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Part I: Theory of Neutrino Masses and Mixing

Dirac Neutrino Masses and Mixing

Majorana Neutrino Masses and Mixing

Dirac-Majorana Mass Term

Sterile Neutrinos
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Fermion Mass Spectrum
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Dirac Neutrino Masses and Mixing

@ Dirac Neutrino Masses and Mixing
e Higgs Mechanism in SM
o SM Extension: Dirac Neutrino Masses
o Three-Generations Dirac Neutrino Masses
e Mixing
e CP Violation
o Lepton Numbers Violating Processes
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Dirac Mass
Dirac Equation: (ig — m)v(x) =0 (@ =~"0,)

Dirac Lagrangian: Zp(x) = v(x) (i — m) v(x)

Chiral decomposition: v; = P,v, vr = Pru, v=v+ VR
1-+° 14++°
Left and Right-handed Projectors: P, = 27 , Pr= +2’y

P?=P., Pi=Pgr, P .+Pr=1, PPgr=PrP.=0
L =vLiu + VRiQug — m(V[vr + URVL)

In SM only v, by assumption => no neutrino mass
Note that all the other elementary fermion fields (charged leptons and quarks)
have both left and right-handed components

Oscillation experiments have shown that neutrinos are massive

Simplest and natural extension of the SM: consider also vg
as for all the other elementary fermion fields
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Higgs Mechanism in SM

do(x)

Higgs Lagrangian: Ziiggs = (D, P)T(DF®) — V(|®[?)

Higgs Doublet: ®(x) = <¢+(X)> 02 = 1o = ¢l 64 + ¢lo

Higgs Potential: V/(|®[?) = 12|®|% + \|®|*
2

2
2<0and A >0 = V(o) =21 (|¢\2 - 7)

v = —“72 = (ﬁGF)_1/2 ~ 246 GeV

Ve 2_ 2 _ 1 (0
Vacuum: Vi, for [®]° = 5 — (®) = 7 <v>

Spontaneous Symmetry Breaking: SU(2), x U(1)y — U(1)q
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» Unitary Gauge: ®(x) % <V+(l)4(x)> — P2 = V; +vH + % 2

2

2
> V= (10P = %) = AW2H2 4 AvH3 + 5 HE
my = V2Av2 = /242 ~ 126 GeV

2~ (89GeV)?2 A=k ~0.13

vz —
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SM Extension: Dirac Neutrino Masses

LL = <ZZ> €R VR

Lepton-Higgs Yukawa Lagrangian

L= —yefL¢ER —y”H&VR + H.c.

Spontaneous Symmetry Breaking

*= 75 () oimet= 5 (")

Z R
=25t 0, )

Y ) ("*(';"(X)) vg + H.c.
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2 2
4 4
m@:ygﬁ mV:yVﬁ
g = Y™ gy YoM
V2 v V2

v = (\szF>_1/2 — 246 GeV

PROBLEM: y” <1071 « y¢~ 107
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Three-Generations Dirac Neutrino Masses

r_ Ve _ VLL = vy,
© \=¢ " \ni=n to =
R = €R %R = /g RETR
VQR VLR V;R

Lepton-Higgs Yukawa Lagrangian

gH’L:— Z [Yaﬁ an)g,BR—i_Yﬁ ozL(DVﬂR +HC

a,f=e,u,T

Spontaneous Symmetry Breaking

1 0 - 1 v + H(x)
d(x)=— O =iop®" = —
2 \v+ H(x) V2 0
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H . -
L = — <V\+@ > S VT o YUV vhe] + Hee

a?ﬁ:e7u77—

H\ r— _
DL = — (V\% > [E’L Yl +v) Y”’uk] + H.c.

/ / / /
[k . (L [
e / — / — —
b = | b = | 1g vi= v, v = | Vg
/ / / /
T T v 1%
L R TL TR
" " " v v v
Yee Ye,u YeT Yee Yeu YET
Yi=(ve v v YV=\vYL vy oy
¢ 4 " v v v
YT e YT §4 Y’TT Y’T e Y’T 12 YT’T
M/Z _ 4 Y/Z MY — 4 y'

V2 V2
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H\ r— _
DL = — (V\% > [E’L Yl v Y u,f?] +H.c.

Diagonalization of Y’ and Y’” with unitary Vf, V,g, vy, Vg

=V h=Vhlr v, =V'n, vp=Ving

Important general remark: unitary transformations are allowed
because they leave invariant the kinetic terms in the Lagrangian

Liin = LI + LRidlr + v iJV] + vRidug
= Vitigvie + ...

= LLidlL + LRidLr + VLiJv + VRIQUR
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H\ r— _
L = — <V\2> [e'L Yl + v Y u;?] +Hec

=V r=Vher v, =V'n, vp=Ving

H\ r—
Ll = — <" i > [evaT Y'Vher + AV Y™ v,gnR] +Hec
VIE Y VE=Y" Y= yles  (aB=epT)
VY VE =YY Y=y by (k,j=1,2,3)
Real and Positive yﬁ, Vi
VIYVe=Y — Y =V VY V]
18 9 3 9
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Consider the Hermitian matrix Y'Y’

It has real eigenvalues and orthonormal eigenvectors:

Y’Y’Tvk = )\kvk == Z(Y/Y/T)aﬁ(vk)ﬂ = )\k(vk)a

B

Unitary diagonalizing matrix: (Vy)gkx = (vk)s

Y'y'Ty,

=AV,

— VIY'YTV =N with Ay = A\edy

The real eigenvalues )\, are positive:

M = Z(vT Y kol Y Vi)ak = Z(VT Y ka( VYL

_Z\/T

Yka (VY )io = Z|vT Jkal* >0

Then, we can write VY'YV, = Y2 with  (Y)y = yidy

real and positive y, = /A«
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v

v

v

Let us write Y’ as Y/ =V, YV;
This is the diagonalizing equation if Vi is unitary.
VE=Y VY ve=YTviy Tl with Yi=Y
Vive = Y IV Y'Yy y-t=y-ly2y-1 -
VrVE = YTV y-ly-1viy = vty y=2v]y’
Y2 =Vv/(y) ()
VeVE = YTvivi(yh) =2y tvv)y = v iy Ly ty =1
In conclusion: VLT Y'Vg =Y  with unitary V, and Vg

(Y)ij = yk0xj  with real and positive yj

C. Giunti — Theory and Pl logy of Massive Neutrinos — | — CINVESTAV — 30 Jan - 3 Feb 2017 — 15/109




Massive Chiral Lepton Fields

€L €Rr
bF g1 0 g
eL:VLTe i ER:VRT R=| IR
TL TR
ViL ViR
v I 12 -
n = Vv =y ng = Vg vg = | 1ag
V3L V3R
v+ H\ — .
OZH’L = — ( 7 > [EL YZER +n YY" nR} + H.c.
3
v + H 07—
= - Z YalaLlar + ZY}: Uk Vkr |+ H.c.
V2 £
a=e,[,T k=1
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Massive Dirac Lepton Fields

by = gaL + gaR (Oé =&, T)

vk =vie +vr - (k=1,2,3)

4 3 v
YoV 75— }/k v__
L)L = — byl — Z Uy Vg Mass Terms
a=e,u,T \/§ k=1 \/§
yf - 3 yV
— a_ze: j‘é bo by H— Z_: —kz Uk vk H Lepton-Higgs Couplings
=e,1,T k=1

Charged Lepton and Neutrino Masses

4 v
YoV _ka
m, === (a=eur my = k=1,2,3

Lepton-Higgs coupling o Lepton Mass
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Quantization

3 .
) = [ s |40 ) o0 () o) e

h=+1
S e (B—mx) uy”(p) = 0
A B+ m) v (p) = 0
P 05) = hof ()
EE ) = -n(p)
{a" (). a ()} = {8 (p). b, " (p')} = (2m)* 2Ei 5*(B — B) Shw
{a (p).2  (P)y = {3 (p). 4, ()} = 0
{6 (p), B ()} = 16" (p), " (p)} = 0
{a)(p). b (P)} = " (p). &5 (p')} = 0
{3 (p), "1 (P)} = {2 (p), (0} = 0
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Mixing
Charged-Current Weak Interaction Lagrangian

20 _ 2;g[JWW Y He

Weak Charged Current: Jw =JwL +tinaq

Leptonic Weak Charged Current

JW|_—2 Z €/L7 VaL_2£L'7pVL

a=e,u,T
JWL—2£L VLT’YP 73 nL_2£L7pV Vin =28, Uny

Mixing Matrix

L\ v
U=Vvtv
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Definition: Left-Handed Flavor Neutrino Fields
Vel
I/L:UHL: VfT anL: VLZTV/L: VulL
VrL

They allow us to write the Leptonic Weak Charged Current as in the SM:
Sl =209 v =2 Y Tl vaL
a=e,u,T

Each left-handed flavor neutrino field is associated with the
corresponding charged lepton field which describes a massive charged
lepton:

jﬁJJ_ =2 (?LVP Vel + W’Y” Vul + TiL'Yp VTL)
In practice left-handed flavor neutrino fields are useful for calculations in
the SM approximation of massless neutrinos (interactions).

If neutrino masses must be taken into account it is necessary to use

JWL_2£L’YPU"L_2 > Z%LV Uak viw
a= e:,LLsz 1
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Flavor Lepton Numbers

Flavor Neutrino Fields are useful for defining
Flavor Lepton Numbers
as in the SM

Le L, L. Le L, L
(ve,e7) 41 0 O (vs,et) -1 0 O
(Vu,w™) 0 41 0 |[(v5,p") 0O -1 0
(vrey7™) 0 0 +11| (v

L=Le+Lly+Lr

Standard Model: Lepton numbers are conserved
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» L, L, L; are conserved in the Standard Model with massless neutrinos

» Dirac mass term:

D D D
o Y
< =—(1/e/_ UpL I/T/_) mﬁe m%u m%T vur | +H.c
Mzre mr,u mr, VrR

Le, L, L; are not conserved

» L is conserved: L(var) = L(vg) = |AL| =0
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» Leptonic Weak Charged Current is invariant under the global U(1) gauge
transformations

lop — €7 Loy VaL — €% vy (Ck =6 M,T)

» If neutrinos are massless (SM), Noether's theorem implies that there is,
for each flavor, a conserved current:

J& = Vel VaL + la’ la 0pj8 =
and a conserved charge:
/ Xfa(x) 80'—(1 =0
d*p _
Lyt = [ ——a | g (-) (-|-)1L (+)
arsaE |4 () () = 6D (p) 6(p)|
_dp STy 2oy p(WT( oy p()
“f (27r)325h_ﬂ[e (p) 3" () — £ () £"(p)
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> Lepton-Higgs Yukawa Lagrangian:

3
v+ H — y
gH,L = — ( ) E yﬁ Lot bor + E Y VkLVKR | + H.c.

\/i a=e,u,T k=1
3
» Mixing: vy = Z Uak Vit — VkL = Z Uak Vol
k=1 a=e,u,T
3
v+ H — —
= () 5 [ttt i ] e

a=e,u,T k=1
» Invariant for ]
anL — e/¥e EaLa Vol — e’ Vol
3 3
lar = €% bar, Y Uk Y vir = €% Uak ¥ vikr
k=1 k=1
» But kinetic part of neutrino Lagrangian is not invariant

3

W . .

‘iﬂkinetic = g VaL/(?VaL + § VkR’aVkR
a=e,l,T k=1

because Zi:l Uak y{ Vkr is not a unitary combination of the v4g's
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Total Lepton Number

» Dirac neutrino masses violate conservation of Flavor Lepton Numbers
» Total Lepton Number is conserved, because Lagrangian is invariant
under the global U(1) gauge transformations
Vil — e"ﬂ" Vil , VKR — eis& VKR (k = 17 2, 3)
EaL — ei‘P faL R faR — e"“’ EaR (a =e,u, 7')
> From Noether’s theorem

p_ZVk’V vt Y latla 0pP =0

a=e,u,T
Conserved charge: L, = /d3xja(x) OoLla =0
3
DY o Z [o1(0) o) (p) — B3 () 6(p)]
k=1 h==+1
h)t (h) _ pMF (h)
= 3 [ 2 @ A0 - 66 o)
a=e,u,T h==+1
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v

Mixing Matrix

Uel Ue2 Ue3
U= VfT VZ/ = U,ul UMZ U[L3
UTl U‘r2 UT3
Unitary Nx N matrix depends on N? independent real parameters
N(N-1
(2) =3 Mixing Angles
N=3 — N(N+1)
— 5 = 6 Phases

Not all phases are physical observables
Neutrino Lagrangian: kinetic terms 4+ mass terms + weak interactions
Mixing is due to the diagonalization of the mass terms

The kinetic terms are invariant under unitary transformations of the
fermion fields

What is the effect of mixing in weak interactions?
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Weak Charged Current: jWL—Q Z ZZQLW Uok Vi
a=e,u,T k=1

Apart from the Weak Charged Current, the Lagrangian is invariant
under the global phase transformations (6 arbitrary phases)
by — €4y, (a=epn,T), vk — ey (k=1,2,3)

Performing this transformation, the Weak Charged Current becomes
3

Wi=2 2 D fare ¥ 0 Vo v

a= e,,LLTk 1

i(pe—tp1) (pa—pe) AP i(Pk—¢1)

jWL—Qe Z ZﬁaLe Uke Vil
1 a=e,u,7 k=1 2 2

There are 5 independent combinations of the phases of the fields that

can be chosen to eliminate 5 of the 6 phases of the mixing matrix

5 and not 6 phases of the mixing matrix can be eliminated because a
common rephasing of all the lepton fields leaves the Weak Charged
Current invariant <= conservation of Total Lepton Number.
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» The mixing matrix contains 1 Physical Phase.

> It is convenient to express the 3 x 3 unitary mixing matrix only in terms
of the four physical parameters:

3 Mixing Angles and 1 Phase
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Standard Parameterization of Mixing Matrix

Vel Ua Ue2 Ues\ [ruL
vt | = | Ui Up2 Uz VoL
VrL Ui U Urz) \raL
1 0 0 C13 0 513e_i613 cp s12 0
U= 0 C23 523 0 1 0 —S512 C12 0
0 —S23 (23 —5136’513 0 C13 0 01
C12€13 S12€13 s13e77013

— is is
= | —s12c23—c12523513€'°13  crocp3—siasp3si3e’3 sp3c3

S12S3—C12C3513€13  —crosm3—sipca3s13€13 o33

Cab = COSVap Sab = SinV4p 0<v < 0<d3<2m

|3

3 Mixing /-\ngles ’1912, ’1923, ’1913 and 1 Phase (513
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Standard Parameterization

1 0 0 C13 0 513e_i513 C12 sip O

U= 0 23 523 0 1 0 —S12 C12 0

0 —523 (23 —5136'513 0 C13 0 0 1
Example of Different Phase Convention

1 0 0 C13 0 513 C12 512 0

U= 0 3 5236'623 0 1 0 —S12 C12 0

0 —5236_'513 3 —s13 0 3 0 0 1
Example of Different Parameterization

Clo sl,e @ 0\ /1 0 0 ci3 0 si3

U= | —s|,e Clo 0] 10 a3 s o0 1.0
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CP Violation
U# U* = CP Violation (CPV)

v

General conditions for CP violation (14 conditions):
1. No charged leptons or neutrinos are degenerate in mass (6 conditions)

2. No mixing angle is equal to 0 or 7/2 (6 conditions)
3. The physical phase is different from 0 or 7 (2 conditions)

v

These 14 conditions are combined into the single condition
detC£0  with  C=—i[M"M"" MM

v

detC = —-2J (ml2,2 — mgl) (m,%3 — ml2,1) (ml2,3 — mi)

(7 m2) (2 — ) (m? — ) # 0

v

Jarlskog rephasing invariant: J = Sm[Ue; UssUpo U,3]
[C. Jarlskog, Phys. Rev. Lett. 55 (1985) 1039, Z. Phys. C 29 (1985) 491]
[O. W. Greenberg, Phys. Rev. D 32 (1985) 1841]

[I. Dunietz, O. W. Greenberg, Dan-di Wu, Phys. Rev. Lett. 55 (1985) 2935]
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Example: ¥, =0

U = Rx3RizWho

cos V12 sindpe 012 Q
Wi = | —sindqo g 1012 cos 1o 0
0 0 1

100
191220 — Wi,=10 1 0] =1
0 01

real mixing matrix U = Rx3Ri3
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Example: 913 = 7/2

U = R3sWi3Ry2

cos 13 0 sinqze 91
Wiz = 0 1 0
—sindq3e3 0 cos Y13
0 0 e/

1913 = 7T/2 - W13 = 0 1 0
_elf13 0
0 0 e—i013

U= —S12Co3—C12523€913 12023 —S12523€/013 0

S12523—C12Cp3€/013 —c1253—512C23€013 0
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0 0 e i

U= |Uu1|“-":>\"1 |UM2\e’:/\N2 0
]Uﬂ]e”\fl ‘UTQ‘G')"Q 0
)\,ul - )\,u2 =A1—ApEm Ar1— A/Ll = A2 — )\;42 t
vk — ey (k=1,2,3), lo — €% 0y (a=e,uT)

e~ive 0 0 0_)\ O.A e~ 13 e¥1 0 0
U— 0 e7ivr 0 [Upale"™ 8t [Uple' ™12 0 0 ev2 0

0 0 eiitpT ‘UTlleD\Tl |U72|ei/\7—2 0 0 0 ei¢3
0 0 el(=013—pe+e3)
U= ‘Uul‘ef(MLl*&auJﬂPl) \ng\ei(AH27¢“+‘P2) 0
|Urq|efPri—erte1) U ,|ef(Ara—erter) 0

p1=0 Pu = )‘ul or = An P2 = SO,u_A;Q = >\u1 _)\;ﬂ
@2 =Qr = AT =1 — A ET = A1 — A2 OKI

0 0 +1
U = ‘Uul‘ |Uu2| 0
|U'r1| *‘U7'2| 0
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Example: m,, = m,,

Jw =200

U= RiRisWas = jp, =201 WhRI R A €

1 0 0
Wos = 1|0 cos %23 sin Uo3 e i023
0 —sindyze 923 cos 923

W23I1L = n’L R12R13 = U/ —— jﬁV,L = 2'7L Ul]L ’)/p EL
v> and v3 are indistinguishable
drop the prime — jby =2n UM e,

real mixing matrix U= RixRi3
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v

v

Jarlskog Rephasing Invariant

Simplest rephasing invariants:  |Uy,|? = ok Uk s UakUs; Ui Ug;
Simplest CPV rephasing invariants:  Sm[Uy Uy U, Usj| = +J
o X

J=Sm[UaUsU%Us] =Sm |- x o

In standard parameterization:
2 .
J = c1251223523€13513 5in 013

1
=3 sin 2912 sin 21923 cos 13 sin 21913 sin 013

Jarlskog invariant is useful for quantifying CP violation due to U # U*
in a parameterization-independent way.

All measurable CP-violation effects depend on J.
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Maximal CP Violation

» Maximal CP violation is defined as the case in which |J| has its
maximum possible value

|J|max = Max| c12512 c23523 ci35135in 013 | = ——
\,—/\/—/

1 6\/§

1 2
2 2 3v3
> In the standard parameterization it is obtained for

Y12 = Vo3 = 7/4, 513:1/\/5, sind13 = £1

» This case is called Trimaximal Mixing. All the absolute values of the
elements of the mixing matrix are equal to 1/+/3:

1 1 i .
B 1, :Flﬁ 1 y ; o
U= —5F 2\’/§ 5F 2\’/§ L — = _eilfr/ﬁ e$/7r/6 1

1 _l:': i f \/g e:Fi7r/6 _e:I:i7T/6 1
2T23 2Tl s
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GIM Mechanism

[S.L. Glashow, J. lliopoulos, L. Maiani, Phys. Rev. D 2 (1970) 1285]

» Neutral-Current Weak Interaction Lagrangian:

GNO _ 8
' 2 cos Y Iz%p

> Leptonic Weak Neutral Current:  (gf =1, g/ = —1 +sin® 9w, gk = sin® Jw)

.p _ .p -p
Jz =1z 1Jzq

J5 =28/ V1 V| + 281 €, 1) + 28k Lr 1 LR
> Invariant under mixing transformations with unitarity V/, V4, V}:
. UV — 14 i A iR 4
jg’l_ = 2g/ AL VLTfyp %4 nL+ ng £ VLT'L” Vf 0 + 2g,€> LR VRT ~P Vfé Lr
= 28/ ALY" ni + 2g[ €71 + 28k RV LR

» Invariant also under the mixing transformation v; = U n; which defines
the flavor neutrino fields:
Jou =26/ VLU~ Uy + 2g[ €1 77€1 + 28R ER Y LR
=2g/viyv + 2gf Ll + 2g,€ Lr Y LR

» Mixing has no effect in neutral-current weak interactions.
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Lepton Numbers Violating Processes

Dirac mass term allows L, L,, L; violating processes

Example: u= —ef +v, pf —seftef e
uwo—e +v
§”f
Wo--""""~ W
o . b
v, Ua

Z U;kUek =0 = GIM suppression: A x Z w Uerc £ (my)
k
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£9 = W [Ty (1 —s) € + Tpya (1 — 75) pi+ - - ]

op
BV we ; Tk Usva (L =7s)e + Uiy (1 —s)p + - - ]

N ? ? ﬁ "

Unys(l—)  PE Uyrya(l —7s)

p*—mj
_ T
A x ZUeUek’Ya (1 - 'YS)Z;_mQUMk’Y,B (1 - '75)U,u
k k
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* m2 p * m2
oS Ut (14 78) = Y U Y v
k k k
2

G2m5 3a m2

M= 2" N U, U, —<

10203 327 | 2 Vet Vi m2,

k
BR

[Petcov, Sov. J. Nucl. Phys. 25 (1977) 340; Bilenky, Petcov, Pontecorvo, PLB 67 (1977) 309; Lee, Shrock, PRD 16 (1977) 1444]

Suppression factor: M <1071 for  mye <1eV
myy
(BR)the < 10747 (BR)exp < 107 M
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Majorana Neutrino Masses and Mixing

@ Majorana Neutrino Masses and Mixing
o Two-Component Theory of a Massless Neutrino
e Majorana Equation

CP Symmetry

Effective Majorana Mass

Mixing of Three Majorana Neutrinos
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Two-Component Theory of a Massless Neutrino

[L. Landau, Nucl. Phys. 3 (1957) 127; T.D. Lee, C.N. Yang, Phys. Rev. 105 (1957) 1671; A. Salam, Nuovo Cim. 5 (1957) 299]

» Dirac Equation:  (i7"'d, — m)¢ =0
» Chiral decomposition of a Fermion Field: ¢ =, + g

» Equations for the Chiral components are coupled by mass:

/’Y“a;LwL = me
i Oupr = miyL

» They are decoupled for a massless fermion: Weyl Equations (1929)
iV 0L =0
0 hr =0

v

A massless fermion can be described by a single chiral field ¢ or ¢g
(Weyl Spinor).
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» Chiral representation of v matrices:

o (0 -1 . [0 7 s (1 0
=21 o T=\% o =10 -1

XR1
» Four-components Dirac spinor: 1) = <XR> — | XR2
XL XL1
XL2
» The Weyl spinors v); and g have only two components:
0 XR1
0 0 XR XR2
L= Py = = R = Pry = =
v v <XL> XL1 v v < 0 ) 0
XL2 0
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» The possibility to describe a physical particle with a Weyl spinor was
P
rejected by Pauli in 1933 because it leads to parity violation (¢ = ¥g)

» Parity is the symmetry of space inversion (mirror transformation)

4 y y »
x x
right-handed frame mirror  left-handed frame

» Parity was considered to be an exact symmetry of nature

> 1956: Lee and Yang understand that Parity can be violated in Weak
Interactions

» 1957: Wu et al. discover Parity violation in 3-decay of ®°Co
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v

v

v

v

v

: L, P .
Parity: x* = (x0,X) — x5 = (x%, —X) = x,

The transformation of a fermion field v)(x) under parity is determined
from the invariance of the theory under parity.

Dirac Lagrangian:

Zo(x) = P(x) (id — m)p(x) = P(x) (Woao + iy oK — m) Y(x)

1P

EP(XP) (WO@O — i 0k — m) WP (xp)

It is equal to Zp(xp) if

Invariance is obtained from the action because

WP (xp) = &p 70 P(x)

Oxp _
ax‘ =L

b= /d4x,,2”D(x) = /d4xP Zb(xp)
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> P(x) = 9P (xp) = &p 70 ¥(x)
> Pu(x) — ¥F (xp) = &p 70 v (x)

1+9°

e N S
+7 1—+°

> Pripp = &p Yo =&A° > v =)

v

Therefore ”L/}E is right-handed: in this sense v, ; VR

v

Explicit swap of left and right components in the chiral representation:

. _ 0 -1 0\ _ XL
by =&y =& <_ﬂ 0 > <XL> = —&p (O>
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» The discovery of parity violation in 1956-57 invalidated Pauli's reasoning,
opening the possibility to describe massless particles with Weyl spinor
fields = Two-component Theory of a Massless Neutrino (1957)

» 1958: Goldhaber, Grodzins and Sunyar measure the neutrino helicity
with the electron capture e™ + 2Eu — %2Sm* + v, with the
subsequent decay °?°Sm* — 152Sm + ~.

The neutrino helicity is the same as the measurable helicity of the
photon when it is emitted in the same direction of the 2Sm* recoil.
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212 s —0 S22 s—0
°« e + @
e 152Fy e 152y
S.=1 S, =-1/2 S,=-1 S,=+41/2
—_— P
4—. o——> 4—. o —>
P 152G m* Ve P —p 1529m v

S~:1 :O S":_l

47’\/\, <—. >

152Q 1, 0 152Gy
h,y — hsm* — hV — —]_ h,\/ — hsm* = hy = +1

h, = —0.914+0.19 = NEUTRINOS ARE LEFT-HANDED: v,

[Goldhaber, Grodzins and Sunyar, PR 109 (1958) 1015]
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V — A Weak Interactions

[Feynman, Gell-Mann, PR 109 (1958) 193; Sudarshan, Marshak, PR 109 (1958) 1860; Sakurai, NC 7 (1958) 649]
The Fermi Hamiltonian (1934) Hg = g (py“n) (ey“v) + H.c.
explained only nuclear decays with AJ = 0.
1936: Gamow and Teller extension to describe observed nuclear decays
with [AJ| = 1: [PR 49 (1936) 895]
5

Hg = Z (g (PY n) (8 ve) + g (PY n) (85 ve)] + He.
j=1
with Ql=1 02=7% Q3 =02 Q* =725 Q> =15
1958: Using simplicity arguments, Feynman and Gell-Mann, Sudarshan
and Marshak, Sakurai propose the universal theory of parity-violating
V — A Weak Interactions:

E a2 e 0=

+ [y (1=9°) ] [ (1=°) V] } +He.

Hy =

1—x

in agreement with v, = >

1
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v

v

\4

v

v

Standard Model

Glashow (1961), Weinberg (1967) and Salam (1968) formulate the
Standard Model of ElectroWeak Interactions (1979 Physics Nobel Prize)
assuming that neutrinos are massless and left-handed

Universal V — A Weak Interactions

Quantum Field Theory: v, =

o P
Parity is violated: V| —BE

left-handed neutrino right-handed neutrino
mirror

Particle-Antiparticle symmetry (Charge Conjugation) is violated:

S v(h = —1)) - ]pth==1)]
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>

Charge conjugation: 1(x) <, Pe(x) = chﬂT(x)
Charge conjugation matrix: C'y# 1= —Yuur ct=ct ¢cT=-=

Useful property: C(7°)TC 71 =45

Yu(x) 5 $E(x) = & CL (x)

1-(°)7

S0 =& C(BP)T =0

CoL =&cC

1— 5
PLbf =& =5
Prif = EcC(PrPL)" = vf
Therefore ¢} is right-handed: in this 1), é VR

Explicit swap of left and right components in the chiral representation:

- 2
- 2)an o) (0)-e()

C
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Helicity and Chirality

3
)= [ Gmytgg 2 [0 p) e+ 60 () () P

h=+1
u(h)T(p)u(h)(p) —oF (h)T(p) (h) (p) = 2h|p|
(W (p)y () (p) = 2E Mt(p)y°v"(p) = —2h|B|
1-— o
)l 6) = ) 2” ) 0p) = £~ hip
2
o (p)ul 7 (p) = E + B| ~ 26 — 5
2
o (p)uf(p) = £~ 1Bl = T2
1-—
A oW (p) = v ( i ~ E+hp
v ) p) = E— 1Bl =
2E
+)T = m’
(p)vi P(p) = E+pl=~2E - ¢
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Majorana Equation

» Can a two-component spinor describe a massive fermion?
Yes! (E. Majorana, 1937)

> Trick: g and v, are not independent: Vr =Y = C%T

charge-conjugation matrix: ny/;r Cl=—y,

» The relation between g and v, must satisfy two requirements:

» It must have the correct chirality.

This is satisfied, because #f{ is right-handed:  Pry)f =4; Prypf =0

> It must be compatible with the chiral Dirac equations

ifyﬂa;ﬂﬂL - m¢R
/"Yﬂa,ﬂl/R - me
Check:
- . —T .1 —T . T4 —T
iR = V" 0.Cih = iCCT A'COupL = —iC(v") " OutlL
= —iC(0 ") = mC%T =my OK
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» Other relations between g and ¢, do not satisfy the two requirements.

» For example ¢Yr = wLP = 704, satisfies the chirality requirements,

because v, ; PR, but
i Ouhr = i" 0 L = iV (V) b # iy O = mY YR = myy

» There are several relations which satisfy only the chirality requirements,
for example ¢Yr =~y for p©=0,1,2,3

» There is only one adequate relation (g = CET) that can be derived
from the chiral Dirac equations: consider iv*0,9r = m1

Hermitian conj. x 7° = —i@uw;r?(y“)wo =mi
PO =4 = —idury" = mip
C x transpose —> —iC(w“)T@%T = mCET
C(MTC = AP = ip"0,Cyr =mCir
Identical to in"d,1, = mig for Yr = C, | Sy = Cr' (Majorana)
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v

v

v

v

v

v

Mo = miypr  — ’iv“@n/}L = m1;| Majorana equation

Majorana field: ¢ =1, + Yr = ¥ + ¢f
Majorana condition
1) = 1) implies the equality of particle and antiparticle
Only neutral fermions can be Majorana particles
For a Majorana field, the electromagnetic current vanishes identically:
Py = Pyt = —pTChyepT = Yoyt ety = — Pyt = 0

Only two independent components: in the chiral representation

Xi2

o= <i02><t) _ | X
XL XL1

XL2
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Majorana Lagrangian

Dirac Lagrangian
ZP = v(ig-m)v

= DL +URigvgr — m (VR v + VL VR)
VR — l/f:CITLT

P o wLidu — % (—VLTCTVL +zTLCVTT)

Majorana Lagrangian
m
M = wridy — 5 (—VLTCT n +7LCzTLT>

. m —
= wigv — o (Vv +7Lvp)
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» Majorana field: v =v; +vf
such that it satisfies the Majorana condition v = v

1
» Majorana Lagrangian: .M = 5 v (i —m)v|,_,.

» Quantized Dir3ac Neutrino Field:
_ d°p (oY B (5) e Px 1 pMT (o) LB ( ) wiPx
o) = [ e 3o [0 B e+ 6 (o) ey ]

» Quantized Majorana Neutrino Field [6(")(p) = a(")(p)]

3
v(x) = / (2:)521:_ hzgl [a(h)(p) uM(p) e 4 a1 (p) v(h)(p) e;p.x}

» A Majorana field has half the degrees of freedom of a Dirac field
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Lepton Number

DG r=v] — 3G

v = L=+1 vpi = L=-1

. m —
M =vLidv, — 5 (yful_ —|—7L1/f)

Total Lepton Number is not conserved: AL =42

Best process to find violation of Total Lepton Number:

Neutrinoless Double-5 Decay

N(A Z) = N(AZ+2)+2e +27% (85,
N(AZ) 5 N(AZ-2)+2et +26c (88
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CP Symmetry

» Under a CP transformation

CcP ECP 0 VC(XP)

CP
P A0 u (xp)

v VL(XP)70

_fu TL(XP) ’YO

with [€SP12 =1, x* = (x9,%), and x5 = (x°, —%)

» The theory is CP-symmetric if there are values of the phase 5P such
that the Lagrangian transforms as

L(x) 5 Z(xp)

in order to keep invariant the action | = [ d*x.Z(x)
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» The Majorana Mass Term

Lmass(x) =~ m Vi) vi(x) +7L(x) vE(x)]

transforms as
cP 1 .
Lihesl) = =5 m (657 L (xe) vE ()

(&SP Vi Cxe) )]

> grmss( ) zrrhgss( ) for £EP = 4/

> The one-generation Majorana theory is CP-symmetric

» The Majorana case is different from the Dirac case, in which the CP
phase £5P is arbitrary
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No Majorana Neutrino Mass in the SM

» Majorana Mass Term o [VLT ct v — TLCVLT} involves only the neutrino
left-handed chiral field v, which is present in the SM

> Eigenvalues of the weak isospin /, of its third component /3, of the
hypercharge Y and of the charge Q of the lepton and Higgs multiplets:

Il b |Y|Q=hk+¥

145 1/2 0

lepton doublet L, = 1/2 -1
N -1/2 -1
lepton singlet lr 0 0 |—-2 -1
X 1/2 1

Higgs doublet ®(x) = 0+ 1/2 / +1
¢o(x) —1/2 0

> I/I_T C'vi has 3 =1and Y = —2 = needed Y = 2 Higgs triplet
(I=1hLk=-1)

» Compare with Dirac Mass Term & Ugy, with 5 =1/2 and Y = —1
balanced by ¢9 — v with 5 = —1/2 and Y = +1
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v

v

Confusing Majorana Antineutrino Terminology

A Majorana neutrino is the same as a Majorana antineutrino

Neutrino interactions are described by the CC and NC Lagrangians
L =-L (VTV"’EL W, + 0y v WJ)

-2 Aty Z
2 cos Yw L7 VL en
. destroys left-handed neutrinos
Dirac: v . . .
creates right-handed antineutrinos

destroys left-handed neutrinos

Majorana: v . .
) L { creates right-handed neutrinos

Common implicit definitions:

left-handed Majorana neutrino = neutrino
right-handed Majorana neutrino = antineutrino
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v

v

v

v

v

v

v

Effective Majorana Mass

Dimensional analysis: ~ Fermion Field ~ [E]*/? Boson Field ~ [E]
Dimensionless action: | = /d4x ZL(x) = Z(x) ~ [E]*

Kinetic terms:  id) ~ [E]*, ((9M¢>)T oo ~ [E]*

Mass terms:  moy ~ [E]Y,  m?¢l¢ ~ [E]*

CC weak interaction: g o€, W, ~ [E]*

Yukawa couplings:  y L, &/ ~ [E]*

Product of fields ¢y with energy dimension d = dim-d operator
Loy = Copls = Co, ~IEI"?

O4>4 are not renormalizable
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SM Lagrangian includes all 0y<4 invariant under SU(2); x U(1)y
SM cannot be considered as the final theory of everything
SM is an effective low-energy theory

It is likely that SM is the low-energy product of the symmetry breaking
of a high-energy unified theory

It is plausible that at low-energy there are effective non-renormalizable

ﬁd>4 [S. Weinberg, Phys. Rev. Lett. 43 (1979) 1566)

All G4 must respect SU(2); x U(1)y, because they are generated by the
high-energy theory which must include the gauge symmetries of the SM
in order to be effectively reduced to the SM at low energies
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> O4w4 is suppressed by a coefficient M*~9 where M is a heavy mass
characteristic of the symmetry breaking scale of the high-energy unified

theory:

O 0
L = XSMJFM 5+M2 6+ .

» Analogy with .fe(fgc) o G (Very"er) (€LvpVer) + - -
- _ 86 Gr g’
Os — (et er) (€rvpler) + - - - = 5 == _
M? V2  8mi,

Pp Pv ) )
m%/l/ |k|*<<myy,

fa Q\f fa f3
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v

v

v

M?*=9 is a strong suppression factor which limits the observability of the
low-energy effects of the new physics beyond the SM

The difficulty to observe the effects of the effective low-energy
non-renormalizable operators increase rapidly with their dimensionality

05 = Majorana neutrino masses (Lepton number violation)

U¢ = Baryon number violation (proton decay)
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» Only one dim-5 operator:
Os = (L] o2 ®)CT(®T 05 L) + H.c.
1
=5 (L] CTopdly)-(¢T 025®)+Hec

Ly = %(L[CT@&LL) (@7 0,5 0) + Hoc.

. o ¢+ Symmetry 0
» Electroweak Symmetry Breaking: ® = < = VI3

¢0 Breaking
Symmetry M 1 g5 v2 T At 85 v2
> L ———— Lnes = = v C'vp+Hec = |m=
Breaking 2 M M
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> The study of Majorana neutrino masses provides the most accessible
low-energy window on new physics beyond the SM

V2 14

» General See-Saw Mechanism: mx-——=v—

MM

natural explanation of the strong suppression of neutrino masses with
respect to the electroweak scale

» Example: M ~ 1015 GeV (GUT scale)

v~ 10%GeV — ﬁwlO’B — m~10"2eV
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Mixing of Three Majorana Neutrinos

1
M =TT M)+ He

/ V;L mass 2
J— /
> ’/L: VN/L 1
/
VTL :5 Z C MLBVBL+HC

a76:e7l’l‘7

» In general, the matrix M’ is a complex symmetric matrix

ZV ct MLBVEL: Z( ’TCTI\/IéBVéL)T
= ZVBL (CT VoL = ZVBLC MLB VoL
= Z 4l Mﬂa N

MLB_MBQ — Mt=m-"
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v

v

v

v

\4

v

,sfMl

mass 2

/

(V)" MtV =M,

= v "My +Hec

1
M =T (V)T M VY v+ Hee.

mass 2

Mkj = my 5/(_] (k7J = 17273)

VL

Left-handed chiral fields with definite mass: n; = V[’T I//L = vy

gl\/l

mass

V3L

%(nLTCTI\/InL—nTMCnLT)

3
1
E Z my (Vl;[l-. CT Vil — TMC V/Z—L)
k=1

Majorana fields of massive neutrinos: vy = vy + vg;

V1

1 3

n= V2 :gMzisz(ia_mk)yk‘yk:y;‘

V3

2
k=1
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Mixing Matrix

Leptonic Weak Charged Current:

jmo=284"Ung  with  U=V/V

As in the Dirac case, we define the left-handed flavor neutrino fields as
; Vel
I/L:UHL: VLTV/L: VuL
VrL

In this way, as in the Dirac case, the Leptonic Weak Charged Current
has the SM form

Jﬁh =207 v =2 Y Loty Var

a=e,u,T

Important difference with respect to Dirac case:
Two additional CP-violating phases: Majorana phases
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3
1
» Majorana Mass Term M = 5 Z my I//Z-L CT vy + H.c. is not invariant
k=1
under the global U(1) gauge transformations

Vil — ehpk Vil (k = 1,2,3)

» For eliminating some of the 6 phases of the unitary mixing matrix we
can use only the global phase transformations (3 arbitrary phases)

ga — eicpa goz (Ct =6, u,’r)
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» Weak Charged Current: _jW L =2 Z ZEaL NP Upk Vit

a=e,u,T k=1

» Performing the transformation E — e/ ¢, we obtain

JWL_2 Z Zﬂ L€ ~ipa pUkI/kL

a= euu'7Tk 1
_I
JWL—2 e Ve E E laL e ((pe=0e) AP Up vi
1 a=e,u,T k=1 2

> We can eliminate 3 phases of the mixing matrix: one overall phase and
two phases which can be factorized on the left.

» In the Dirac case we could eliminate also two phases which can be
factorized on the right.
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» In the Majorana case there are two additional physical Majorana phases
which can be factorized on the right of the mixing matrix:

1 0 0
pM={0 ™ o0
0 0 e

» UP is a Dirac mixing matrix, with one Dirac phase

» Standard parameterization:

c12€13 s12€13 s;ze~ 013\ /1 0 0
U= —s1oco3—cros23513€13  craco3—siosp3size’®13 $23€13 0 e 0
S1253—C1203513€7913  —ciosp3—s10C03513€7013 c23C13 0 0 el?3
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v

DM = diag(e"’\1 , e ei/\3), but only two Majorana phases are physical

All measurable quantities depend only on the differences of the
Majorana phases because /(") remains constant under the allowed
phase transformation

by — €90, = &M — &/=9)

Our convention: \; =0 — DM = diag(l7 e ei/\3>

CP is conserved if all the elements of each column of the mixing matrix
are either real or purely imaginary:

013=0orm and X, =0orm/2or7or3m/2
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Dirac-Majorana Mass Term

@ Dirac-Majorana Mass Term
o One Generation Dirac-Majorana Mass Term
o See-Saw Mechanism
o Three-Generation Mixing
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One Generation Dirac-Majorana Mass Term

If vg exists, the most general mass term is the
Dirac-Majorana Mass Term

D+M __ D L R
Zmass - gmass + "gmass + Zmass

ZD = -—mpUryL + H.c Standard Dirac Mass Term
L _* T ot v; Majorana Mass Term
Zimass o ML Clv+He Forbidden in the SM
R t vr Majorana Mass Term
Zmass = 5 MR VR Clvg +H.C Allowed in the SM
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See-Saw Mechanism

1, 0 mP\ (v
D+M __ — L

m%' can be arbitrarily large (not protected by SM symmetries)

m%' ~ scale of new physics beyond Standard Model = m!.\;/' > mP
. N 0 mP mP)?
diagonalization of ([ ' 4 = my ( M) . mp~m¥
natural explanation of smallness
V) of light neutrino masses
@ A massive neutrinos are Majoranal

see-saw mechanism 3-GEN = effective low-energy 3-v mixing

[Minkowski, PLB 67 (1977) 42]
[Yanagida (1979); Gell-Mann, Ramond, Slansky (1979); Mohapatra, Senjanovic, PRL 44 (1980) 912]
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v

v

Column matrix of left-handed chiral fields: N, = <Z’g> = <C ZLT>
R

R
1 mg m
L' =5 NLCTMN +He M= &;mi

The Dirac-Majorana Mass Term has the structure of a Majorana Mass
Term for two chiral neutrino fields coupled by the Dirac mass

Diagonalization: n, = U' N, = <V1L>

12]A
LﬂMUz(? ﬁ) Real m, >0
2

mass

1 1 _
» DM :E Z mkV;Z;_CTVkL+H'C':_§ Z my Uy Vg

v

k=1, k=1,2
c
Vi = VgL + Vir

Massive neutrinos are Majorana! Vi = Vg
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Real Mass Matrix

CP is conserved if the mass matrix is real: M = M*

mg m
/\/I:< L D
mp Mg

) we consider real and positive mg and mp and real m;

A real symmetric mass matrix can be diagonalized with U = Op

O ( cos V)

—sind  cos?

T _(m} 0
-5

/
mya

2

sin

pr O 2
= = 41
> P (0 p2> Pk
mrg —mg

1
== [mL+mRi\/(mL—mR)2+4m2D]

m is negative if mymg < mj

2
UTMU:pT(’)TI\/IOp:<p1m1 0 > — | my=p2m)|

0 pamy
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> m) is always positive:

1
m2:m/2:§ [mL+mR+\/(mL—mR)2+4m2D]

> If mpmg > sz, then m} > 0 and p% =1

1
m =5 [mL+mR—\/(mL—mR)2+4m2D]

costy sind
pr=land pp =1 — UZ(—sin’ﬁ COS19>
> If mpmg < m3, then mj < 0 and p? = —1
1
my = 5 |:\/(mL - mR)2 +4m2D o (mL ™ mR):|
_ icos? sind
p1 =1 and P2 = 1 — U= (—ISIH’& C0519>
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» If Am? is small, there are oscillations between active v, generated by v,
and sterile vs generated by vg:

) ) Am?L
P, (LE)= sin? 29 sin® < 1E )

Am2:m§—m%:(mL+mR)\/(mL—mR)2+4m2D

> It can be shown that the CP parity of vy is £F = i p?:
V(%) ~ €707 (xp) " =i b =i
» Special cases:
» m = mgr —> Maximal Mixing
» m = mr =0 — Dirac Limit
> |my|,mgp < mp = Pseudo-Dirac Neutrinos

» m =0 mp <K mg — See-Saw Mechanism
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Maximal Mixing

2m
_“ Y =rm/4
mrg —mp

/

p%:_|_17 m=mg—mp if mg>mp
,0%:_1, my = mp — mg if m; < mp
my = m; + mp
my < mp
V1L=;i(VL—Vf?)
V2
1 ¢
V2L:$(VL+VR)

V1:V1L+V16L: [(VL+VR)_(VE+V.‘%)]

> :V2L+V2CL: [(VL+VR)+(VE+VICR’)]

SIS L
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v

v

Dirac Limit
m; = mgr = 0
p% =-1 m1 = mp
ps = +1 my = mp
The two Majorana fields /1 and v, can be combined to give one Dirac
field:

CcP _ _ ¢
=

i
P _ ;
SP —

mé’lzimD = { ;

1 .
V:ﬁ(lVl-i—Vz):VL—FVR

A Dirac field v can always be split in two Majorana fields:
1 (o} c
v = 5 =) + (r+0°)]
_ <_,-V—VC> L1 <V+V> =L )
vl v ) T velve ) e

A Dirac field is equivalent to two Majorana fields with the same mass
and opposite CP parities
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Pseudo-Dirac Neutrinos
’|mL|, mr K mD‘

;. mL+ mR

m; + mg
2

The two massive Majorana neutrinos are almost degenerate in mass and
have opposite CP parities (657 = —i,  ¢5P =)

m <0 = pi=-1 = mi~mp+

The best way to reveal pseudo-Dirac neutrinos are active-sterile neutrino
oscillations due to the small squared-mass difference

Am? ~ mp (mL + mg)

The oscillations occur with practically maximal mixing:

2
tan219:L>>l = J~n/b
mg — myg
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See-Saw Mechanism

[Minkowski, PLB 67 (1977) 42; Yanagida (1979); Gell-Mann, Ramond, Slansky (1979); Mohapatra, Senjanovic, PRL 44 (1980) 912]

’ m; = 0 mp K mR‘
» Lk is forbidden in the SM = m; = 0

» mp < v~ 100GeV is generated by SM Higgs Mechanism
(protected by SM symmetries)

» mpg is not protected by SM symmetries = mg ~ Mgyt > v

2 2
m m
my ~ ——L2 p2=-1, m~—2L v
/
my >~ MR =41, m~mgp @ /\
» Natural explanation of smallness of neutrino masses
. : mp
» Mixing angle is very small: tan2y =2 — < 1
mgr
» vy is composed mainly of active v;: v ~ —iy;
» 15 is composed mainly of sterile vg: v ~ vp
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Connection with Effective Lagrangian Approach

» Dirac—Majorana neutrino mass term with m; = 0:
1
LOM — _mp (TR +TLvR) + 5 MR (V;_CT VR + VRCI/R>
» Above the electroweak symmetry-breaking scale:
~ -~ 1
F#PM —yY (WCDT Ly + LLCI)I/R) + 5 mg (I/,-QFCT VR + I/RCVR)

» If mgr > v = vg is static = kinetic term in equation of motion can

be neglected:
0.4P+M
OQW—mRVRCT—y Lo

K (L] oo ®)CT (T 0o L)) +H.c.
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L= (L] 0o®)CT (T 02 L) +H.c.

M = MR
> See-saw mechanism is a particular case of the effective Lagrangian
approach.

» See-saw mechanism is obtained when dimension-five operator is
generated only by the presence of vg with mg ~ M.

> In general, other terms can contribute to ..
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Generalized Seesaw Mechanism

» General effective Dirac-Majorana mass matrix:
mg m
M— < L D>
mp Mg
» my generated by dim-5 operator:

m; < mp < mgr

» Eigenvalues:

mp mr — [

uz—(p;(+mR)u+ml_mR—m2D:0

W= % [mR:t \/m%—4(mLmR—m2D)}
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12

NIRL NI~ N

Type | seesaw:

—

_>

Type Il or Il seesaw:

e £ MR (1_2"7L"7R2—mo>]

_l’_

Mheavy = MR

mp
Miight = ML — m
R
mj mg,
mEL — ==  Might =~ ——
mg mg
2
m
D ~
mp > —— == Mjight =X My

mgr
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Right-Handed Neutrino Mass Term

rM_ _%m (VTC?VR_‘_WV’%)

» LW respects the SU(2), x U(1)y SM symmetry

> E'\Rf' breaks Lepton number conservation

Three possibilities:

( » Lepton number can be explicitly broken

» Lepton number is spontaneously broken
locally, with a massive vector boson coupled
to the lepton number current

» Lepton number is spontaneously broken
globally and a massless Goldstone boson

appears in the theory (Majoron)

N
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Singlet Majoron Model

[Chikashige, Mohapatra, Peccei, Phys. Lett. B98 (1981) 265, Phys. Rev. Lett. 45 (1980) 1926]

Lo=—yq(LoPvg+TR®TL) m —mp (VLvRr + VR VL)
ﬁn:—)/s (U%VR‘FUTWV,%) m —%mR (ﬁVR —|—ﬁl/f-(.)
_ . 1,
n=2 1/2(<77> +p+ ’X) Lmass = _§ (VZW) (’79D ﬂg) (Z}é) + H.c.
m2
mg > mp = See-Saw: |my~ D
scale of L violation EW scale R

p = massive scalar, x = Majoron (massless pseudoscalar Goldstone boson)

The Majoron is weakly coupled to the light neutrino

. 2
/ - mp . mp _
Ly = % X V275V2 - miR [V275V1 + V1’Y5V2) + <mR> V175V1]
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Three-Generation Mixing

D+M __ D L R
gmass - gmass + "gmass + "gmass

s=1 a=e,u,7

1
L Z T L
gmass = 5 VéxL CT Maﬂ VIBL + H.c.
a,B=e,u,T
1 &
R Z T R
gmass = 5 V;R CT Mss’ V;/R + H.c.
s,s'=1
C
y v , Ver o ViR
_ _ h o ]
NL = <V’LC) v, = V,uL vp = :
R v 'C
TL VNSR
1 L DT
Lo = SN CT MO 4 e MO = I\I\ZD /\Xﬂ i )
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Diagonalization of the Dirac-Majorana Mass Term = massive
Majorana neutrinos

See-Saw Mechanism = right-handed neutrinos have large Majorana
masses and are decoupled from the low-energy phenomenology.

If all right-handed neutrinos have large Majorana masses, at low energy
we have an effective mixing of three Majorana neutrinos.

It is possible that not all right-handed neutrinos have large Majorana
masses: some right-handed neutrinos may correspond to low-energy
Majorana particles which belong to new physics beyond the Standard
Model.

Light anti-vg are called sterile neutrinos

VE—Vst (left-handed)
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Sterile Neutrinos

@ Sterile Neutrinos
o Number of Flavor and Massive Neutrinos?
e Sterile Neutrinos
e Fundamental Fields in QFT
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Number of Flavor and Massive Neutrinos?

~10°
g T T T T T T _g 2v
£ =
- Z| ALEPH
21 — 4
5" ¢'¢"—hadrons DELPHI
5 L3
o
OPAL
103 E 20
4 average measurements,
error bars increased
o by factor 10
102 E0 ] 0
PETRA — !
KEKB TRISTAN - SI.C
PEP-II —
v L L L I|‘El:.|I L L L]|£P I|I I E 0 v - v v y
0 20 40 60 80 100 120 140 160 180 200 220 8 8 9 1?:2 G 9{:
Centre-of-mass energy (GeV) cm[ ¢ ]

[LEP, Phys. Rept. 427 (2006) 257, arXiv:hep-ex/0509008]

I_Z = Z rZ%fZ + Z rZ—>qq + I-inv I_inv == N;/ rZ_>V;
é:eﬂﬁﬁ q;ﬁt

| N, = 2.9840 + 0.0082
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4+ - invisible —
eeT -/ — E Vallg = Ve Vy Uy

a=active

3 light active flavor neutrinos

N
.. N Z U . N >3
mixin Vol = 1% o= T ..
& ok akZkL i no upper limit!
k=1
Mass Basis: V1 UV U3 Uy Us
Flavor Basis: Ve Vy Vr Vs Vs,
ACTIVE STERILE
N
ValL = E UakaL o =e,U,T,51,5,...
k=1
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Sterile Neutrinos

Sterile means no standard model interactions
[Pontecorvo, Sov. Phys. JETP 26 (1968) 984]

Obviously no electromagnetic interactions as normal active neutrinos

Thus sterile means no standard weak interactions
But sterile neutrinos are not absolutely sterile:
» Gravitational Interactions

» New non-standard interactions of the physics beyond the Standard Model
which generates the masses of sterile neutrinos

Active neutrinos (ve, v, vr) can oscillate into sterile neutrinos (vs)

Observables:
» Disappearance of active neutrinos
» Indirect evidence through combined fit of data

Powerful window on new physics beyond the Standard Model
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No GIM with Sterile Neutrinos

[Lee, Shrock, PRD 16 (1977) 1444; Schechter, Valle PRD 22 (1980) 2227]

Neutrino Neutral-Current Weak Interaction Lagrangian:
Q) g - /
N~ &z
' 2cosVy " LT VL

The transformation to active flavor neutrino fields is independent of the
existence of sterile neutrinos: v = V v,

f(NC):—LZVT’YpVL:—LZ Val V* VaL
' 2cosy " 2 cos Uy pﬂ;ﬁ o o
34N,

Mixing with sterile neutrinos: 1, = Z UokVit
k=1

(NO) g 3+Ns 3+ Ns
NO GIM Dgﬁ = —m Zp Z Z W’}/p Vil Z U;J Uak
j=1 k=1 a=e,u,T
> UyjUak=04 but > Uk Usk # ik
Qa=e,[l,T,S1,... a=e,u,T
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Effect on Invisible Width of 7 Boson?

Amplitude of Z — ;7 decay:

A(Z = vjii) = (vjii| — /d4x$ N9(x)|2)

8
m _]Vk‘/d XVJ[_ )'Y Vk[_ ‘Z Z

a=e,l,T

If my < mz/2 for all k's, the neutrino masses are negligible in all the
matrix elements and we can approximate

2<:oi19w<yj5k’/d4xyﬂ(x) VP vk (x) Zp(x)|Z) = Asm(Z — vele)

Asm(Z — vip) is the Standard Model amplitude of Z decay into a
massless neutrino-antineutrino pair of any flavor ¢ = e, u, T

A(Z — I/jl?k) ASM(Z — l/gl/g) Z U Uak

a=e,u,T
3+Ns 3+ Ns
P(Z—vp)=Y > |AZ - vmi)|
j=1 k=1
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3+Ns 3+Ns

> P(Z = vit) =~ Psu(Z — wiiy) Z Z Z

j=1 k=1 |la=e,u,T
» Effective number of neutrinos in Z decay:

3+ Ns 3+Ns 2
=22 | 2 UajUa
j=1 k=1 |a=e,u,T
3+Ns
» Using the unitarity relation Z Uak Ujk = 6o we obtain
k=1
34N 3+Ns
z
NP =D > D UspUak Y. Us U
J:]- k=1 a=e,u,7 ﬂ:eﬂuﬂ'
3+Ns 3+Ns

- Z Z Z UBJZUakUﬂk— Z 1=3

a=e,u,T f=e,u,7 j=1 a=e,u,T

604/3 50¢/3

> N,SZ) = 3| independently of the number of light sterile neutrinos!
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Effect of Heavy Sterile Neutrinos

[Jarlskog, PLB 241 (1990) 579; Bilenky, Grimus, Neufeld, PLB 252 (1990) 119]

3+ Ns 3+Ns

2
> N =331 Y Uk Uak| Rie with

j=1 k=1 |a=e,u,7

r (1 mJ2 + m? (mj2 —m2)2\ ANm%, mJ?, mi)e .
=\ T o2 T mA m2 (mz —mj — my)
Z z z

)\(vavz) :X2+y2+z2—2xy—2yz—22x

» Rp<1l — |NP <3

v
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Fundamental Fields in QFT

» Each elementary particle is described by a field which is an irreducible
representation of the Poincaré group (Lorentz group + space-time
translations).

> In this way

» Under Poincaré transformation an elementary particle remains itself.
» Lagrangian is constructed with invariant products of elementary fields.
» Spinorial structure of a particle is determined by its representation under

the restricted Lorentz group of proper and orthochronous Lorentz
transformation (no space or time inversions).
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Restricted Lorentz group is isomorphic to SU(2) x SU(2).
Classification of fundamental representations:
(0,0) scalar ¢
(1/2,0) left-handed Weyl spinor x; (Majorana if massive)

(0,1/2) right-handed Weyl spinor xr (Majorana if massive)

All representations are constructed combining the two fundamental Weyl
spinor representations.

(1/2,1/2) four-vector v* (irreducible)

(1/2,0) +(0,1/2) four-component Dirac spinor ¢ (reducible)

Two-component Weyl (Majorana if massive) spinor is more fundamental
than four-component Dirac spinor.
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» Two-component left-handed Weyl (Majorana if massive) spinor:

_ [ Xu
L (XL2>

» Two-component right-handed Weyl (Majorana if massive) spinor:
_ [ XR1
R <XR2>
XR1

» Four-component Dirac spinor: 1) = (XR> = | XR2
XL XL1

XL2
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» Lorentz transformation: Y Vg

SNy N6 = 8o guw = diag(1,—-1,-1,-1)
» Restricted Lorentz transformation: ~ A#, = [e“]"

v Wy = —Wup
0 Vi Vo V3
. —Vi 0 93 792
— Vo —93 0 01
-v3 b —6; O

» 6 parameters:

» 3 for rotations: 6 = (01, 06,,03)

» 3 for boosts: V= (vy, s, v3)

XL — xp = Noxe AL= ei@ﬂ"?)'&/2

YR — Xk = ArXR Ap = ei(9+iv) /2
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» Four-component form of two-component left-handed Weyl (Majorana if
massive) spinor:

» Majorana mass term:

1 1 .
.i”,#ass = EmLi/JZ-CWJL +H.c. = —EmLXZ-IUZXL + H.c.
four-component form two-component form
(1/2,0) x (1/2,0) = (1,0) + (0,0) 02 is antisymmetric!

symmetric  antisymmetric

» Anticommutativity of spinors is necessary, otherwise

.
xlio*xL = (XLTi02XL> = —x[io*x, =0
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