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Part |lI: Neutrino Oscillations

@ Neutrino Oscillations in Vacuum
@ Neutrino Oscillations in Matter

@ Wave-Packet Theory of NuOsc
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Neutrino Mixing

Flavor Neutrinos:  ve, v, vz produced in Weak Interactions
Massive Neutrinos: 11, 1», 13 propagate from Source to Detector

Neutrino Mixing: a Flavor Neutrino is a superposition of Massive
Neutrinos

| Ve> Uel Ue2 Ue3 | V1>
) | = (U U Us |v2)
|V7'> Ui U Us |V3>

U is the 3 x 3 unitary Neutrino Mixing Matrix

C. Giunti — Theory and Phenomenology of Massive Neutrinos — Il — CINVESTAV — 30 Jan - 3 Feb 2017 — 3/77
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Neutrino Oscillations

/\/W
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Tiny neutrino masses lead to observable macroscopic oscillation distances!

10 oy (%) short-baseline experiments Am? > 107 eV?
L _ 10° ;o (&) long-baseline experiments Am? > 10 3eV?
E~) 10t atmospheric neutrino experiments Am? > 10~ *eV?
10" om solar neutrino experiments Am? > 107 eV?

Neutrino oscillations are the optimal tool to reveal tiny neutrino masses!
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A Brief History of Neutrino Oscillations

1957: Pontecorvo proposed Neutrino Oscillations in analogy with
K = KO oscillations (Gell-Mann and Pais, 1955) =— v S0
In 1957 only one neutrino type v = v, was known! The possible
existence of v, was discussed by several authors. Maybe the first have
been Sakata and Inoue in 1946 and Konopinski and Mahmoud in 1953.
Maybe Pontecorvo did not know. He discussed the possibility to
distinguish v, from v, in 1959.
1962: Maki, Nakagava, Sakata proposed a model with v, and v, and
Neutrino Mixing:
“weak neutrinos are not stable due to the occurrence of a virtual
transmutation ve < v,,"

1962: Lederman, Schwartz and Steinberger discover v,

1967: Pontecorvo: intuitive ve = v, oscillations with maximal mixing.
Applications to reactor and solar neutrinos ( “prediction” of the solar
neutrino problem).

1969: Gribov and Pontecorvo: ve — v, mixing and oscillations. But no
clear derivation of oscillations with a factor of 2 mistake in the phase
(misprint?).
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1975-76: Start of the "Modern Era” of Neutrino Oscillations with a
general theory of neutrino mixing and a rigorous derivation of the
oscillation probability by Eliezer and Swift, Fritzsch and Minkowski, and
Bilenky and Pontecorvo. [Bilenky, Pontecorvo, Phys. Rep. (1978) 225]

1978: Wolfenstein discovers the effect on neutrino oscillations of the
matter potential (“Matter Effect”)

1985: Mikheev and Smirnov discover the resonant amplification of solar
ve — 1, oscillations due to the Matter Effect (“MSW Effect”)

1998: the Super-Kamiokande experiment observed in a
model-independent way the Vacuum Oscillations of atmospheric
neutrinos (v, — v,).

2002: the SNO experiment observed in a model-independent way the
flavor transitions of solar neutrinos (e — 1/, v;), mainly due to
adlabatIC MSW tranSitiOI’IS. [see: Smirnov, arXiv:1609.02386]
2015: Takaaki Kajita (Super-Kamiokande) and Arthur B. McDonald

(SNO) received the Physics Nobel Prize “for the discovery of neutrino
oscillations, which shows that neutrinos have mass”

C. Giunti — Theory and Phenomenology of Massive Neutrinos — Il — CINVESTAV — 30 Jan - 3 Feb 2017 — 7/77



Ultrarelativistic Approximation

Only neutrinos with energy = 0.1MeV are detectable!

Charged-Current Processes: Threshold

v+A—=B+C Vo + "Ga — "Ge+e~ Ey=0.233MeV
} , Ve+3Cl = ¥Ar4+ e~ Ep=0.81MeV
s =2Ema+ my > (ms + mc) De+p—n+et Ey = 1.8 MeV
( (8 )2 vp+n—=p+pu Ei, = 110 MeV
mg + mc ma _ _ m?
Eth:T_7 V‘U‘-i-e —>1/e—|—u Ethzmy‘,e:lO.QGeV
Elastic Scattering Processes: Cross Section o< Energy
- - —44 2
v+e —v+te o(E) ~ oo E/me oo ~ 107" cm

Background = Ey, ~ 5MeV (SK, SNO), 0.25 MeV (Borexino)

Laboratory and Astrophysical Limits —
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Simple Example of Neutrino Production

T = ,u+ + vy vy = Z Ukvi
k
two-body decay = fixed kinematics E,f = p,% + mi

3

2
2 2 2 2 4
P2 . _ ﬂ _ ﬂ 1 + ﬂ + my
K7y m2 2 m2 4m2
7t at rest:

2
2 2 2 2 4
Ez:"j;< J”u) A AT

m3
1° order: E~E+§m—£ ~E—(1—£)mi
oraer: k = >E Pk = >E

1 m?
=~ (1-—£])~02
‘ 2( m%) ’
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Neutrino Oscillations in Vacuum

[Eliezer, Swift, NPB 105 (1976) 45] [Fritzsch, Minkowski, PLB 62 (1976) 72] [Bilenky, Pontecorvo, SINP 24 (1976) 316]

Lcc ~ W, (et e + T’ i + Vi’ 71)
Fields Vol = Z Unpkvie — V) = Z i) States
k

initial flavor: o« = e or wu or T

lvi(t, x)) = g iEkttipix lve) = |va(t,x) Z Uz e~ iEkttipix k)

= S Unls) = e = 3 (zuuﬁ) )

B=e,pu,T B=e,u,T k

Al/aﬁuﬁ(tsx)

Avys5(0,0) = Uz Usk = Gap Ay sy (t > 0,x > 0) # dap
k
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Etti
Pua—wﬁ(tax ‘Aua—n/g t X Z U* —i kt+lPkXU6k

ultra-relativistic neutrinos == t~x =L source-detector distance

Eeopiy M m

Eit — ppx ~ (Ex — L= =
kt — prx =~ (Ex — px) E T pe Et e °E

2
Prosvs(LE) = Z U, e imiL/2E Usi
. . _AmijL
= D UakUsiUojUpjexp| —i— 2

ki

2 _ 2 2
Amkj = mk—mj
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Neutrinos and Antineutrinos

Right-handed antineutrinos are described by CP-conjugated fields:

CP 0, »—T
Vol =7 CUqaL

C = Particle = Antiparticle
P — Left-Handed = Right-Handed

f>‘i>.17 17'@‘@

left-handed neutrino right-handed neutrino
mirror
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. CcP
Fields: Vol = Z Uakl/kL — U aL = Z U*kykL
C

P | _
States: ]ua g k|Vk — \l/a = g Uak|Vk
k

NEUTRINOS U < U* _ANTINEUTRINOS

Am2L
Pyo—svy(LE) = ZuakuﬁkuajuﬁjeXp< 21:51 )

k.j
Am?.L
Ps.—5,(L, E) Zuakuﬁk Ugjexp<—, 21:51 )
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CPT Symmetry

CPT

Pl/& —vg P175 —Uq

ACPT

CPT Asymmetries: = Puy—vs — Poga

Local Quantum Field Theory — ACPT 0  CPT Symmetry

Am?
Pooss (L E) =Y Uy Usi Unj U, exp< g )
k.Jj

is invariant under CPT: = «

)

Pl/aﬁl/[-; - Pﬁﬂ—>l7a

Pua—wa = Pl_/a—n?a

(solar ve, reactor 7, accelerator v,)
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CP Symmetry

cpP
Poosvs — Poaoig

CP Asymmetries: Agg = Pua—w,; — P,;a_,,;ﬁ

CP * * . AmiJL
ASE(LE) =4 " Im (U, UsicUaj U] sin S
k>j

Jarlskog rephasing invariant:  Im [U;k Uk Uaj UEJ.] =4+
J = c12512023523¢35513 Sin 013

J#0 <= 12,023,013 #0,7/2 d13#0,7
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CPT = 0=AS"

= Pro—svy — Poy—pa

= Prasuy = Prasig + Al

+ Pty — Pugosve — —AGa! =0

+ Puyose — P,;ﬁ% - Agz

CP CP
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T Symmetry

T
Pya_ﬂjﬂ — PI/ﬂ—}lla

T Asymmetries: Alﬁ = Puosvy — Puysu,

CPT = 0=A5"
= Pup—vs — Poysin,
= Prassvy — Poysva < Alg
+ Puysve — Pogooa < AEE

T cp
= Aag T Aga

T CpP T CpP
- AOLB - Aa,B — Aaﬁ - Aaﬁ
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Two-Neutrino Oscillations

Lj

|Va) = cos ¥ |vk) +sind |v;)
lvg) = —sind |vk) + cos ¥ |vj)

U— cos?  sind
~ \—sind cos

2 _ 2 _ .2 2
Am® = Amy; = mjg — m;

AmPL
Transition Probability: Py, = Py = sin? 2195in2< :175 )
Survival Probabilities: Poo—sva = Pugsiy =1 = Pyysu,
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oscillation phase
2 2ra\/2 21.\/2
Am-L _ 1907 Am=[eV] L[m] _ 197 Am*[eV7] L[km]
4E E[MeV] E[GeV]

oscillation length

4xE E [MeV] E [GeV]
_ AT gy BNV 5y BV
Am? Am2 [V Am2 eV

LOSC

0.8

Vg

A% o4

0.2 F

I
o8¢ L
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Types of Experiments

2

transitions due to Am? observable only if 5

SBL Reactor: L ~ 10m, E ~ 1 MeV
L/E <10eV2=Am?>0.1eV? Accelerator: L ~ 1km, E > 0.1 GeV

Rea.: L ~ 1km, E ~ 1 MeV Daya Bay, RENO, Double Chooz
5 Acc.:L ~10%km, E > 1GeV K2K, MINOS, OPERA, T2K,
NOvA
4 g2 Atmospheric: L ~ 10?2 — 10*km, E ~ 0.1 — 102 GeV
Kamiokande, IMB, Super-Kamiokande, Soudan-2, MACRO
Solar L~108km, E ~0.1-10MeV

» Homestake, Kamiokande, GALLEX, SAGE,
Super-Kamiokande, GNO, SNO, Borexino

Matter Effect (MSW) =10"* <sin?29 <1, 107 8eV?2 < Am? <10 %eV?
VLBL Reactor: L ~ 10%km , E ~ 1 MeV
L/E <10°eV?=Am? > 1075 eV? KamLAND

L L\ 7!
Zl<:>Am2Z<)

ATM & LBL
L/E <10%eV™

Y
Am? > 10"

L
E 101t eV2=Am? > 107 eV
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Average over Energy Resolution of the Detector

Am?L 1 Am?L
2 - 2 T an? o
Pyo—vs(L, E) = sin“ 29 sin ( 2E >— 5 sin 219 [1 cos< F )]
(2

(Puo—svs (L E)) = % sin? 20 [1 — /cos(

1 T T
Am? =10"%eV sin?29 = 0.8 (E) =1GeV op =0.1GeV

il

Am?L

JEGE NG
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P VeV

107 10

E [GeV]
L =103 km

P (LB = 3 5?20 1= [cos( BIZE) sEyaE| (0 5)

OF — 0.01 GeV

Am? =103eV sin29 = 0.8

C. Giunti — Theory and Phenomenology of Massive Neutrinos — Il — CINVESTAV — 30 Jan - 3 Feb 2017 — 22/77



Observations of Neutrino Oscillations

60 T T T T ™
1.8 T T T T E —$— MINOS Data ]
§ 50F — Unoscillated MC
S % 40 (S Y Best-fit MC E
i Q F ~—— NC contamination
= 28 30F E
: S 5! ; 3
> [ H B
5 @ 2| 4 &
s 10F = &
g 3 DAt -
0 Bt L L L L L L I
0 L L L L 0 6 8 101214 16 18

1 10 102 103 104

LE (km/GeV) Reconstructed Neutrino Energy (GeV)

[Super-Kamiokande, PRL 93 (2004) 101801, hep-ex/0404034] [MINOS, PRD 77 (2008) 072002, arXiv:0711.0769]

18 - - - -
o
QB ] . Data-BG - GeoV,
S| 1 E— E ion based on osci.
T F determined by KamLAND
12 | 9 z r +
® = C
10 | q E 08¢
g [
8 r 1 £ 0.6 +
6F ] ERE L
‘| Z 04
af 8 1 3 r
| 7] b +
= S
0 . | . [
1 2 3 4 0’ 1 L L L L 1 1 1 1
EV° GeV 20 30 40 50 60 70 80 90 100

LyE, (kn/MeV)

[K2K, PRD 74 (2006) 072003, hep-ex/0606032v3] [KamLAND, PRL 100 (2008) 221803, arXiv:0801.4589)]
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e = 4
T e EH1 1
L —— EH2 I ]
> r ——EH3 S | —]
> . ) = 2
Tm 0.95— — Best fit T 095 B
> o | i
£ 2t |
r L ¢ FarData 4
L 09— ¢ Near Data |
0.9~ [ — Prediction ]
T R H N R L L L L
0 0.2 04 0.6 0.8 0 0.2 04 0.6 0.8
Lo / Ey [km/MeV] L /E, (km/MeV)
[Daya Bay, PRL, 112 (2014) 061801, arXiv:1310.6732] [RENO, arXiv:1511.05849]
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Exclusion Curves

<Pl/a—>V5([—, E)) = % sin? 29 [1 — /cos(Am

2

L) ¢(E)dE] (a #8)

Pmax

Ve —>I/B

1~ [ cos(2£4) 0(E)dE

(Prosvy(LLE)) < PP, = sin®209 <

Va—rVg

=3
T H H H
08 £ \
\ EXCLUDE{D‘RE?
~ 06
S 3
S 04F ‘ d
2 I rotate 5
0 and i
1o~ 107 102 10 mirror >
Am? (eV)
g
T bt
B e e
g

21,55
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w b <
i3
]

. L <10 ¢ E
< Karmen CCFR
% Bugey
S 6L s J

NOMA!
-1
107 10 F E!
E 90% (L, -L. <2.3)
r 99% (L, -L <4.6)
2|
10 - 1 10 = =) o
- 10~ 10 10 1
© ! sin> 20

0 sin20
Reactor SBL Experiments: 7o — e Accelerator SBL Experiments:(;i %(;e)

us

Am? (eV/ct)

1 b e,
L. o1 10 F 90%CL. CHOOZ~:-.3
90%‘CL | Chis. b 3

w* 107 10 1! 1 107 10" 1
sin” 26 sin” 260

. (=) (=) (=) (=)

Accelerator SBL Experiments: v, — v+ and ve — vr
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Anatomy of Exclusion Plots

> Am® > (L/E)™*
T sin? 29 ~ 2Pnax .
Prax = 5 sin? 29 = sin® 29 ~ 2P ax
> Am? ~ 2r(L/E)~

Min <cos<A2’"EzL>> > -1

2 Pmax

)

» Am? < 21 (L/E)!
(ALY 1 (AmPLN
26 ) 2\ 2E

1
log Am? ~ log Am?2,;. — 5 log sin 21

i 02
s 2"9mi1 Z Prax

log Am?

sin? 20 min =

~ 1 2
log Am?2 ~ log Amfmn — 5 logsin® 29

log sin? 219

21— ()] =P B = 4V ()
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Accelerator Neutrino Beams

beam dump

T decay tunnel

focusing

target Yu

proton

beam

horns

Vp

sty T ~26x1078s
mainly v, beam contaminated with v, and 7, from
at = et +ue B.R.~1.2x10™* (helicity suppressed)
u+—>e+—|—ue—|—ﬂu Tyt ~22x107%s
since 7" and pT are ultrarelativistic, they have about the same time for
decaying before being absorbed by the beam dump, and
Ny, - Nz,
N, N

(7 Y

~ ™ ~0.01

Ty

B.R(KT = put +v,) ~ 0.64
N(K™) ~ 0.1N(n) BR(K™ — et + 1) ~16x 1075

B.R(KT — ut +v, +7°) ~0.036
B.R.(K" — e" + ve +n°) ~ 0.051

e ~1.2x 107 8s
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Off-Axis Experiments

high-intensity WB beam
detector shifted by a small angle from axis of beam
almost monochromatic neutrino energy

—Pem
o
7T+
v = pﬂ-/E‘,.— ﬁﬂ' 0 -
P
ﬁclﬂ 17
(center-of-mass frame) (laboratory frame)
m2
Eem = Pem = 7 (1— mfg) ~ 29.79 MeV
- E=~(Ewm +Vvpi,)
= (1) P =E/my > 1 { em ¥ Pem
7= ) fm p* = (v Ecm + i)
Ecm
p? = pcost = E cosf = E=—1———
v (1 — v cosf)
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cosf ~1—6%/2

and vl
B Ecm N Y(1+v) £ 2y
oyl —vcosh) T 1+7202v (14 v) /2

cm = mEcm

o (1oi) B (y_ M) _Em:
m2 | 1+ ~262

m2 | m2+ E20°
» =0 — ExE; WB beam
m2
» EE0>m, — Ex = 22 high-energy mt give low-energy v,
aE (| m\ , moEe
dE, m2 | T (m2 4 E262)?
dE

2
_my my \ my  29.79MeV
dE7r_0 for E, = 7 — E_<1—m72r> T 7
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_ 29.79 MeV

off-axis angle 0 ~m,;/(E;) — E~ 7
0
< T
— o=0° hs
o E --- 8=05°|]
< E 0=1°
-- 0=15° o
2 E B -— =20 [ -
T —- 9=25°
o -. —m 9=3° o
= =
- -
> W i ®
8 o,
o
w g w ©
ot
- <
<
0 N
o
o o
o
o 5 10 15 20 25 30 35 40 00 05 10 15 20 25 30
E.[GeV] 6 [degrees]

» E can be tuned on oscillation peak Epeac = Am?L/27

47E

——— — sensitivity to small values of Am?
Am?

» small E — short Losc =

C. Giunti — Theory and Phenomenology of Massive Neutrinos — Il — CINVESTAV — 30 Jan - 3 Feb 2017 — 31/77



Neutrino Oscillations in Matter

@ Neutrino Oscillations in Matter
o Effective Potentials in Matter
o Evolution of Neutrino Flavors in Matter
o Two-Neutrino Mixing
o Constant Matter Density
o MSW Effect (Resonant Transitions in Matter)
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Effective Potentials in Matter
coherent interactions with medium: forward elastic CC and NC scattering

iﬂ' Z
- V2
Vee = V26N, Ve = v = vy =v{2 = — - Ge N,

Ve = Ve + Wne V, =V, = W
only Vcc = Ve — V), = Ve — V; is important for flavor transitions

antineutrinos: Vee = —Vec Ve = —Wne
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Evolution of Neutrino Flavors in Matter

Flavor neutrino v, with momentum p:  |v,(p Z e lvk(p
Evolution is determined by Hamiltonian

Hamiltonian in vacuum: H = H,g

Ho [vk(p)) = Ex [vk(p)) Ex = \/p?* + m;

Hamiltonian in matter: H = Ho + H, Hi va(p)) = Va [va(p))
d

Schrodinger evolution equation: ia lv(p, t)) = H|v(p, t))

Initial condition: |v(p,0)) = |va(p))
For t > 0 the state |v(p, t)) is a superposition of all flavors:

t)) = Z‘PB(P» t)[vs(p))

Transition probability: P, ., = |g0/3|2
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evolution equation of states

. d
i Ve ) =Hlv(p, 1), [v(p,0)) = lva(p))
flavor transition amplitudes

ws(p,t) = (a(P)lv(p: t)) s ¢s(p,0) = dagp

evolution of flavor transition amplitudes
. d
i 4z 98P, t) = (vs(p)[H|v(p, 1))

"%%(P’ t) = (vs(p)| Holv(p, t)) + (vs(p)|Hi|v(p, t))
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i 2 ap. 1) = (valp) Holu(p, ) + ws(p) M lu(p. )

(vs(p)[Holv(p, t)) =
> Z va(P)lvk(p)) (vk(p)[Holvi(p)) (vi(P)Ivp(p)) (vo(P)v(p, t))

Usk OkjEx U;j ©p(p,t)

= Z Z UskEx Ui (P, t)
Pk

Wap)Milv(p, £)) = D (wa(p)Hilvp(p)) (wp(p)I(p, 1))

p
5,6’,0 Vi Sop(Pa t)

= Z d8p Vs p(p, t)
P

. d %
%8 = > <Z Usk Ex Uy + d8p Vﬂ) Po

p K
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. . m
ultrarelativistic neutrinos: Ex=p+ £ E=p

Ve = Vec + Wnc V, =V, = Wnc

d My
i o P8P x) = (p + Vie) ws(p, x) + > <Z Usk 27:5 Upk + 0pe 6pe Vcc) ©o(p, X)
k

P

Ya(p, x) = pa(p, x) eiPx+i [ Vie(x') dx!

d X Ny d
. — alpxFi Jo We(xX)dx" [ .
i ls=e 0 ( p VNc+ldX><P,B

. d m? N
I&zﬂﬁ = Z (Z ng TEk Upk + (556 (5,)6 VCC) %
k

p

Pua—n/@ = |(P,3|2 - |¢,8’2
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evolution of flavor transition amplitudes in matrix form

d 1
Sy :—(UM2UT A)w
"dx * 7 2E A) Yo
Ve m 00 Acc 00
wa:<¢u> M2=( o m o A:<5C00>
¥r 0 0 m} 0 00
Acc = 2EVcec = 2V2EGeN.
effective effective
mas;—:gr?:red M%/AC - U Mz UT matter U M2 UT +2EV = M%/IAT mas;—as?rtijjred
in vacuum T in matter

potential due to coherent
forward elastic scattering
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Two-Neutrino Mixing

. . cos®  sint
Ve — Uy, transitions with U =

—sind cosV

UM2 U — <cos 19m1 + sin? ﬁmg cos¥sin ¥ (m% — m%))

cosdsing (m3 — m2) sin®Im? + cos? ¥m3
= me + - (
/]\

irrelevant common phase

Am? cos 29 Am?sin 29
Am?sin29 Am?cos 29

Ym? = m? + mj; Am? = m3 —m?
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ii e _ 1 —Am?cos20 4+ 2Acc  Am?sin29\ (e
dx \¥,/) 4E Am?sin 29 Am?cos29 ) \ ¢,

Ye(0

i, = (40) (1)

PVE—H/;A(X) = W’#(X)F
Pyesve(x) = |¢6(X)|2 =1- Pl,e_wu(x)
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Constant Matter Density
.d <1/Je) 1 (—Am2 cos 29 +2Acc  Am?sin 219) (1/)9>

]

dx \¥,/) 4E Am?sin 29 Am? cos2d ) \ ¢,
dAcc
dx 0

. M
diagonalization of effective Hamiltonian: (:ﬁ;) = (f‘;?n% E’L,Zi’}“h”ﬂ) (ZE")

cos Yy — sin Uy —Am? cos 29+4+2Acc Am? sin 29 cos Yy sin Yy
sindy  cos iy Am? sin 209 Am? cos 20 —sindy cos Iy

[ Acc—Am?, 0
o 0 ACC +Am§,|

o () [ (7 am)] ()
dx \ 1} 4TE 4E 0 Am?, Py

irrelevant common phase
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Effective Mixing Angle in Matter

tan 29

1 Acc
Am? cos 29

tan 29y =

Effective Squared-Mass Difference

Am¥y = \/(Am2 0529 — Acc)® + (Am?sin 209)

Resonance (Y = 7/4)

Am? cos 29

AR — Am?cos29 — NR=
CcC e 2\6EGF
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d (M 1 (—Am? 0 g

o (k) =2 (5™ amg,) ()
(wr)= (e ) Gh) = G =G o) ()
o = (1) =) = (o) = (i)

Am?, x
M By
pu— /19
1" (x) = cos iy exp (1 iE )

Amix
Moy o _Amy
Py (x) = sindym exp< —E )

Precsu () = 1002 = | sim that! () + cos e )|

. ) Am?,x
Pyesv,(x) = sin 20\ sin® < 4EM >
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N

i (107%eV?)

2
mipy, m

50

MSW Effect (Resonant Transitions in Matter)

NF/Ny

T
Ve V> i

Ve Yy,
|

U=10"" |

20 40
N./Na

I
60
(em™3)

/Na

80 100

v

121 B

2]

21

Vy -

[Am? = 7% 105V, v = 1073 4

20 40
N./Ny

60
(em™%)

80 100

Ve = COSVU\ V1 + sin Py 1o

v, = —sinty 1 + cos v 12
tan?2
tan 29y = an2v
1_ Acc
Am? cos 29

Am}y = {(Amz cos 29 — Acc)’

1/2
+ (Am2 sin 219)2]
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ii Ve 1 [—Am?cos2¥ +2Acc Am?sin29Y [t
dx \ Yy Am?sin 29 Am? cos29 ) \ 1y,

T 4E
- M
tentative diagonalization: <¢e> = ( cos U smﬁM) (% )

Yy —sintdy  cosy wg/'
ii cosIy  sinty @Z)'lv' _
dx \—sintyy cosy 7,/;'2\"
1 /—AmPcos20 +2Acc  Am?sin 2y costy  sindm ) (M
 4E Am?sin 29 Am? cos 209 —sindIm  costm d)g/'
if matter density is not constant dy/dx # 0
d
.d 1/)'1\/| Acc 1 —Am%,l 0 0 - d ll\/l
=\ M| =|172F T1F 2 |t 4 X M
dx \ ¥ 4E T4E\ 0 Amy ;dUM 0 (&
T

irrelevant common phase
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M 2 0 —'dﬂM M
ii Uy = i _AmM 0 + Idx (G}
dx \ 9! 4E\ 0 Am} LY M
1 dx
adiabatic T

non-adiabatic
maximum at resonance

initial conditions:

PM(0)\  [cos¥? —sinvd\ [1\  [cosd),
PM©)) — \sinvd  cosvd, 0)  \sind,
solution approximating all non-adiabatic I/{VI s I/évl transitions in resonance

xp A 2 ! SN 2 (1
wy(x) ~ |cos 19(,3,' exp i/ R Amiy () dx’ ,AlRl + sin 19& exp —i/ R Amp (<) dx’ Ale
0 4E 0 4E

x Amdy (x
X exp i/ wdx’
X 4E
X

R
xp Am2, (x' xz Am2 (x”
1,/)2M(x) |:cos 19& exp (I/O R m:AE( ) dxl) .AIRZ + sin ﬁRA exp (—i/o R Amiy (<) dx’ .A2R2

x AmZ,(x
X exp 7/-/ () dx’
xR AE

R
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Averaged v, Survival Probability on Earth

Ye(x) = cosﬁw'lv'(x) + sin ﬁ@by(x)

neglect interference (averaged over energy spectrum)

P (x) = [(®0e(x))]? = cos? ¥ cos? 9 | AR |2 + cos? 9 sin? 99, | AR 2
+ sin? ¥ cos® 99 | A% |2 + sin? 9 sin? 09, | A 2
conservation of probability (unitarity)
|¢41R2|2 = |-/42R1‘2 = P |¢41R1|2 = |-f42R2’2 =1-F

P = crossing probability

—= 1 1
P (x) = 5 + <2 - PC) cos 2099, cos 21

[Parke, PRL 57 (1986) 1275]
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Crossing Probability

exp (—37F) —exp (~ 37557

P = = [Kuo, Pantaleone, PRD 39 (1989) 1930]
s
1 —exp (_jfysin2 19)
e Am3, /2E Am? sin? 29
adiabaticity parameter: v = =
2/ddm/dx| R 2F cos 20 )d In Acc
dx R
A x x F =1 (Landau-Zener approximation) (park, PRL 57 (1986) 1275]
A x 1/X F= (1 — tan? 19)2/ (1 + tan? 19) [Kuo, Pantaleone, PRD 39 (1989) 1930]

[Pizzochero, PRD 36 (1987) 2293]
A o exp (—x) F =1—tan2 9 [Toshev, PLB 196 (1987) 170]

[Petcov, PLB 200 (1988) 373]

Review: [Kuo, Pantaleone, RMP 61 (1989) 937]
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log(n,/N,)

Solar Neutrinos

Ro
10.54

SUN: Ne(x) =~ NS exp (—X> NE = 245 Np /cm® Xg =

af g/, ve. B/R, ] 5?:”_”,& % <; — P, ) cos 219 cos 21
ji BP2000 B exp( ) exp (—%’VS”‘%)

of ‘ l—exp (_grysin,;ﬂ)

s Am?sin® 20

ot 2Ecos219|d'"A“fR

Ll F=1-—tan’¥

Acc = 2V2EGeN,

numerical |[dInAcc/dx|g  for x < 0.904R;,

practical prescription:
[Lisi et al., PRD 63 (2001) 093002] |dInAcc/dx|g — R— for x > 0.904Rg
©
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Electron Neutrino Regeneration in the Earth

Hsun earth - 2
(12PN (P, < sin? )
Psun+earth - P +

Ve—rVe Ve—rVe

cos 29
[Mikheev, Smirnov, Sov. Phys. Usp. 30 (1987) 759], [Baltz, Weneser, PRD 35 (1987) 528]

14 T T T T T T

12 (A)
2" perth is usually calculated numer-
8 . . .
ol ically approximating the Earth den-
S 4t sity profile with a step function.
Data
2r Our approximation
0 Pt Effective massive neutrinos propa-
6 . .
s gate as plane waves in regions of
5. constant density.
z 3
Rl G Wave functions of flavor neutrinos
Lr Our approximation .. .
o Lo are joined at the boundaries of steps.

0 1000 2000 3000 4000 5000 6000
r (Km)
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Solar Neutrino Oscillations

arge Mixing Angle): m* ~ e an® 9 ~ 0.
LMA (L M Angl Am? ~5x107%eV?,  tan’9 ~ 0.8
m°): m° ~ N n ~ 0.
LOW (LOW Am? Am? ~7x107%eV?,  tan’d ~ 0.6
SMA (Small Mixing Angle): Am? ~5x10%V?, tan’9¥ ~ 103
QVO (Quasi-Vacuum Oscillations): Am? ~107%eV?, tan?d ~ 1
VAC (VACuum oscillations): Am?* <5 x1071%eV?,  tan?d ~ 1
10-® T T T T
104 104 vMA
LMA
ot g 10 F ogmmm swa 1
— o 10-8 |- 3
S ~
E i 107 90 % C.L. LQWQ E
510 % g0 m— 05 % CL. 2
. < == 99%CL ° 3
0 10 — 99.73 % C.L. :i_ 4
10°¢ 100 |- €1 + Ga + SK + Sp(D) + Sp(N) 1
o VAC o b °B free + BP2000 sust S ]
10-12 ! ! ! !
0001 0.01 0.1 104 10-2 10-2 101 100 10t
tan®@ tan2(A)
[de Gouvea, Friedland, Murayama, PLB 490 (2000) 125] [Bahcall, Krastev, Smirnov, JHEP 05 (2001) 015]
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v

m?

1 solid line: Am? =5 x 107%eV?
1 (typical SMA) tan?9 =5 x 10~*

: i dashed line: Am? =7 x 1075 eV?
,,,,,,,,,,,,,,,,,,,,,,, (typical LMA) tan? ¥ = 0.4

0F q
20F b . 2 —8 2
oF i dash-dotted line: Am* =8 x 10" °eV
, R (typical LOW)  tan?¥ = 0.7
wh 1w 1w 1w w0 1w 10t 10¢ 10!
N/Ny  [em™]
1072 10— T
wtE 1
10-*
e 9 0°F 1
. wiE 3
g 0 °E E| g w0k e ]
107" |
0°E E
10 °F | w0 |
I 07 " " " o 1 L " " " "
10° 10! 10" 10 10° 10° 10! RS (VS (I 10 10! 10
N/Ny  [em 9 N/Ny  [em™] N/Ny  [em™)]
typical SMA typical LMA typical LOW
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[Bahcall, Krastev, Smirnov, PRD 58 (1998) 096016]

SMA:
LMA:
LOW:

0.8
0.6

Survival Probabilities

average
day

T

SMA

T

- ——night

P(vov,)

P(vov,)

0.8
0.6
0.4 =
0.2

AR RN LN RS LR LR BN RN R R R

P(vov,)

T

0 5 10 15
Energy (MeV)
Am? =5.0 x 107%eV? sin?29 = 3.5 x 1073
Am? = 1.6 X 107%eV? sin? 29 = 0.57
Am? =7.9 x 1078 eV? sin? 29 = 0.95

1 —— ——
08F
2 06F LMa
2 0.4 F —
=02 2
0 t } -~
08 3
7,06 sma 3
2’ 0.4 15
& 0.2 F 4°
0 } } v
0.8 I
0.6 =
3: 0.4 8
a. 0.2 =
0 — ! } E
3 gg Just Se¢ {3
' 0.4 ER
& 0.2 4x
0 t t =
08 48
206 VAC 15
2’ 0.4 4=
& 0.2 ¥
0 1 1
0 5 10 15
Energy (MeV)
LMA: Am? =42 x 107 %eV? tan? 9 =0.26
SMA: Am? =5.2x 107 %eV? tan?9 =5.5 x 10~ %
LOW:  Am? =7.6 x 10~ 8eV? tan? 9 = 0.72
Just So?: Am? =55 x 107 2eV2 tan2 9 = 1.0
VAC: Am? = 1.4 x 1071%eV? tan? 9 = 0.38

C. Giunti — Theory and Phenomenology of Massive Neutrinos — Il — CINVESTAV — 30 Jan - 3 Feb 2017 — 53/77



LMA Solar Neutrino Oscillations

Am* ~7x10%eV? tan’y ~0.4

best fit of reactor + solar neutrino data:

ﬁilin_)ye = % + (% — C) cos2y cos2d)
exp (—37F) —exp (—5v5r5) Am? sin®29 )
= — = F=1-—tan" ¢

1-— exp (—E’}/m) 2E cos29 ‘ dx ’R

Acc ~ 2v/2EGe NE exp (71) "“"A ~ L1054 o 0By
X0 dx Xo Ro

—1
tan’9 ~ 0.4 — sin29 ~ 0.82, cos2? ~ 0.43 v ~2x 10" E
MeV
— 1 1
T>1 = Pkl — Pifi'i\,nj ~ 5 + 5 c05219(,3,1 cos21}
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Am?cos2) — A2

cos20y, =
\/(Am2 cos29 — AL.)? + (Am? sin 29)?

critical parameter [Bahcall, Pefia-Garay, JHEP 0311 (2003) 004]

- Ade 2V2EGEN? 12( E )(NO)

Am2cos2) Am2 cos 29 MeV /) \ N¢
.2 vacuum averaged
1= 9% ~9 = P, ~1-1sin?2 . -
(< M Ve Ve survival probability
(>1 90 ~ /2 B ~ sin2y matter dominated
M= Ve—?Ve ™ survival probability
1 T T T 1 T T T
0.8 F 0.9
(<1 (>1
06 E 0.8
0.7
- 0.6
=}
- 04
0.3
0.2
01E [(<1 (>1
1 Il Il 0 Il Il Il
107 10° 10! 107! 10° 10!
ENYN:  [MeV] ENYNe  [MeV]
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0
ACC

(=

_2VREGNS L (E N\ (M2
Am2cos2)  Am?cos?2) T\ MeV ) \ NS

(E)pp ~0.27TMeV, (ro)pp ~0.1R; = (E N2/NS)pp =~ 0.094 MeV
Erge ~ 0.86MeV, {rg)7ge ~ 0.06 Ry, == (E N2/NS)7g, ~ 0.46 MeV
(E)sg ~ 6.7MeV, (ro)sg =~ 0.04 Ry, == (ENO/NS)sg ~ 4.4 MeV

1 prrrr

0.9 F

m, LMA

-
P,

0.3 F

ipp | "Be B

: 1 1
107! 10° 10!
ENY/N¢  [MeV]
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In Neutrino Oscillations Dirac = Majorana

[Bilenky, Hosek, Petcov, PLB 94 (1980) 495; Doi, Kotani, Nishiura, Okuda, Takasugi, PLB 102 (1981) 323]

[Langacker, Petcov, Steigman, Toshev, NPB 282 (1987) 589]

dpy 1
v —2Ezﬁ:<UM2UT+2EV>a5¢5

Evolution of Amplitudes: I —— =
dx

S (D)
difference: D|r:_:1c. U(M) (D)
Majorana: U™ = U™D(A)
1 9 0
0et21 .. 0
py=|.". . . | = p'=D"
0 0 .. em
m 0 - 0
, 0 mg - 0 2 2 2 2
mi=| T — DM?=M°D = DM’D'=M
0 0 - m

UMpM2(UMYE = y®) ppm2pt(UPHF = P M2 (UP)f
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Wave-Packet Theory of NuOsc

t~x=1L <=  Wave Packets

Space-Time Localization of production and
uncertainty detection processes
Energy-Momentum Coherent creation and detection of
uncertainty different massive neutrinos

[Kayser, PRD 24 (1981) 110]  [CG, FPL 17 (2004) 103]
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my >0 m =0

v

The size of the massive neutrino wave packets is determined by the
coherence time dtp of the Production Process

(0tp 2 0xp, because the coherence region must be causally connected)

2

. . Pk my
velocity of neutrino wave packets: vy = — ~1— —X
y p k E SE2
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Coherence Length

[Nussinov, PLB 63 (1976) 201] [Kiers, Nussinov, Weiss, PRD 53 (1996) 537]

Wave Packets have different velocities and separate

different massive neutrinos can interfere if and only if
= LS Lt

wave packets arrive with dt; < 1/ (dtp)? + (dtp)?

Am2| 2FE?
~ . ~ J coh
|0thi| = vk — vi| T =~ g2 b= Ly~ [Am?] (9tp)? + (dtp)?

v

>
0 (5tp < Stp) (8tp < 6tp) I
< btp — L~ Lt L> Lt
U1 v1
vy
v2
0 tp =~ Otp
s L
< btp — L~ L$3h L> L$3h
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Quantum Mechanical Wave Packet Model

[CG, Kim, Lee, PRD 44 (1991) 3635] [CG, Kim, PRD 58 (1998) 017301]

neglecting mass effects in amplitudes of production and detection processes
o) = 3 Ui [Ap0f () lp)  loah = 3 Usk [ dpuf (o) nle)
k k
Aaslx, ) = (gl e B+ P o)
= 37 Uiy U [ dpuf (o) v (p) e TP
k

Gaussian Approximation of Wave Packets

N
—1/4 —
v (p) = (2rop) ™ exp | 12 P
9P
p
—1/4 —
VP(p) = (2702p) M exp | (2P
L TpD

the value of py is determined by the production process (causality)
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2
Aap(x, t) o Z Usk Upk /dP exp [—fEk(P)t + ipx — (13401301
P

P

. 1 1 1
global energy-momentum uncertainty: ==+
5 Opp Opp

sharply peaked wave packets

op < EZ(pk)/mk = Ex(p) = /P> + m} ~ Ex + vk (p — pk)

0E
Ex = E(pi) = \/Pi + mi v = g;,Ep) Be

= — group velocity
. . (X — th)
Aa,B X, t Z Uak U/Bk exp | — IEkt + kaX—T

P=px Ex
k X

———

suppression factor
for |x — wkt| 2 ox

1 _ :
OxOp = = global space-time uncertainty: 02 =02 +02p

2
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(k)
A ReA, 3

vi—vj interfere only if Agkﬁ) and .Ag% overlap at detection

C. Giunti — Theory and Phenomenology of Massive Neutrinos — Il — CINVESTAV — 30 Jan - 3 Feb 2017 — 63/77



2 2
Ef — Py

*Ekt+pkx = *Ek*pk X+ Ex(x—t)=— X+ Er(x—t
(B px+ Eelx = 1) = ~fPhxt B (x 1)
2 2
mk m
= —— Kk x4 E(x—t)——Ex+E(x—t
E o B = 1) = — St B (x— 1)
m? (x — vit)?
Aap(x, t) ZUak Usk exp —IEX +iE(x —t)— T
k N e’ e
standard additional
phase phase

for t = x for t # x
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Space-Time Flavor Transition Probability

. . _ Amijx ]
Pag(x,t) o< Z Uak Uk Uaj Ugj exp | —i F +i(Ex — Ej)(x —t)
k.
standard additional
phase phase
for t = x for t # x
(x—vigt)* (v —v)* 2
xexp | — 5 — 5
4o 8o%
suppression suppression
factor for factor
|X—ijt‘ ZO’X due to
separation of
wave packets
2 2
o Pe m? oo VktY g mj + m;
KT E. T 2F2 4 2 4E2
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Oscillations in Space: Pas(L) o /dt Pag(L, t)

Gaussian integration over dt

Pag(L) o< > Uiy Usic Unj Ulj exp | —i A;ngfL
k.Jj
X 22 2eXp[_(Vk2_V12)2L22_ Ekz_Ejz)z >2<]
Vi +; Vi v 4o Vi v
=1 ~(ams) /8" 252(Am§j)2/8E2

<Amp;/2E

2
Ultrarelativistic Neutrinos: pk~ E—(1-¢) %

2
m
Ek:E—|-§2—t’j
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AmeL
awuy:%:qwqwuwume@ —i 25
7.!
AmL N\ (Amo
xexp |—| —=——| -2 ———
4\/2E2¢, 4E
Oscillation osc  AmE Coherence jeoh _ 4\/2E?
Lengths o= Amij Lengths ko= |Amij| ox

RMUJ::EIUMJ%kaUmemalelp$]
k.j ki

i 2 2
Ox

Xexp |— = — 27r2§2 <OSC>

(Luh> Ly
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Ox

OoSCc

kj

new localization term:  exp —27r2§2

interference is suppressed for oy = LOSC

~

equivalent to neutrino mass measurement

uncertainty of neutrino mass measurement:

mi: Ez—pi — 5mi: \/(2Ek(5Ek)2+(2pk6pk)2N4Eo'p

1 |Amk ‘LOSC ’Amk |LOSC
B Y i
20y 47 Ox
ox 2 ijc — 5mk < |Aka] — only one massive neutrino!
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Decoherence in Two-Neutrino Mixing

Am? =103eV?  sin?20=1 E=1GeV 0, =50MeV

47E 4\/2E?
Lo = = 2480k Lh = == 0, = 11163k
p= 80 km N o 63 km

PVG*)VJ

0 ‘ i
102 103 104 10°
L [km)]

Decoherence for L > L°" ~ 10% km
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Achievements of the QM Wave Packet Model

> Confirmed Standard Oscillation Length: L3 = 477E/Amij

» Derived Coherence Length: L‘,:(j-’h = 4\f2E20X/|Amij|

» The localization term quantifies the conditions for coherence

problem
flavor states in production and detection processes have to be assumed

o) = 3" Ui [ o) el ) = 3 Usi [ dpuR(e) o)
k k

calculation of neutrino production and detection?

f
’Quantum Field Theoretical Wave Packet Model ‘

[CG, Kim, Lee, Lee, PRD 48 (1993) 4310] [CG, Kim, Lee, PLB 421 (1998) 237] [Kiers, Weiss, PRD 57 (1998) 3091]
[Zralek, Acta Phys. Polon. B29 (1998) 3925] [Cardall, PRD 61 (2000) 07300]
[Beuthe, PRD 66 (2002) 013003] [Beuthe, Phys. Rep. 375 (2003) 105] [CG, JHEP 11 (2002) 017]
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Estimates of Coherence Length

Josc _ 4TE (E/MeV)
CAm? 7T (Am2/eV?)

4ﬁE2JX 1o (E2/MeV2)) (Q> .

Lcoh
~ 2 2
|Am?| (|Am?|/eV?) \m
Process ‘ |Am2| ‘ LO%¢ ‘ Ox ‘ L°°h
e Ve e
at rest in vacuum: E ~ 30 MeV 2.5 x 103 ev? 30 km Tr ~ 10m ~ 10'® km
natural linewidth
e Ve e
at rest in matter: E ~ 30 MeV 2.5 x 10 % eVv? 30 km Teol ~107°m | ~ 10 km
collision broadening
T T >
po— e +rvet vy 2 10 >
at rest in matter: E < 50 MeV leV < 125m Teol ~ 10 < 10° km
collision broadening
7Be+67 —>7Li+lle 5 ’ 9 B
in solar core: E ~ 0.86 MeV 7 x 107 eV 31km Teol ~ 107" m ~ 10" km
collision broadening
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Mistake: Oscillation Phase Larger by a Factor of 2

[Field, hep-ph/0110064, hep-ph/0110066, EPJC 30 (2003) 305, EPJC 37 (2004) 359, Annals Phys. 321 (2006) 627]
KO — KO [Srivastava, Widom, Sassaroli, ZPC 66 (1995) 601, PLB 344 (1995) 436] [Widom, Srivastava, hep-ph/9605399]

: e _ Pk L E
massive neutrinos: vy = — k= —=—
Ex Vi Pk
. E2 2 E2 2 2
Sr—pul—Epty—pel— =k = Pe— =y - My My
Pk Pk Pk
- AmZ. L _ Amg L
Ady; = ———%— twice the standard phase Ady; = _TEJ
WRONG!

group velocities are irrelevant for the phase!

the group velocity is the velocity of the factor
which modulates the amplitude of the wave
packet
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in the plane wave approximation the interference
of different massive neutrino contribution must be calculated
at a definite space distance L and after a definite time interval T

[Nieto, hep-ph/9509370] [Kayser, Stodolsky, PLB 359 (1995) 343] [Lowe et al., PLB 384 (1996) 288] [Kayser, hep-ph/9702327]
[CG, Kim, FPL 14 (2001) 213] [CG, Physica Scripta 67 (2003) 29] [Burkhardt et al., PLB 566 (2003) 137]

A‘T’kj = (pk —pj) L — (Ex — Ej) tk WRONG!
Adby = (pk—p)L—(Exk—E) T CORRECT!

no factor of 2 ambiguity claimed in

[Lipkin, PLB 348 (1995) 604, hep-ph/9901399] [Grossman, Lipkin, PRD 55 (1997) 2760]
[De Leo, Ducati, Rotelli, MPLA 15 (2000) 2057]
[De Leo, Nishi, Rotelli, hep-ph/0208086, hep-ph/0303224, IJMPA 19 (2004) 677]
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Common Question: Do Charged Leptons Oscillate?

» Mass is the only property which distinguishes e, i, 7.
» The flavor of a charged lepton is defined by its mass!

» By definition, the flavor of a charged lepton cannot change.

THE FLAVOR OF CHARGED LEPTONS DOES NOT OSCILLATE

[CG, Kim, FPL 14 (2001) 213] [CG, hep-ph/0409230] [Akhmedov, JHEP 09 (2007) 116]
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[Sassaroli, Srivastava, Widom, hep-ph/9509261, EPJC 2 (1998) 769] [Srivastava, Widom, hep-ph/9707268]

in 7" — " + v, the final state of the antimuon and neutrino is entangled
4
if the probability to detect the neutrino oscillates as a function of distance,
also the probability to detect the muon must oscillate

the probability to detect the neutrino (as v, or v, or v.) does not oscillate
as a function of distance, because

Z PI/H—HIB =1

B=e,u,T
[Dolgov, Morozov, Okun, Shchepkin, NPB 502 (1997) 3] [CG, Kim, FPL 14 (2001) 213]

A oscillations from 7= +p — A+ KO
[Widom, Srivastava, hep-ph/9605399] [Srivastava, Widom, Sassaroli, PLB 344 (1995) 436]

[Lowe et al., PLB 384 (1996) 288] [Burkhardt, Lowe, Stephenson, Goldman, PRD 59 (1999) 054018]
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Correct definition of Charged Lepton Oscillations

[Pakvasa, Nuovo Cim. Lett. 31 (1981) 497]

P D

14} €1, T vV

Analogy

> Neutrino Oscillations: massive neutrinos propagate unchanged between
production and detection, with a difference of mass (flavor) of the
charged leptons involved in the production and detection processes.

» Charged-Lepton Oscillations: massive charged leptons propagate
unchanged between production and detection, with a difference of mass
of the neutrinos involved in the production and detection processes.

NO FLAVOR CONVERSION!

The propagating charged leptons must be ultrarelativistic, in order to be
produced and detected coherently (if 7 is not ultrarelativistic, only e and
contribute to the phase).
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Practical Problems

» The initial and final neutrinos must be massive neutrinos of known type:
precise neutrino mass measurements.

» The energy of the propagating charged leptons must be extremely high,
in order to have a measurable oscillation length

4rE :47TE:2><1011( £ )cm

(m2—m32)  m2 GeV

detailed discussion: [Akhmedov, JHEP 09 (2007) 116, arXiv:0706.1216]
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