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Part Il: Neutrino Oscillations

Neutrino Oscillations

Neutrino Oscillations in Vacuum

Two-Neutrino Oscillations

Neutrino Oscillations in Matter

Woave-Packet Theory of NuOsc

Common Question: Do Charged Leptons Oscillate?
Mistake: Oscillation Phase Larger by a Factor of 2
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Neutrino Oscillations

1957: Pontecorvo proposed Neutrino Oscillations in analogy with
K°® = KO oscillations (Gell-Mann and Pais, 1955) =— v S0

> In 1957 only one neutrino v = v, was known!

» 1958: Goldhaber, Grodzins and Sunyar measure neutrino helicity:

vV vV vV VY

v(h=-1)

Then, in weak interactions v(h = —1) and v(h = +1)
Helicity conservation — wv(h=—-1)Sp(h=—-1)
v(h = —1) is a sterile neutrino (Pontecorvo, 1967)

1962: Lederman, Schwartz and Steinberger discover v,
1962: Maki, Nakagava, Sakata proposed a model with neutrino mixing:

Ve = cosV vy +sind s
v, = —sind v + cos v

"weak neutrinos are not stable due to the occurrence of a virtual
transmutation ve = v,”

1967: Pontecorvo: v < v, oscillations and applications (solar
neutrinos)
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» Flavor Neutrinos:  ve, vy, v, produced in Weak Interactions
» Massive Neutrinos: 11, 1, v3  propagate from Source to Detector

» A Flavor Neutrino is a superposition of Massive Neutrinos

|Ve) = Ue1 |v1) + Ue2 [12) + Ues |v3)
[vu) = Upt 1) + Uz [v2) + Ups |v3)
|VT> =Un |V1> + Ur2 |V2> + Uz |V3>

» U is the 3 x 3 Neutrino Mixing Matrix

C. Giunti — Neutrinos: from Particle to Astroparticle Physics — Il — Torino PhD Course — January 2016 — 4/73



lv(t =0)=|vu) = U [v1) + Up2 [12) + Upz 3)

W
Y (NN NN e
AVAVAAVAVE

propagation detector

source

v(t > 0)) = U e v1) + Upp ™25 J12) + Upz €55 |v3) £ vy

EZ = p*+ m3 t~ L
Am? L
_ ki
Puswe(t > 0) = |(velv(t > 0)]> ~ > " Re[Uek Usiy Uz Uy sin < iE )
k>j
transition probabilities depend on U and Amij =m: — mf
Ve = Uy Ve — Uy Vy — Ve Vy = Vs
Ve =y Doy Du—De Dy Dy

C. Giunti — Neutrinos: from Particle to Astroparticle Physics — Il — Torino PhD Course — January 2016 — 5/73



» Neutrino Oscillations are due to interference of different phases of
massive neutrinos: pure quantum-mechanical effect!

» Phases of massive neutrinos depend on distance = Oscillations depend
on distance L

0.8 F

Va—g

LOS(‘, L
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Ultrarelativistic Approximation

Only neutrinos with energy = 0.1MeV are detectable!

Charged-Current Processes: Threshold

v+A—=B+C ve+Ga— "Ge+e Ey = 0.233MeV
jl , ve+3Cl =3 Ar+e~  Ey = 0.81 MeV
s = 2Ema + my > (mg + mc) Dedtp—n+et Esx = 1.8 MeV
( A8 )2 Vp+n—=p+p Ei, = 110 MeV
mg + mc ma _ _ m?
En = o 2 Vyt+e —vet Ewn =~ e = 10.9 GeV

Elastic Scattering Processes: Cross Section o< Energy
v+e —uv+e o(E) ~ o9 E/me o9 ~ 107 cm?

Background = Ey, ~ 5MeV (SK, SNO), 0.25MeV (Borexino)

Laboratory and Astrophysical Limits —
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Simple Example of Neutrino Production

= /ﬁ + vy vy = Z Upkvi
k

two-body decay = fixed kinematics

3
E®)

p
2\ 2 2 2 4
p2: _ﬂ _ﬂ 1+ﬂ _|_ﬂ
k 4 m?2 2 2 4m2
T at rest:

2\ 2 2
g2 M (oM Mg Ma) L M
k 4 m2 2 2 4m2
E

2
oth order: my =0 = py = Ex = :rr;,r <l—m—g ~ 30 MeV
m7r
. mi mi
1% order: Ek:E—I—fi pk_E—(1—§)2E

1 m?
=~ |1-—£)~02
‘ 2( m%) ’
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Neutrino Oscillations in Vacuum

[Eliezer, Swift, NPB 105 (1976) 45] [Fritzsch, Minkowski, PLB 62 (1976) 72] [Bilenky, Pontecorvo, SINP 24 (1976) 316]

Lcc ~ W, (Tery’er + Tpry’ o + U207 71)
Fields Vol = Z UnkviL — |Va) = Z > klvk) States

initial flavor: « = e or u or T

vk(t,x)) = e BEEPC ) = fua(t, X)) ZU* e Bt P | )

)= > Uslvs) = [va(t X)) = > (ZU;keiEkt+ikaU,8k> |vg)

B=e,pu,T B=e,u,T k

-AVQHU[;(LX)

Ay s5(0,0) = Uy Uk = Gap Ap sy (8> 0,x > 0) # agp
k
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2
2 P
PI/a—H/B(t)X) — |AVa_>Vﬁ(t7X)| = Z U;ke lEkt+’kaUﬂk
k

ultra-relativistic neutrinos — t~x =L source-detector distance
2 2 2 2
Ee—pic, __mc Mg

Eit — ppx ~ (Ex — L= = ~
k Pk ( k Pk) E + py E + pr >E

2
Prysvs(LE) = Z U, o—imiL/2E Usi
k

i} § AmiL
= D UikUsiUojUpjexp| —i— 2
ki

2 _ 2 2
Amkj = mk—mj
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Neutrinos and Antineutrinos

Right-handed antineutrinos are described by CP-conjugated fields:

CP 0, »—T
VoL =7 CZ/aL

C = Particle = Antiparticle
P = Left-Handed = Right-Handed

@ | @

left-handed neutrino right-handed neutrino
mirror
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Fields: v, = Z UnakViL %, VaL = Z kaL

P
States: |v,) = Z V) — |Pa) Z Uak|Pk)

NEUTRINOS U < U* _ANTINEUTRINOS

Am L
Prosws (L E) = Uni UsicUaj U eXp< 21:51 )
k.j

Am L
Pﬁa—>175(L7E Z UakUﬂkUajuﬁj eXp( 2EkJ )
k.Jj
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CPT Symmetry

CPT

Plla —}Vﬁ Pljﬁ —Va

CPT Asymmetries: ACPT

- ’DI/a—H/B - Pl75—>17a

Local Quantum Field Theory =— ACPT 0  CPT Symmetry

Am2 L
kJ
Py (L E) =Y Uk UsiUnjUpj exp
k.Jj
is invariant under CPT: = a S p
Plja—)ljﬁ = Pl_/ﬁ—ﬂ_/a
P,.—v., = Ps, -5, ‘ (solar ve, reactor e, accelerator v,,)
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CP Symmetry

CP
Plla —vp — Plja —)17[3

CP Asymmetries: Agg = Pl,a_”,ﬁ — ’Dﬁa—“?@

CP * * . ArniJL
ASE(LE) =4 " Im[Usy Ui UajU3)] sin F
k>j

Jarlskog rephasing invariant:  Im [UZk Uk Uaj UEJ.] =4

2 .
J = c12512023523¢13513 5iN 013

J#0 = 12,023,013 #0,7/2 013 #0, 7
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CPT = 0=AS"

- Pl/a—)l/g - Pﬂﬁ—)ﬁa

CP
= Plja—)ljﬁ - Pl_/a—ﬂ_/ﬁ < Aaﬁ

+ Pty — Pugosve  —AGRT =0

+ Puysve — Poyosoa < AGh

= ASh + A — |ASh = —AS
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T Symmetry

T
lea—n/B — PI/B —Va

T Asymmetries: Alﬁ = Puoovs — Pugo,

CPT = 0=AS"
= Prossvy — Poyora
= Prassy — Puyve  Alg
+ Puysve — Poyosoa < AGh

_ AT6+ACP

= ALy — ASh — |Alz = ASh
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Two-Neutrino Oscillations

1% '

|Vg) = cos ¥ |vk) + sind |v))
|V5> = —sind¢ |I/k> + cos ¥ |VJ'>

UV
U= cosv  sinv
~ \—=sind cos?
Am? = Amij =mi — mj2
Transition Probability: P =P = sin® 29 sin® Aml
y: va—vg — Fvg—ve — 4E
Survival Probabilities: Pro—sva = Pug—vy =1 = Py
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oscillation phase

2 2[a\/2 21 a\/2
Am”L 197 Am?[eV?] L[m] _ 197 Am®[eV?] L[km]
AE E[MeV] E[GeV]
oscillation length
AmE E [MeV] E [GeV]
L% = —— =247 ————- m =247 ————km
Am? Am? [eV?] Am? [eV?]
1
0.8 +
06}
L
A oal
0.2 F
0 \
L()S(\ L

C. Giunti — Neutrinos: from Particle to Astroparticle Physics — Il — Torino PhD Course — January 2016 — 18/73



Types of Experiments

2

transitions due to Am? observable only if =

SBL Reactor: L ~ 10m, E ~ 1 MeV
L/E <10eV2=Am? > 0.1eV? Accelerator: L ~ 1km, E > 0.1 GeV

Rea.: L ~ 1km, E ~ 1 MeV Daya Bay, RENO, Double Chooz
5 Acc.: L~ 10%km, E > 1GeV K2K, MINOS, OPERA, T2K,
NOvA
4 g2 Atmospheric: L ~ 10?2 — 10*km, E ~ 0.1 — 102 GeV
Kamiokande, IMB, Super-Kamiokande, Soudan-2, MACRO
Solar L~108km, E ~0.1—-10MeV
> Homestake, Kamiokande, GALLEX, SAGE,
Super-Kamiokande, GNO, SNO, Borexino
Matter Effect (MSW) =10"* <sin?20 <1, 1078eV2 < Am? <107 *eV?
VLBL Reactor: L ~ 10 km, E ~ 1 MeV
L/E <10°eV2=Am? > 10~ % eV? KamLAND

-1
L21<:>Am22<£>

ATM & LBL
L/E <10%eV™

y
Am? > 10"

L
£~ 101t eV2=Am? > 107t eV
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Average over Energy Resolution of the Detector

Am’L 1
Pl,a_>l,6(L,E):sin22z95in2< m >

_ T an2
1E —2S|n219

10? 163 10*
L [km]
Am?=10"3%eV  sin®20=08 (E)=1GeV  of =0.1GeV

Am?L

1,
(Pua—svs(L, E)) = 5 sin 20 [1 - /cos( °F

JEGEL NG
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PVaﬂVB

107t 1 10
E [GeV]
Am? =10"3eV sin®29 = 0.8 L =103km og = 0.01 GeV

1 ., Am2L
(Pyo—vs (L, E)) = 5 sin 29 [1 - /cos( oF

JaErse] (@0
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Observations of Neutrino Oscnllatlons

60 T ™)

18 T T T T E + MINOS Dala ]

'§ 50 = — Unoscillated MC
g % wob | L Bestfit MC E
é Q E ~—— NC contamination ]
.§ 4"5’ 30F E!
% S 20f &
: M 8
S 10F()i 4 Flpets 2]
o s .

o +'_’—v—|_A_LA_4 J——
0 2 4 6 8 10 12 14 16 18

2 3 4
1 10 10 10 10

UE (km/GeV) Reconstructed Neutrino Energy (GeV)

[Super-Kamiokande, PRL 93 (2004) 101801, hep-ex/0404034] [MINOS, PRD 77 (2008) 072002, arXiv:0711.0769)]

%) 18 T T T T
8_ 16 ] « Data- BG - GeoV,
% 14 | ] — Expectation based on osci. parameters
€ - determined by KanLAND
12 ] 2 [ +
3 =
3 08—
10 1 r
3
8 1 I 06 +
6 1 A
2 04
4 ] a3 E +
2 1 02f
. } ;
2 3 4 5 Oi L L L L L 1 1 L L
Ey° GeV 20 30 40 50 60 70 80 90 100
LyE,, (km/MeV)

[K2K, PRD 74 (2006) 072003, hep-ex/0606032v3] [KamLAND, PRL 100 (2008) 221803, arXiv:0801.4589]
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PF,—V,)

- [ ]
I, —— EH1 17 ]
L —— EH2 L |
F ——EH3 = =
0.95 T Bestit ! 095 n
| £ |
r [ ¢ FarData ]
[ 09— ¢ Near Data -
0.9~ [ — Prediction b
L L L L L L L L L
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
L/ E, [km/MeV] L &/E, (km/MeV)
[Daya Bay, PRL, 112 (2014) 061801, arXiv:1310.6732] [RENO, arXiv:1511.05849]
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Exclusion Curves

(Prrsus (L, E)) = 5 sin? 29 [1 -/ cos(Az’”,:_2 L) ¢(E)dE] (a £ 5)

2P,
(Puasw(LE)) S P, = sin?20 < a Vs

1-— fcos(A’" L) #(E)dE

=)
=

1
| H
08 F t
EXCLUD q)m#.
~ 06F ‘
p \
% \ w
2 04f j \ -
3 EEm—— -
02 rotate 2
0 and =
it 103 10 2 10! mirror El
Am? (eV) >

10 5

25 39
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2
10
o[ - %
; 3
: “E
<10 ¢
1 e BUGEY GOSGEN
<
]
E
S oL 1k
2 -
o E KRASNOYARSK:-. 0 e
E 90% (L, oL <2.3)
r 99% (L oL <4.6)
-2
107 L L 10 L L
3 E) 1
- e . 10 10 10 .1
sin’20 sin” 20
. _ _ . (=) (=)
Reactor SBL Experiments: 7o — e Accelerator SBL Experiments: v, — ve

RUS

e 10 F 0 e,

QOOA)‘C.L. ‘ ‘CDHS~ 90% C.L. CHOO. ]

0% 10° 107 10 1 10° 107 1

sin® 20 sin® 28
(=) ( (=)

Accelerator SBL Experiments:(;;)l — v, and ;e) — v
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Anatomy of Exclusion Plots

T sin? 20 ~ 2Pmax

log Am?

sin? 209 > Phax
Am? ~ 27( % y—1

~ L P
ATTL 4<f> V siligaZXﬁ

Y

> Am? >

log sin2 249

Lsin?29 {1 — <cos(A2LEZL) >} = Prax

L/E)~

Pmax —_—
2Pmax

sin2 29 = sin? 20 ~

|\J|P—‘ —~

» Min <cos(A2LEZL)> > -1

. 2 Prax
SII’I2 2= ———— > Pmax

1—Min <cos(Ag”E2 L)> -

Am? ~ 21 (L/E)~1

» Am? < 2m(L/E)~1

oo ALY 1 (AmPLN
26 )~ 2\ 2E

L\ [P
Am? ~4{ = max
" < E> sin? 29
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Off-Axis Experiments

high-intensity WB beam
detector shifted by a small angle from axis of beam
almost monochromatic neutrino energy

v =pr/Ex Pr

cm lab

m2
Eom = pem = %5 (1= 7 ) = 20.79 MeV

_ E=~(Em +VvPpZ,)
— (122 m-> 1 { Y (Eem cm
,Y ( ) ﬂ'/ ™ pZ:,y(VEcm_"_pgm)
Ecm
p? =pcost = E cosf == E

- v (1 — v cosf)
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cosf ~1—6%/2 and veel
E_ Ecm N y(1+v)

2
L+9202v(1+v)/2 ™ 1442027

E ~ 1_m_i B 1_m_i Ex m3
- m2 | 14 ~262

v (1 — vcosh)

m2 | m2 + E2 6?
» =0 — ExE; WB beam
m2
» EE0>m, — Ex = 22 high-energy 7 give low-energy v,
dE ~ (1= m_i 1_77292
dEx m2 ) (1+4262)
dE

=~ _ -1
dE,,_O for 0=+~

2
m m m 29.79 MeV
E. ( m72r> 26 0

C. Giunti — Neutrinos: from Particle to Astroparticle Physics — Il — Torino PhD Course — January 2016 — 28/73



[GeV]

E

29.79 MeV

off-axis angle 0 ~m,;/(E;) — E~ 7

(@)

6 =0.0°,0.5°,1.0°,1.5°,2.0°

0 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40
E. [GeV]

E can be tuned on oscillation peak Epea = AmzL/27r

AmE o
—~— = sensitivity to small values of Am?
Am
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o(0) 1 2 2
#(0) 4 <1+7292>

0 =0.0°,0.5°,1.0°,1.5°,2.0°

0 5 10 15 20 25 30 35 40
E. [GeV]

flux suppression requires superbeam
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Neutrino Oscillations in Matter

@ Neutrino Oscillations in Matter
o Effective Potentials in Matter
e Evolution of Neutrino Flavors in Matter
@ Two-Neutrino Mixing
o Constant Matter Density
o MSW Effect (Resonant Transitions in Matter)
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Effective Potentials in Matter

coherent interactions with medium: forward elastic CC and NC scattering

Vey Vyy Vr Vey Vyy Vr

T /\

e ,p,n
B n V2
Vee = V2GeN, Ve =W = W= W = 5 Gl
Ve = Ve + Wnc V, =V, = Vnc

only Vcc = Ve — V), = Ve — V. is important for flavor transitions
antineutrinos: Vee=-Vee  Vne = —Wnc
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Evolution of Neutrino Flavors in Matter

Flavor neutrino v, with momentum p:  |v,(p Z e lvk(p
Evolution is determined by Hamiltonian
Hamiltonian in vacuum: H = Hy

Ho lvi(p)) = Ex [vi(p)) Ex = \/p?*+ mj
Hamiltonian in matter: H = Ho + H, Hiva(p)) = Valva(p))
Schrodinger evolution equation: i% lv(p,t)) = H|v(p, t))
Initial condition: |v(p,0)) = |va(p))
For t > 0 the state |v(p, t)) is a superposition of all flavors:

£)) = > ws(p: t)|vs(p))
8

Transition probability: Py, ., = |g0,3|2
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evolution equation of states

.d
i e ) =Hlv(p, 1), [v(p,0)) = lva(p))
flavor transition amplitudes

wo(p,t) = (s(P)lv(p: 1)), #a(p,0) = dap

evolution of flavor transition amplitudes

i = a(p. 1) = (wa(P) HIu(p, 1)

"%%(f% t) = (vs(p)|Holv(p, t)) + (vs(p)|Hilv(p, t))
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i 2 a(p. 1) = (alp) Holv(p, ) + ws(p) Hil(p. )

(va(p)[Holv(p, t)) =

ZZ Wa(p)lvi(p)) (wi(p)|Holvi(p)) (i (P)vp(P)) (vp(p)(p, t))
P Usk 81 Ex U, vp(p, 1)

_ZZUEkEk ok o(P> 1)

(wa(p)Hilv(p, £)) = D (ws(p)Hilvp(p)) (wo(p)I(p, 1))

p
d8p Vs ©o(p, t)
= Z 680V p(p, t)
p
.d *
g8 = YD Usk Ex Ui + 65, Vs | 20
14 k
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2

S . m
ultrarelativistic neutrinos: Ex=p+ 2_Ek E=p t=x

Ve = Ve + Wne V,= V= Wc

. d m; .
i P8P x) = (p+ Vic) ps(p, x) + > <Z Usk 2—,:5 Upk + 0e 0pe VCC> ©o(P, x)
k

P

wﬁ(P,X) — S%(P,X) eipx+i fOX Ve (x7) dx’

d L N d
. 8 _ ipx+i [of Vne(xX)dx" [ . Y
’de e 0 < p VNc+ldX>90,8
d 7
I&@bgzz Zuﬁkiupk‘l_éﬁeépevcc Yy
P k

Pzza—wﬁ = |905|2 - |¢6|2
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evolution of flavor transition amplitudes in matrix form

d 1
=y :—(UM2UT A)\U
"dx ° 7 2E A) e
e mi 0 0 Acc 00
wa:<wu> M2=( o m o A:(Scoo)
Pr 0 0 m? 0 00
Acc = 2EVcc = 2V2EGEN,
effective effective
mas;—asgr?;red M%/AC — UM2 UT matter UM2 UT +2EV = ME/IAT mas;—asgr?;red
in vacuum T in matter

potential due to coherent
forward elastic scattering
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Two-Neutrino Mixing

cos?d sind
—sind cosv

Ve — 1, transitions with U = (

UM2 U = cos?Yym? + sin? Ym3 cosIsin¥ (m3 — m?)
~ \cos¥sin® (m3 — m?) sin>9m? + cos® IYm3

1o , 1 /—Am?cos2¥ Am?sin29

=—-YIrm + =
2 2\ Am?sin29 Am? cos 29
/]\
irrelevant common phase
Ym? = mi + m3 Am? = mi —m?
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ii Ye) 1 —Am?cos20 4+ 2Acc  Am?sin29\ (e
dx \¥,/) 4E Am?sin 29 Am?cos29 ) \ ¢,

initial v =— (;ﬁ;gg;) = <(1)>

PVE_HJ;L(X) = |¢M(X)|2
Pre—sve(x) = |1/}e(x)‘2 =1- PVe_H/,u(X)
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Constant Matter Density

d (e 1 [—Am?cos29 +2Acc AmPsin29) (e
"dx Yy Am?sin 29 Am?cos29 ) \ ¢,

- AE

dAcc

dx =0

di lizati f effective h iltonian: Ve \ __ cosIy  sindy i
iagonalization of effective hamiltonian: ( ;' | = { “Ggy, cosom ) { yb

cos Iy —siny —Am? cos 204+2Acc Am?sin 29 cosy sindy | _
sindy  cosm Am? sin 29 Am? cos 29 —sindy cosdy ) T

_ ACC —Amﬁ/l 0
- 0 Acc+Am?,

o () =[5 e (0™ am) | ()
dx \ &b 4TE aE\ 0 am?) |\

irrelevant common phase
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Effective Mixing Angle in Matter

tan 29

1— _ Acc
Am?2 cos 219

tan29y =

Effective Squared-Mass Difference

Amdy = \/(Am2 cos 20 — Acc)? 4 (Am? sin 29)?

Resonance (Um = /4)

R Am? cos 219

AR = Am?cos2y =— NR=—""""""
CcC e 2\/§EG|:
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e () =2 (5™ amg) ()
M) T 4E 0 amg ) \ )
()= (Com, am) (h) = () =G ) (50)
o= (a)=6) = (ko) = ()

PM(x) = cos Iy exp ( Ame>

4E
YM(x) = sindy exp (—/ATEMX)
Povcsu () = 1002 = | sim thas} () + cos e ()|

. . Amg x
Py.—s, (x) = sin® 20y sin? < 4EM )
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I

(109eV?)

2

Mim; Mirz

2

90
80
70
60
50
40
30
20

MSW Effect (Resonant Transitions in Matter)

NI/Ny
T T
L Ve™Uy Uy i
L 9 =107 |
[ VeV VU 7
| | |
0 20 40 60 80 100
N./Na  (em™)
NR/Na
T
L Ve 123 i
r Y 5! b
. vy vy -
- e ‘Amz =7x10%eV2 9 =103 o
| | | |
0 20 40 60 80 100
N./Ny (em™)

Ve = COS U\ V1 + sindpy 1o

v, = —sindy vy + cos Vv vz
tan 29
tan 29y = an
1 Acc
Am? cos 209

Am}y = [(Am2 cos 29 — Acc)’

1/2
+ (Am2 sin 219)2 ]
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ii Ye) _ 1 —Am?cos20 4+ 2Acc  Am?sin29\ (e
dx \ ¥y Am?sin 29 Am?cos29 ) \ 1y,

4E
; M
tentative diagonalization: <?/Je> = ( cos U Sm&M) <¢1 )

Yy —sindy  cos Iy 1/12"
;4 (costm  sindy M\
dx \—sindy cosiIm /) \ M) —
1 —Am?cos 29 4+ 2Acc  Am?sin 29 costm  sintu qp'l\"
- 4E Am?sin 209 Am?cos29 ) \ —sindy costy ) \ )
if matter densitity is not constant dy/dx # 0
ddm
d (M Acc . 1 (=Am? 0 0~ M
I\ M| =172 t1F 2 |+ g X M
dx \ %3 4E 4E\ 0 Amy ;UM 0 (&
/]\

irrelevant common phase
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d M 1 (—AmE, 0 0 =i |1 (e
I\ M| = |71F o |+ d19 X M
dx \ 3 AE 0 Ami, avm 0 >

1 dx

adiabatic T _
non-adiabatic

maximum at resonance

initial conditions:

YM(0)\  [cos¥?, —sindd\ (1)  [cos¥,
YM(0)) — \sinvd,  cosd, 0/ \sind,
solution approximating all non-adiabatic v} < v} transitions in resonance

xp Am2, (x xp Am2, (x
sz"(x) ~ |:cosw9M exp ( / R mM(X ) /> .AlRl + sin ﬂR/I exp <7i/ R m4’\AE(X ) dx’ .AZR1
0

>< Am >
X exp
xp A xp Am2,(x’
1,/;2/|(x) ~ cos1.9M exp / R mM L x' A1R2 + sin 19(,3,' exp —i/ R Amiy (<) dx’ .A2R2
0 AE 0 AE
"X AmZ ’
X exp 71'/ (<) dx’
xR 4E
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Averaged v, Survival Probability on Earth

We(x) = cos I 1" (x) + sind ¢35 (x)
neglect interference (averaged over energy spectrum)
Pon(x) = [(e(x))[* = cos? ¥ cos® 9% | AR |? + cos? ¥ sin? 93y | AR |2
+ sin? 9 cos? Oy | AR |7 + sin? 9 sin? 99 | A%
conservation of probability (unitarity)
AD|? = AR = P AL = AR =1 P

P. = crossing probability

— 1 1
P.—v.(x) = 5 + <5 - c> cos 2099, cos 20

[Parke, PRL 57 (1986) 1275]
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Crossing Probability

exp (—37F) —exp (—%7@)

’DC = = [Kuo, Pantaleone, PRD 39 (1989) 1930]
s
1- exp <_§,Ysin219)
L Am, /2E Am?sin? 29
adiabaticity parameter: v = =
2[dm/dx| g 2F cos 20 ‘dlr;jACC
* IR

A o< x F =1 (Landau-Zener approximation) (parke, PRL 57 (1986) 1275]
2

A x 1/X F = (]. — tan2 79) / (1 + tan2 19) [Kuo, Pantaleone, PRD 39 (1989) 1930]

[Pizzochero, PRD 36 (1987) 2293]
A o exp (—x) F=1—tan?d [toshev, PLB 196 (1087) 170]

[Petcov, PLB 200 (1988) 373]

Review: [Kuo, Pantaleone, RMP 61 (1989) 937]
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Solar Neutrinos

X
SUN: Ne(x) ~ NS exp

XO
4
°r log(n,/N,) vs. R/R,
2 BP2000

- L L L L L I I I
40 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

R/R,

practical prescription:
[Lisi et al., PRD 63 (2001) 093002]

numerical |dIn Acc/dx|g

|d |nAcc/dX|R—> —_—
Ro

NS = 245 Np/em®  xp = 15954
P = l (l — P ) cos 209, cos 21
Ve—le 2 2
o o0 (1) o (r55y)
1— exp (—avs.n 5)
B Am?sin? 29
= 2Ecos2ﬂ‘%‘R
F=1—tan??

Acc = 2V2EG:N,
for x < 0.904Rg
for x > 0.904Rg
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Electron Neutrino Regeneration in the Earth

(1-2P0,, ) (Peerth, — sin?v)

V) —rle

suntearth __ psun
Pl/e—H/e - ’Due—we +

cos 29
[Mikheev, Smirnov, Sov. Phys. Usp. 30 (1987) 759], [Baltz, Weneser, PRD 35 (1987) 528]

14 T T T T T T

12 1
j earth
mglz ] P, is usually calculated numer-
S, ] ically approximating the Earth den-
<y ] sity profile with a step function.
— Data
2r Our approximation
0 b Effective massive neutrinos propa-
6 . .
s gate as plane waves in regions of
& constant density.
z3
> . .
220 oa Wave functions of flavor neutrinos
1r o Ximati .. .
TR are joined at the boundaries of steps.

0 1000 2000 3000 4000 5000 6000
r (Km)
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Solar Neutrino Oscillations

LMA (Large Mixing Angle): Am?> ~5x107%eV?,  tan’9 ~ 0.8
LOW (LOW Am?): Am? ~7x107%eV?,  tan’9 ~ 0.6
SMA (Small Mixing Angle): Am® ~5x10%V?,  tan’9 ~ 1073
QVO (Quasi-Vacuum Oscillations): Am® ~107%eV?, tan?¥ ~ 1
VAC (VACuum oscillations): Am? <5 x107%eV?,  tan®d ~ 1
10~ T T T T
w0 107 / s IMA 3
LMA (é
o SMA5 10 F g s E
~ 10 107 g 1
g [T 90 % CL Q 1
k: 7 LHow I e C.L Low
w0 % o — 95 % CL. >
R §1°F e ozl e 3
10 1o = ®73%CL 4
o = 10-10 - Cl + Ga + SK + Sp(D) + Sp(N) 4
— 8]
. vAC = -3 B free + BP2000 Just Sof
- N 10-1 L L L !
0001 001 o1 1 10 10 10 10® 107 100 10t
tan?@ tan2(8)
[de Gouvea, Friedland, Murayama, PLB 490 (2000) 125] [Bahcall, Krastev, Smirnov, JHEP 05 (2001) 015]
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[eV?]

m?

" E solid line: Am? =5 x 1070 eV?
] (typical SMA)  tan?9 =5 x 10~*
2" 3 dashed line: Am? =7 x 1075eV?
) S By ] (typical LMA)  tan?y = 0.4
B dash-dotted line: Am? =8 x 108 eV?
) SO | (typical LOW)  tan?¥ = 0.7
B ,\j/_\iA s
N/Ni  [em™] N/Ni  [em™ NNy em)
typical SMA typical LMA typical LOW
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0.8
0.6

0.4
0.2

P(vov,)

P(vov,)

0.8
0.6

[Bahcall, Krastev, Smirnov, PRD 58 (1998) 096016]
P(v.~v,)

SMA: Am? =

LMA: Am?

LOW: Am? =

C. Giunti

L L A = 1 T T
H average SMA 3 ?" 82 : LMA :
F day E 04t 1=
F| - - -night A 02F =
5 0 ~
F 0.8 3
F 706 g
P X 0.4 9
F a0z
E 0 i
308 I
706 =
204 8
o 0.3 . | 5_7
E E 0.8 RS
PR R T SO ST A ST 2 >
e o e 208 JustSO_%
£ 3:'0.4 4
b a 0.2 4 x
£\ 0 t t =
0.8 49
? 08 VAC E E
3:'0.4 4=
E & 0.2 E
oo b b 0 1 1
0 5 10 15 0 5 10 15
Energy (MeV) Energy (MeV)
=50x107%eV? sin20 =3.5%x107°  IMA:  Am?=42x10"2eV? tan® ¥ = 0.26
=1.6 x 107°eV? sin?29 = 0.57 SMA:  Am® =52x10"%eV?® tan®9 =55 x 10~*
7.9 x 1078 V2 sin?29 = 0.95 LOW:  Am? =7.6 x 10 8eV2 tan? 9 =0.72
Just So%: Am? = 5.5 x 1072 eV? tan? 9 = 1.0
VAC: Am? = 1.4 x 10710eV? tan?9 = 0.38
— Neutrinos: from Particle to Astroparticle Physics — Il — Torino PhD Course — January 2016 — 52/73



In Neutrino Oscillations Dirac = Majorana

[Bilenky, Hosek, Petcov, PLB 94 (1980) 495; Doi, Kotani, Nishiura, Okuda, Takasugi, PLB 102 (1981) 323]

[Langacker, Petcov, Steigman, Toshev, NPB 282 (1987) 589]

1
e Al —:_ (um?ut +26v)
volution of Amplitudes i dx 2525: UM=U" + aﬁW
difference: Dirac: (D)
: Majorana: yM) — U(D)D()\)
1 0 - 0
0 e/?21 ... 0
D()\): :e: .. : = D‘i‘ D_
0 0 - em
m% o - 0
2 o 2= M 21t _ g2

UMp2 (oMYt = y® pm2pt(uPHF = yPI M2 (yP)T
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Wave-Packet Theory of NuOsc

t~x=L <= Wave Packets

Space-Time Localization of production and
uncertainty detection processes
Energy-Momentum Coherent creation and detection of
uncertainty different massive neutrinos

[Kayser, PRD 24 (1981) 110]  [CG, FPL 17 (2004) 103]
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mo >0 my =0

V2

m =0
T=L "

The size of the massive neutrino wave packets is determined by the
coherence time dtp of the Production Process

(0tp 2 Oxp, because the coherence region must be causally connected)

2

. . Pk my
velocity of neutrino wave packets: vy = —~1—- —X
Yy P k E SE?
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Coherence Length

[Nussinov, PLB 63 (1976) 201] [Kiers, Nussinov, Weiss, PRD 53 (1996) 537]

Wave Packets have different velocities and separate

different massive neutrinos can interfere if and only if

= LS L
wave packets arrive with dt; < 1/ (0tp)? + (dtp)?
Am 2E?
‘5tkj| ~ |Vk VJ| T ~ ML — LCOh |A | (Stp)z (51‘]3)2
mi;

S NWAVAN

(6tp < dtp) (6tp < dtp)
< tp — L~ L3 L Lggh
v1
v M A
0 otD ~ Stp
<~ tp — L~ L{"“ L> L3t
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Quantum Mechanical Wave Packet Model

[CG, Kim, Lee, PRD 44 (1991) 3635] [CG, Kim, PRD 58 (1998) 017301]

neglecting mass effects in amplitudes of production and detection processes

‘Voz> = Z UZk/dpl/}ll:(P) |Vk(p)> ‘I/ﬁ> — Z ng/dpka(p) ‘Vk(P)>
g k
AO‘B(X7 t) fr— <UB| e_iEt‘i‘iﬁX |I/a>
= 3 Uiu U [ apuf(p) o (p) e B0
k

Gaussian Approximation of Wave Packets

JE— 2_
WL (p) = (2m02p) W exp | P PR
40PP

- 2
¥2(p) = (2m02p) M exp | - PP
4-O'pD

the value of py is determined by the production process (causality)
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, , (p—pk)°
Aop(x,t) Z > Usk /dp exp [—/Ek(p)t—i— ipx — T

p

global energy-momentum uncertainty: — = —

sharply peaked wave packets

op < EZ(pk)/mk = Ex(p) = /P2 + m} ~ Ex + vk (p— pk)

E
Ey = Ek(pk) = \/m Vi = g k(p) = Pk group velocity
P lp=p, Ex
* . . (X — Vg t)2
Aagx ) o ) Ugy Upic oxp [_ Bt ipux =5
- ———

suppression factor
for [x — wt| 2 ox

1 _ .
Ox0p =73 global space-time uncertainty: 0')2< = 0')2<P + 0')2<D
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(k)
A ReA, 3

r — Ut

vi—vj interferene only if .A((lkﬁ) and Ag% overlap at detection

C. Giunti — Neutrinos: from Particle to Astroparticle Physics — Il — Torino PhD Course — January 2016 — 59/73



E2_ 2
—Ext+ pex = —(Ek—pk)X—l—Ek(X—t):—kika—I—Ek(X—t)
Ex + pk
2 2
mk m
= Tk b E(x—t)~ kx4 B (x—t
Ek+PkX+ k(x—1) 2EX+ K (x —t)
2 2
m;, (x — vt)
Aap(x, t) o ZUakngexp —/EX—F/Ek(x—t) T
k —_————
standard additional
phase phase

for t = x for t # x
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Space-Time Flavor Transition Probability

. . _ Amijx _
Pas(x,t) o Z Uak Uk Uaj Ugj exp | —i —E +i(Ex — Ej) (x — t)
k.Jj
standard additional
phase phase
for t = x for t # x
— 2 2
(x —vgt)” (v —v) ¢t
xXexp | — > — >
4o 8oz
suppression suppression
factor for factor
|x — Vijt| = ox due to
separation of
wave packets
2 2
o Pe my G Vkty g Mt m
“T BT 2F? 4 2 4E?
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Oscillations in Space: Pag(L) o /dt Pas(L,t)

Gaussian integration over dt

AmiL
Pag(L) o< Y Uiy Usk Unj Us; exp [—/ 2EJ ]
k.Jj

X

vZ + vj2 vZ + Vj2 402 vZ + \/j2 x
~1 ~(am?)? /8E ~¢2(am?,)’ /8 E
(B — E) [ 1 2vi L
xexp |i(Ex — E; -
P ( k J) VI% T Vj2
<Amy;/2E

m? m?
Ult lativistic Neutrinos: ~F—(1-¢&)=—= E, ~E —£
rarelativistic Neutrinos Pk ( €) °F k +¢ SE
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Amﬁ L
Pas(L) = ; Usi Usic Uaj U exp 5 Ef
7-[
2 2
AmijL 5 Amijax
xexp |— | —F==—| -2 | ———
4\/2E2%0, 4E

Oscillation osc _ ATE Coherence Lcoh 4/2E2 o
Lengths K Amij Lengths N kJ| )

Pas(L) = Z Uz Usk Uaj U exp [—2m Lz%C]
k,j J

i 2 2
o _<L0°h) o 262(@“)
kj J
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Ox
osc
ki

new localization term:  exp | —272¢2

interference is suppressed for o = Lij’c

~

equivalent to neutrino mass measurement

uncertainty of neutrino mass measurement:

mi = Elg — pi e 5mi ~ \/(2 Ek 5Ek)2 + (2pk 5Pk)2 ~ 4E0'p

2 || osc 2 |Josc
1 |Ami|Ly; |Amy|Lg;
op= — . A, N 5mi ~ o WTH
20y A Ox
ox 2 %SC — 5mi < |Amij| —> only one massive neutrino!
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Decoherence in Two-Neutrino Mixing

Am*=103eV?  sin®20=1 E=1GeV o, =50MeV

4TE h 4V2E?
L6 = = = 2480 km Lo = A T 11163 km
1 3 T
0.8 —
< ook
L
Q 04f
ok
102 10 10* 10°

L [km)
Decoherence for L > LM ~ 10% km
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Achievements of the QM Wave Packet Model

» Confirmed Standard Oscillation Length: L}7¢ = 47rE/AmiJ-

» Derived Coherence Length: Lf(j-’h = 4\/§E20X/|Amij\

» The localization term quantifies the conditions for coherence

problem
flavor states in production and detection processes have to be assumed

va) = 3 U2, / ol (P) e(P))  vs) =3 Usi / ap v (p) [ (p))
k k

calculation of neutrino production and detection?

1
‘Quantum Field Theoretical Wave Packet Model ‘

[CG, Kim, Lee, Lee, PRD 48 (1993) 4310] [CG, Kim, Lee, PLB 421 (1998) 237] [Kiers, Weiss, PRD 57 (1998) 3091]
[Zralek, Acta Phys. Polon. B29 (1998) 3925] [Cardall, PRD 61 (2000) 07300]
[Beuthe, PRD 66 (2002) 013003] [Beuthe, Phys. Rep. 375 (2003) 105] [CG, JHEP 11 (2002) 017]
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Estimates of Coherence Length

Josc _ 4rE 5 (E/MeV)

= —H5 m
2 2
Am (Am?/eV?)
2 ( 2 2)
LCOh ~ 4\/§E P 1012 E /Mev UX
21 OX T 2
|Am?| (|Am?2|/eV?) \m
Process | \Am2\ | Lo%¢ | Ox | Lo
T = p+ v
at rest in vacuum: E ~ 30 MeV 2.5 x 1073 eV? 30 km Trx ~ 10m ~ 10'® km
natural linewidth
i Vi o
at rest in matter: E ~ 30 MeV 2.5 x 103 eV? 30 km Teol ~107°m | ~ 10 km
collision broadening
W= et ety ) o )
at rest in matter: £ < 50 MeV leV < 125m Teol ~ 10 m < 10° km
collision broadening
7Be+67 —>7Li+l/e 5 ) 9 4
in solar core: E ~ 0.86 MeV 7x 10 eV 31km Teol ~ 107" m ~ 10" km
collision broadening
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Common Question: Do Charged Leptons Oscillate?

» Mass is the only property which distinguishes e, u, 7.
» The flavor of a charged lepton is defined by its mass!

» By definition, the flavor of a charged lepton cannot change.

‘THE FLAVOR OF CHARGED LEPTONS DOES NOT OSCILLATE ‘

[CG, Kim, FPL 14 (2001) 213] [CG, hep-ph/0409230] [Akhmedov, JHEP 09 (2007) 116]
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[Sassaroli, Srivastava, Widom, hep-ph/9509261, EPJC 2 (1998) 769] [Srivastava, Widom, hep-ph/9707268]

in7Tt — ut+ v, the final state of the antimuon and neutrino is entangled
\
if the probability to detect the neutrino oscillates as a function of distance,
also the probability to detect the muon must oscillate

the probability to detect the neutrino (as v, ofr vy or ve) does not oscillate
as a function of distance, because

Z PVM—>1/5 =1

B=e,p,T
[Dolgov, Morozov, Okun, Shchepkin, NPB 502 (1997) 3] [CG, Kim, FPL 14 (2001) 213]

A oscillations from 7= + p — A+ KO
[Widom, Srivastava, hep-ph/9605399] [Srivastava, Widom, Sassaroli, PLB 344 (1995) 436]

[Lowe et al., PLB 384 (1996) 288] [Burkhardt, Lowe, Stephenson, Goldman, PRD 59 (1999) 054018]
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Correct definition of Charged Lepton Oscillations

[Pakvasa, Nuovo Cim. Lett. 31 (1981) 497]

P D

141 e, 1, T %]

Analogy

» Neutrino Oscillations: massive neutrinos propagate unchanged between
production and detection, with a difference of mass (flavor) of the
charged leptons involved in the production and detection processes.

» Charged-Lepton Oscillations: massive charged leptons propagate
unchanged between production and detection, with a difference of mass
of the neutrinos involved in the production and detection processes.

NO FLAVOR CONVERSION!

The propagating charged leptons must be ultrarelativistic, in order to be
produced and detected coherently (if 7 is not ultrarelativistic, only e and u
contribute to the phase).
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Practical Problems

» The initial and final neutrinos must be massive neutrinos of known type:
precise neutrino mass measurements.

» The energy of the propagating charged leptons must be extremely high,
in order to have a measurable oscillation length

ArE 4nE E
T ~ T :2><10—11< >cm

(m2—m32) — m? GeV

detailed discussion: [Akhmedov, JHEP 09 (2007) 116, arXiv:0706.1216]
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Mistake: Oscillation Phase Larger by a Factor of 2

[Field, hep-ph/0110064, hep-ph/0110066, EPJC 30 (2003) 305, EPJC 37 (2004) 359, Annals Phys. 321 (2006) 627]
KO [Srivastava, Widom, Sassaroli, ZPC 66 (1995) 601, PLB 344 (1995) 436] [Widom, Srivastava, hep-ph/9605399]

KO —

L E
massive neutrinos:  vx = LGN = — =K
Ex Vk Pk

E? — E? m? m?

Pp=ppL— Ektk—pkL——kL— Tk k)= k|~ K|
Pk Pk Pk E
Amij L

~ Amij L )
Ady; = ——F twice the standard phase A®,; = Y-

WRONG!

group velocities are irrelevant for the phase!

the group velocity is the velocity of the factor
which modulates the amplitude of the wave
packet
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in the plane wave approximation the interference
of different massive neutrino contribution must be calculated
at a definite space distance L and after a definite time interval T

[Nieto, hep-ph/9509370] [Kayser, Stodolsky, PLB 359 (1995) 343] [Lowe et al., PLB 384 (1996) 288] [Kayser, hep-ph/9702327]
[CG, Kim, FPL 14 (2001) 213] [CG, Physica Scripta 67 (2003) 29] [Burkhardt et al., PLB 566 (2003) 137]

Ady; = (p — pj) L — (Ex — Ej) tx WRONG!
Ady = (px —p))L—(Ex—E) T CORRECT!

no factor of 2 ambiguity claimed in

[Lipkin, PLB 348 (1995) 604, hep-ph/9901399] [Grossman, Lipkin, PRD 55 (1997) 2760]
[De Leo, Ducati, Rotelli, MPLA 15 (2000) 2057]
[De Leo, Nishi, Rotelli, hep-ph/0208086, hep-ph/0303224, IJMPA 19 (2004) 677]
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