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Fermion Mass Spectrum
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Neutrino Mixing

Left-handed Flavor Neutrinos produced in Weak Interactions

|νe ,−〉 |νµ,−〉 |ντ ,−〉

HCC =
g√
2
Wρ (νeLγ

ρeL + νµLγ
ρµL + ντLγ

ρτL) + H.c.

Fields ναL =
∑
k

UαkνkL =⇒ |να,−〉 =
∑
k

U∗
αk |νk ,−〉 States

|ν1,−〉 |ν2,−〉 |ν3,−〉

Left-handed Massive Neutrinos propagate from Source to Detector

3× 3 Unitary Mixing Matrix: U =

Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3
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Neutrino Oscillations

|ν(t = 0)〉=|να〉 = U∗
α1 |ν1〉+ U∗

α2 |ν2〉+ U∗
α3 |ν3〉

να

ν3

ν2

ν1

source L

νβ

detector

|ν(t > 0)〉 = U∗
α1 e

−iE1t |ν1〉+ U∗
α2 e

−iE2t |ν2〉+ U∗
α3 e

−iE3t |ν3〉 6= |να〉

E 2
k = p2 +m2

k t = L

Pνα→νβ (L) = |〈νβ|ν(L)〉|
2 =

∑
k,j

UβkU
∗
αkU

∗
βjUαj exp

(
−i

∆m2
kjL

2E

)

the oscillation probabilities depend on U and ∆m2
kj ≡ m2

k −m2
j
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2ν-mixing: Pνα→νβ = sin2 2ϑ sin2
(
∆m2L

4E

)
=⇒ Losc =

4πE

∆m2

L

P
ν
α
→
ν
β sin

2
2ϑ

L
osc

1

0.8

0.6

0.4

0.2

0

Tiny neutrino masses lead to observable macroscopic oscillation distances!

L

E
.


10 m

MeV

(
km
GeV

)
short-baseline experiments ∆m2 & 10−1 eV2

103 m
MeV

(
km
GeV

)
long-baseline experiments ∆m2 & 10−3 eV2

104 km
GeV

atmospheric neutrino experiments ∆m2 & 10−4 eV2

1011 m
MeV

solar neutrino experiments ∆m2 & 10−11 eV2

Neutrino oscillations are the optimal tool to reveal tiny neutrino masses!
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Three-Neutrino Mixing Paradigm

Standard Parameterization of Mixing Matrix (as CKM)

U =


1 0 0

0 c23 s23

0 −s23 c23




c13 0 s13e−iδ13

0 1 0

−s13e iδ13 0 c13




c12 s12 0

−s12 c12 0

0 0 1



1 0 0

0 e iλ21 0

0 0 e iλ31



=


c12c13 s12c13 s13e−iδ13

−s12c23−c12s23s13e iδ13 c12c23−s12s23s13e iδ13 s23c13

s12s23−c12c23s13e iδ13 −c12s23−s12c23s13e iδ13 c23c13



1 0 0

0 e iλ21 0

0 0 e iλ31


cab ≡ cosϑab sab ≡ sinϑab 0 ≤ ϑab ≤

π

2
0 ≤ δ13, λ21, λ31 < 2π

OSCILLATION
PARAMETERS


3 Mixing Angles: ϑ12, ϑ23, ϑ13

1 CPV Dirac Phase: δ13
2 independent ∆m2

kj ≡ m2
k −m2

j : ∆m2
21, ∆m2

31

2 CPV Majorana Phases: λ21, λ31 ⇐⇒ |∆L| = 2 processes
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Three-Neutrino Mixing Ingredients

U =


1 0 0

0 c23 s23

0 −s23 c23




c13 0 s13e−iδ13

0 1 0

−s13e iδ13 0 c13




c12 s12 0

−s12 c12 0

0 0 1



1 0 0

0 e iλ21 0

0 0 e iλ31



Solar
νe → νµ, ντ


SNO, Borexino

Super-Kamiokande

GALLEX/GNO, SAGE

Homestake, Kamiokande


VLBL Reactor

ν̄e disappearance
(KamLAND)


→

∆m2
S = ∆m2

21 ' 7.4× 10−5 eV2

sin2 ϑS = sin2 ϑ12 ' 0.30
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Three-Neutrino Mixing Ingredients

U =


1 0 0

0 c23 s23

0 −s23 c23




c13 0 s13e−iδ13

0 1 0

−s13e iδ13 0 c13




c12 s12 0

−s12 c12 0

0 0 1



1 0 0

0 e iλ21 0

0 0 e iλ31



Atmospheric
νµ → ντ

 Super-Kamiokande

Kamiokande, IMB

MACRO, Soudan-2


LBL Accelerator
νµ disappearance

(
K2K, MINOS

T2K, NOνA

)

LBL Accelerator
νµ → ντ

(OPERA)



→

∆m2
A ' |∆m2

31| ' 2.5× 10−3 eV2

sin2 ϑA = sin2 ϑ23 ' 0.50
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Three-Neutrino Mixing Ingredients

U =


1 0 0

0 c23 s23

0 −s23 c23




c13 0 s13e−iδ13

0 1 0

−s13e iδ13 0 c13




c12 s12 0

−s12 c12 0

0 0 1



1 0 0

0 e iλ21 0

0 0 e iλ31



LBL Accelerator
νµ → νe

(T2K, MINOS, NOνA)

LBL Reactor
ν̄e disappearance

(
Daya Bay, RENO

Double Chooz

)

→

∆m2
A ' |∆m2

31| ' 2.5× 10−3 eV2

sin2 ϑ13 ' 0.022
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Mass Ordering

νe νµ ντ

∆m
2

ATM

∆m
2

SOL

ν2

ν1

ν3

m
2

Normal Ordering

∆m2
31 > ∆m2

32 > 0

m
2

∆m
2

SOL

ν2

ν1

∆m
2

ATM

ν3

Inverted Ordering

∆m2
32 < ∆m2

31 < 0

absolute scale is not determined by neutrino oscillation data

C. Giunti − Mass and Mixing, Global Analysis − Rencontres du Vietnam 2017: Neutrinos − 17 July 2017 − 10/34



CP Transformation

Right-handed antineutrinos are described by CP-conjugated states

Particle
C−⇀↽− Antiparticle

Left-Handed Helicity
P−⇀↽− Right-Handed Helicity

|να,−〉 =
∑
k

U∗
αk |νk ,−〉

CP−−⇀↽−− |ν̄α,+〉 =
∑
k

Uαk |ν̄k ,+〉

In oscillation probabilities: Neutrino U
CP−−⇀↽−− U∗ Antineutrino

Pνα→νβ
= δαβ − 4

∑
k>j

Re
[
U∗
αk Uβk Uαj U

∗
βj

]
sin2

(
∆m2

kjL

4E

)
← CP Even

+ 2
∑
k>j

Im
[
U∗
αk Uβk Uαj U

∗
βj

]
sin

(
∆m2

kjL

2E

)
← CP Odd

Survival probabilities: Pνα→να
= Pν̄α→ν̄α

CPT
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CP Asymmetries

ACP
αβ = Pνα→νβ − Pν̄α→ν̄β

= 16 Jαβ sin

(
∆m2

21L

4E

)
sin

(
∆m2

31L

4E

)
sin

(
∆m2

32L

4E

)

Jαβ = Im
[
U∗
α1Uβ1Uα2U

∗
β2

]
= ±JCP Jarlskog Invariant

JCP = Im
[
U∗
µ1 Ue1 Uµ2 U

∗
e2

]
= c12s12c23s23c

2
13s13 sin δ13

JCP 6= 0 ⇐⇒ ϑ12, ϑ23, ϑ13 6= 0, π/2 and δ13 6= 0, π

Necessary conditions for observation of CP violation:

I Sensitivity to all mixing angles, including small ϑ13.

I Sensitivity to oscillations due to ∆m2
21 and ∆m2

31.
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LBL νµ → νe and ν̄µ → ν̄e

∆ =
∆m2

31L

4E
A =

2EV

∆m2
31

V =
√
2GFNe

sin θ13 � 1 ∆m2
21/∆m2

31 � 1

PLBL
νµ→νe ' sin2 2ϑ13

octant
↓

sin2ϑ23
sin2[(1− A)∆]

(1− A)2

+
∆m2

21

∆m2
31

sin 2ϑ13 sin 2ϑ12 sin 2ϑ23 cos(∆ + δ13
↑

CPV

)
sin(A∆)

A

sin[(1− A)∆]

1− A

+

(
∆m2

21

∆m2
31

)2

sin2 2ϑ12 cos
2 ϑ23

sin2(A∆)

A2

NO: ∆m2
31 > 0 IO: ∆m2

31 < 0

for antineutrinos: δ13 → −δ13 (CPV) and A→ −A (Fake CPV!)
[see: Mezzetto, Schwetz, JPG 37 (2010) 103001]
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Abstract: We perform a combined fit to global neutrino oscillation data available as of

fall 2016 in the scenario of three-neutrino oscillations and present updated allowed ranges

of the six oscillation parameters. We discuss the differences arising between the consistent

combination of the data samples from accelerator and reactor experiments compared to

partial combinations. We quantify the confidence in the determination of the less precisely

known parameters θ23, δCP, and the neutrino mass ordering by performing a Monte Carlo

study of the long baseline accelerator and reactor data. We find that the sensitivity to the

mass ordering and the θ23 octant is below 1σ. Maximal θ23 mixing is allowed at slightly

more than 90% CL. The best fit for the CP violating phase is around 270◦, CP conservation

is allowed at slightly above 1σ, and values of δCP ' 90◦ are disfavored at around 99% CL

for normal ordering and higher CL for inverted ordering.

Keywords: Neutrino Physics, Solar and Atmospheric Neutrinos
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Global constraints on absolute neutrino masses and their ordering
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Within the standard three-neutrino framework, the absolute neutrino masses and their ordering (either
normal, NO, or inverted, IO) are currently unknown. However, the combination of current data coming
from oscillation experiments, neutrinoless double beta (0νββ) decay searches, and cosmological surveys,
can provide interesting constraints for such unknowns in the sub-eV mass range, down to Oð10−1Þ eV in
some cases. We discuss current limits on absolute neutrino mass observables by performing a global data
analysis that includes the latest results from oscillation experiments, 0νββ decay bounds from the
KamLAND-Zen experiment, and constraints from representative combinations of Planck measurements
and other cosmological data sets. In general, NO appears to be somewhat favored with respect to IO at the
level of ∼2σ, mainly by neutrino oscillation data (especially atmospheric), corroborated by cosmological
data in some cases. Detailed constraints are obtained via the χ2 method, by expanding the parameter space
either around separate minima in NO and IO or around the absolute minimum in any ordering. Implications
for upcoming oscillation and nonoscillation neutrino experiments, including β-decay searches, are also
discussed.

DOI: 10.1103/PhysRevD.95.096014

I. INTRODUCTION

Neutrino oscillation experiments have established that the
three known flavor states να (α ¼ e, μ, τ) are linear
combinations of three massive states νi (i ¼ 1, 2, 3) with
differentmassesmi, via amixingmatrixUαi characterized by
three nonzero angles θij [1]. Flavor oscillation frequencies in
vacuum are governed by the squared mass differences Δm2

ij

that can be expressed in terms of two independent param-
eters, conventionally chosen herein as [2]

δm2 ¼ m2
2 −m2

1 > 0; ð1Þ

Δm2 ¼ m2
3 − ðm2

2 þm2
1Þ=2; ð2Þ

whereΔm2 can be either positive or negative according to the
so-called normal ordering (NO) or inverted ordering (IO) for
the neutrino mass spectrum, respectively. Probing the mass
ordering is an important goal of future experimental ν
oscillation searches (see, e.g., [3,4]), with relevant implica-
tions on theoretical models for neutrino mass and mixing
(see, e.g., [5–7]).
At present, the four parameters δm2, jΔm2j, sin2 θ12, and

sin2 θ13 have been measured at the few percent level, while
sin2 θ23 (still affected by an octant ambiguity [8]) is less

accurately known, at the level of ∼10% [1]. Interestingly,
the combination of various oscillation data starts to show
some sensitivity to the remaining unknowns, namely, the
sign of Δm2 and a possible CP-violating phase δ, mainly
through subleading νμ → νe oscillation effects in atmos-
pheric and accelerator neutrino experiments, constrained by
reactor data [9,10]; see also [11,12] for independent
analyses of oscillation data and for discussions of the
associated parameters.
The absolute ν masses are also unknown. Lower bounds

are set by oscillation data by zeroing the lightest mi,

ðm1;m2;m3Þ

≥

8<
:
ð0;

ffiffiffiffiffiffiffiffi
δm2

p
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jΔm2jþδm2=2

p
Þ ðNOÞ;

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jΔm2j−δm2=2

p
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jΔm2jþδm2=2

p
;0Þ ðIOÞ;

ð3Þ

while upper bounds (and prospective measurements) can
only be set by nonoscillation neutrino experiments. In
particular, three main observables can probe the absolute
mass spectrum: (i) the effective neutrino mass mβ in β
decay; (ii) the effective mass mββ in neutrinoless double
beta (0νββ) decay, if neutrinos are Majorana fermions; and

PHYSICAL REVIEW D 95, 096014 (2017)

2470-0010=2017=95(9)=096014(15) 096014-1 © 2017 American Physical Society
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Solar Neutrinos
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★
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NuFIT 3.0 (2016)

I Metallicity (C, N , O, Ne, Mg, Si, S, Ar, Fe):
high (GS98) low (AGSS09)

I A new Generation of Standard Solar Models:
Vinyoles et al., arXiv:1611.09867
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Solar Neutrinos

★

★
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Solar – KamLAND Tension
I No SK+SNO low-energy spectrum up-turn expected for (∆m2

21)KL
I Larger SK day-night asymmetry than expected for (∆m2

21)KL
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Solar Neutrino Spectrum

P
SOL
ee =

3∑
k=1

|Uek |2|U0
ek |2 =

(
cos2ϑ12 cos

2ϑ0
12 + sin2ϑ12 sin

2ϑ0
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)
cos4ϑ13 + sin4ϑ13

=

(
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+

1
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cos 2ϑ0
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[SK, arXiv:1606.07538]

Adiabatic
MSW

Transitions

θ012 ' π/2

P
SOL
ee ' sin2ϑ12

×
(
1− sin2ϑ13

)
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SK Day-Night Asymmetry
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∆m2
21

NuFIT 3.0 (2016)
[arXiv:1611.01514]

Bari 2017
[arXiv:1703.04471]

IO

NO NO

IO

∆m2
21 = 7.50+0.19

−0.17 × 10−5 eV2

∼ 2.5% precision

∆m2
21 = 7.37+0.17

−0.16 × 10−5 eV2

∼ 2.3% precision

∼1.7% difference
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sin2ϑ12

NuFIT 3.0 (2016)
[arXiv:1611.01514]

Bari 2017
[arXiv:1703.04471]

NO

IO

NO

IO

sin2ϑ12 = 0.306± 0.012

∼ 3.9% precision

sin2ϑ12 = 0.297+0.017
−0.016

∼ 5.7% precision

∼3.0% difference
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∆m2
31 & ∆m2

32

NuFIT 3.0 (2016)
[arXiv:1611.01514]

Bari 2017
[arXiv:1703.04471]

IO NO NO

IO

|∆m2
31|

10−3 eV2 =

{
2.524+0.039

−0.040 (NO)

2.439+0.041
−0.038 (IO)

∼ 1.7% precision

|∆m2
31|

10−3 eV2 =

{
2.562+0.042

−0.030 (NO)

2.468+0.034
−0.32 (IO)

∼ 1.6% precision
∼1.5% difference
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sin2ϑ13

NuFIT 3.0 (2016)
[arXiv:1611.01514]

Bari 2017
[arXiv:1703.04471]

IO

NO
NO

IO

sin2ϑ13 =

{
0.02166± 0.00075 (NO)
0.02179± 0.00076 (IO)

∼ 3.5% precision

sin2ϑ13 =

{
0.0215± 0.0007 (NO)

0.0216+0.0008
−0.0009 (IO)

∼ 3.3% precision

∼0.8% difference
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sin2ϑ23

NuFIT 3.0 (2016)
[arXiv:1611.01514]

Bari 2017
[arXiv:1703.04471]

NO IO
NO

IO

sin2ϑ23 =

{
0.441+0.027

−0.021 (NO)

0.587+0.020
−0.024 (IO)

∼ 9% precision

sin2ϑ23 =

{
0.425+0.021

−0.015 (NO)

0.589+0.016
−0.022 ⊕ [0.417, 0.448] (IO)

∼ 9% precision

Common NO/IO octant flip
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PLBL
νµ→νµ ' 1− sin2 2ϑ23 sin2

(
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NuFIT 3.0 (2016)
[arXiv:1611.01514]

Bari 2017
[Lisi @ EPS-HEP 2017]
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δ13

NuFIT 3.0 (2016)
[arXiv:1611.01514]

Bari 2017
[arXiv:1703.04471]

δ13
π

=

{
1.45+0.28

−0.33 (NO)

1.54+0.22
−0.26 (IO)

still unknown ∆χ2
CPV = 1.7

δ13
π

=

{
1.38+0.23

−0.20 (NO)

1.31+0.31
−0.19 (IO)

∼ 20% precision ∆χ2
CPV ' 4
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Jmax
CP = 0.0329± 0.0007 (+0.0021

−0.0024)

JbfCP = −0.033

About 103 larger than JquarksCP = (3.04+0.21
−0.20)× 10−5
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Unitarity Triangle
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Mass Ordering
I NuFIT 3.0 (2016): ∆χ2

IO-NO ' 1 Without SK atmospheric data
I Bari 2017:

I ∆χ2
IO-NO = 3.6 (∼ 2σ) With analyzable subset of SK atmospheric data

I ∆χ2
IO-NO = 1.1 Without SK atmospheric data

I SK atmospheric preference for NO due to excess of e-like events

Super-Kamiokande

∆χ2
IO-NO = 5.2

[Koshio @ NOW2016]
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Neutrino Masses
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Beta Decay
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Neutrinoless Double-Beta Decay
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Conclusions

I Robust 3ν-Mixing Paradigm
I Precise determination of the mixing parameters

I ∆m2
21 ' 7.4± 0.2× 10−5 eV2 (∼ 3%)

I sin2ϑ12 ' 0.30± 0.02 (∼ 6%)

I
|∆m2

31|
10−3 eV2 '

{
2.54± 0.04 (NO) (∼ 2%)

2.45± 0.04 (IO) (∼ 2%)

I sin2ϑ13 ' 0.0216± 0.0007 (∼ 3%)

I Open Problems:
I ϑ23 Q 45◦ ? [T2K, NOνA, . . . ]
I CP violation ? δ13 ≈ 3π/2 ? [T2K, NOνA, DUNE, HyperK]
I Mass Ordering ? [JUNO, RENO-50, PINGU, ORCA, INO]
I Absolute Mass Scale ? [β Decay, Neutrinoless Double-β Decay, Cosmology]
I Dirac or Majorana ? [Neutrinoless Double-β Decay]
I Physics Beyond Three-Neutrino Mixing ?
I Theory: Why lepton mixing 6= quark mixing ? Is there any connection ?

Why 0 < sin2ϑ13 � sin2ϑ12 < sin2ϑ23 ' 0.5 ?
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