
mp
- — m|ight2mL—m—R
2 2

m m
Type | seesaw: m; < L2 — Miight = —
m m

i

Type Il seesaw:  m; > —2 — Miight = M|
mgr
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Majorana Neutrino Mass?

V3 ud s c

2 1t

107107 102 100 10° 100 102 10° 107 10° 10° 107 10° 10° 10 1c
m [eV]

known natural explanation of smallness of v masses

See-Saw Mechanism (if vg's exist)

New High Energy Scale M = { 5-D Non-Renormaliz. Eff. Operator

Majorana v masses < |AL| =2 <= [y, decay
both imply ) M%W
see-saw type relation m,, ~ o

Majorana neutrino masses provide the most accessible
window on New Physics Beyond the Standard Model
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Right-Handed Neutrino Mass Term
Majorana mass term for v respects the SU(2), x U(1)y Standard Model
Symmetry!

1 _
M _ -5 m (VI%Z/R—I—WU,%)

Majorana mass term for vr breaks Lepton number conservation!

» Lepton number can be explicitly broken

» Lepton number is spontaneously broken
locally, with a massive vector boson coupled

Three possibilities: to the lepton number current

» Lepton number is spontaneously broken
globally and a massless Goldstone boson
appears in the theory (Majoron)
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Singlet Majoron Model

[Chikashige, Mohapatra, Peccei, Phys. Lett. B98 (1981) 265, Phys. Rev. Lett. 45 (1980) 1926]

Lo=—yq(LoPvg+TrPTL) m —mp (VLvr + TRVL)
Ly =—ys (kv +0'PRYR) 3 me (i vR + TR VR)
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p = massive scalar, x = Majoron (massless pseudoscalar Goldstone boson)

The Majoron is weakly coupled to the light neutrino
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Three-Generation Mixing
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Diagonalization of the Dirac-Majorana Mass Term = massive
Majorana neutrinos

See-Saw Mechanism = right-handed neutrinos have large Majorana
masses and are decoupled from the low-energy phenomenology.

If all right-handed neutrinos have large Majorana masses, at low energy
we have an effective mixing of three Majorana neutrinos.

It is possible that not all right-handed neutrinos have large Majorana
masses: some right-handed neutrinos may correspond to low-energy
Majorana particles which belong to new physics beyond the Standard
Model (as a light neutralino in supersymmetric models).

Light anti-vg are called sterile neutrinos

VE—Ust (left-handed)
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Sterile Neutrinos

@ Sterile Neutrinos
@ Number of Flavor and Massive Neutrinos?
@ Sterile Neutrinos
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Number of Flavor and Massive Neutrinos?
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[LEP, Phys. Rept. 427 (2006) 257, arXiv:hep-ex/0509008]
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4+ - invisible -
ete /2 —— E Vallg = Ve Vy Uy

a=active

3 light active flavor neutrinos
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Sterile Neutrinos

Sterile means no standard model interactions

Obviously no electromagnetic interactions as normal active neutrinos
Thus sterile means no standard weak interactions

But sterile neutrinos are not absolutely sterile:

» Gravitational Interactions

» New non-standard interactions of the physics beyond the Standard Model
which generates the masses of sterile neutrinos

Active neutrinos (ve, v, ;) can oscillate into sterile neutrinos (vs)

Observables:
» Disappearance of active neutrinos
» Indirect evidence through combined fit of data

Powerful window on new physics beyond the Standard Model
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No GIM with Sterile Neutrinos

[Lee, Shrock, PRD 16 (1977) 1444; Schechter, Valle PRD 22 (1980) 2227]

Neutrino Neutral-Current Weak Interaction Lagrangian:
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The transformation to active flavor neutrino fields is independent of the
existence of sterile neutrinos: v, = V[,
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Mixing with sterile neutrinos: v, = Z Uokvir
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Effect on Invisible Width of Z Boson?

Amplitude of Z — vy decay:

A(Z — I/jﬁk) = <I/j17k‘ — /d4xg(NC)(X)‘Z>
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If me < mz/2 for all k's, the neutrino masses are negligible in all the
matrix elements and we can approximate

ﬁ@jﬂ’d / d*x DL (x) 1" via (x) Zp(x)| Z) = Asm(Z — viirg)

Asm(Z — vy1p) is the Standard Model amplitude of Z decay into a
massless neutrino-antineutrino pair of any flavor £ = e, u, 7

A(Z — l/jl7k) ASM(Z — l/gl/g) Z U Uak

a=e,[,T
3+Ns 3+ Ns
P(Z—vp)=Y "> |AZ = vmi)?
j=1 k=1

C. Giunti — Theory and Phenomenology of Massive Neutrinos — | — KIAS — 30 Nov — 2 Dec 2015 — 89/91



3+Ns 34+Ns 2

> P(Z = vi) =~ Psm(Z — viip) Z Z Z

j=1 k=1 la=e,u,T
» Effective number of neutrinos in Z decay:
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> Nl(,Z) = 3| independently of the number of light sterile neutrinos!
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Effect of Heavy Sterile Neutrinos

[Jarlskog, PLB 241 (1990) 579; Bilenky, Grimus, Neufeld, PLB 252 (1990) 119]
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