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Three-Neutrino Mixing Paradigm

ναL =
3∑

k=1
UαkνkL α = e, µ, τ

Pνα→νβ (L,E) = δαβ − 4
∑
k>j

Re
[
U∗
αk Uβk Uαj U∗

βj
]
sin2

(
∆m2

kjL
4E

)
︸ ︷︷ ︸

CP conserving

+ 2
∑
k>j

Im
[
U∗
αk Uβk Uαj U∗

βj
]
sin

(
∆m2

kjL
2E

)
︸ ︷︷ ︸

CP violating

I Squared-mass differences: ∆m2
kj = m2

k − m2
j

I Mixing: U∗
αk Uβk Uαj U∗

βj quartic rephasing invariants

I Jarlskog invariant: JCP = Im
[
U∗
αk Uβk Uαj U∗

βj
]
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Standard Parameterization of Mixing Matrix

U =

1 0 0
0 c23 s23

0 −s23 c23


ATM

Acc LBL νµ → νµ


c13 0 s13e−iδ13

0 1 0
−s13eiδ13 0 c13


Rea LBL ν̄e → ν̄e
Acc LBL νµ → νe


c12 s12 0
−s12 c12 0

0 0 1


SOL

KamLAND


1 0 0
0 eiλ21 0
0 0 eiλ31


ββ0ν

=


c12c13 s12c13 s13e−iδ13

−s12c23−c12s23s13eiδ13 c12c23−s12s23s13eiδ13 s23c13

s12s23−c12c23s13eiδ13 −c12s23−s12c23s13eiδ13 c23c13




1 0 0
0 eiλ21 0
0 0 eiλ31


cab ≡ cosϑab sab ≡ sinϑab 0 ≤ ϑab ≤ π

2 0 ≤ δ13, λ21, λ31 < 2π

OSCILLATION
PARAMETERS:


3 Mixing Angles: ϑ12, ϑ23, ϑ13
1 CPV Dirac Phase: δ13
2 independent ∆m2

kj : ∆m2
21, ∆m2

31

2 CPV Majorana Phases: λ21, λ31 ⇐⇒ |∆L| = 2 processes (ββ0ν)
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Three-Neutrino Mixing Ingredients

U =


1 0 0
0 c23 s23

0 −s23 c23




c13 0 s13e−iδ13

0 1 0
−s13eiδ13 0 c13




c12 s12 0
−s12 c12 0

0 0 1




1 0 0
0 eiλ21 0
0 0 eiλ31



Solar
νe → νµ, ντ


SNO, Borexino

Super-Kamiokande

GALLEX/GNO, SAGE

Homestake, Kamiokande


VLBL Reactor

ν̄e disappearance (KamLAND)


→

∆m2
S = ∆m2

21 ' 7.4 × 10−5 eV2

sin2 ϑS = sin2 ϑ12 ' 0.30
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Tension between solar and KamLAND

•More precise measurements of  Δm221 by reactor 
(JUNO,RENO-50) and solar experiments may help.
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⇒ 2σ tension between preferred value of Δm221 from    
     KamLAND and solar data 

Maltoni & Smirnov, EPJ 2015

•Δm221 preferred by KamLAND predicts steep upturn 
at solar spectrum and smaller D/N asymmetry

• NSI (ε ~0.3) can reconcile solar and KL data 

⇒ flatter spectrum at intermediate E-region
⇒ larger D/N asymmetries can be expected

Coloma et al, PRD96 (2017)

Escrihuela et al, PRD80 (2009)

[M. Tortola @ Neutrino 2018]
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Three-Neutrino Mixing Ingredients

U =


1 0 0
0 c23 s23

0 −s23 c23




c13 0 s13e−iδ13

0 1 0
−s13eiδ13 0 c13




c12 s12 0
−s12 c12 0

0 0 1




1 0 0
0 eiλ21 0
0 0 eiλ31



Atmospheric
νµ → ντ


Super-Kamiokande

Kamiokande, IMB

MACRO, Soudan-2

IceCube, ANTARES


LBL Accelerator
νµ disappearance

(
K2K, MINOS

T2K, NOνA

)

LBL Accelerator
νµ → ντ

(OPERA)



→

∆m2
A ' |∆m2

31| ' 2.5 × 10−3 eV2

sin2 ϑA = sin2 ϑ23 ' 0.50
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Atmosferic Neutrinos

ν̄µ

νµ ν̄µ

π
+ π

−

νµ

e
−

ν̄e

νe

µ
+

µ
−

e
+

p
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The Super-Kamiokande Experiment

50 ktons of water, Cherenkov detector, 1000 m underground

3(6)THE NOBEL PRIZE IN PHYSICS 2015 � THE ROYAL SWEDISH ACADEMY OF SCIENCES � HTTP://KVA.SE

faster than light in vacuum. In the water, the light is slowed down to 75 per cent of its maximum speed, 

and can be “overtaken” by the charged particles. The shape and intensity of the Cherenkov light reveals 

what type of neutrino it is caused by, and from where it comes.

A solution to the enigma

During its first two years of operation, Super-Kamiokande sifted out about 5,000 neutrino signals. This 

was a lot more than in previous experiments, but still fewer than what was expected when scientists esti-

mated the amount of neutrinos created by the cosmic radiation. Cosmic radiation particles come from all 

directions in space and when they collide at full speed with molecules in the Earth’s atmosphere, neutrino 

showers are produced.

Super-Kamiokande caught muon-neutrinos coming straight from the atmosphere above, as well as those 

hitting the detector from below after having traversed the entire globe. There ought to be equal numbers 

of neutrinos coming from the two directions; the Earth does not constitute any considerable obstacle to 

them. But the muon-neutrinos that came straight down to Super-Kamiokande were more numerous than 

those first passing through the globe. 

This indicated that muon-neutrinos that travelled longer had time to undergo an identity change, which 

was not the case for the muon-neutrinos that came straight from above and only had travelled a few dozen 

kilometres. As the number of electron-neutrinos arriving from different directions were in agreement with 

expectations, the muon-neutrinos must have switched into the third type – tau-neutrinos. However, their 

passage could not be observed in the detector.

Muon-neutrinos 

give signals in

the water tank.

COSMIC 

RADIATION
ATMOSPHERE

SUPER-

KAMIOKANDE

Light detectors 

measuring Cherenkov 

radiation

1 000 m

Muon-neutrinos 

arriving directly 

from the 

atmosphere

Muon-neutrinos 

that have travelled 

through the Earth

CHERENKOV 

RADIATION

PROTECTING 

ROCK

40 m

SUPER-

KAMIOKANDE

NEUTRINOS FROM 

COSMIC RADIATION
KAMIOKA, JAPAN

MUON-

NEUTRINO

Super-Kamiokande detects atmospheric neutrinos. When a neutrino collides with a water molecule in the tank, a rapid, electrically 

charged particle is created. This generates Cherenkov radiation that is measured by the light sensors. The shape and intensity of the 

Cherenkov radiation reveals the type of neutrino that caused it and from where it came. The muon-neutrinos that arrived at Super-

Kamiokande from above were more numerous than those that travelled through the entire globe. This indicated that the muon-

neutrinos that travelled longer had time to change into another identity on their way.
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The Super-Kamiokande Up-Down Asymmetry

B

A

να

θAB
z

π − θ
AB
z

Eν & 1 GeV ⇒ isotropic flux of cosmic rays

φ(A)
να (θAB

z ) = φ(B)
να (θAB

z )

φ(A)
να (θAB

z ) = φ(B)
να (π − θAB

z )
⇓

φ(B)
να (θz) = φ(B)

να (π − θz)

Aup-down
νµ (SK) =

(
Nup
νµ − Ndown

νµ

Nup
νµ + Ndown

νµ

)
= −0.296 ± 0.048 ± 0.01

[Super-Kamiokande, Phys. Rev. Lett. 81 (1998) 1562, hep-ex/9807003]

6σ MODEL INDEPENDENT EVIDENCE OF νµ DISAPPEARANCE!

(T. Kajita: 2015 Physics Nobel Prize)
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Fit of Super-Kamiokande Atmospheric Data

10
-3

10
-2

0.7 0.75 0.8 0.85 0.9 0.95 1

sin
2
2θ

∆
m

2
 (

e
V

2
)

68% C.L.

90% C.L.

99% C.L.

νµ → ντ

Best Fit:
{

∆m2 = 2.1 × 10−3 eV2

sin2 2θ = 1.0
1489.2 live-days (Apr 1996 – Jul 2001)

[Super-Kamiokande, PRD 71 (2005) 112005, hep-ex/0501064]

Measure of ντ CC Int. is Difficult:
I Eth = 3.5 GeV =⇒ ∼ 20events/yr
I τ -Decay =⇒ Many Final States

ντ -Enriched Sample

Nthe
ντ

= 78±26@∆m2 = 2.4×10−3 eV2

Nexp
ντ

= 138+50
−58

Nντ > 0 @ 2.4σ

[Super-Kamiokande, PRL 97(2006) 171801, hep-ex/0607059]

Check: OPERA (νµ → ντ )
CERN to Gran Sasso (CNGS)
L ' 732 km 〈E〉 ' 18 GeV

[NJP 8 (2006) 303, hep-ex/0611023]
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Kamiokande, Soudan-2, MACRO and MINOS
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[Kamiokande, hep-ex/9806038] [Soudan 2, hep-ex/0507068]
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[MACRO, hep-ex/0304037] [MINOS, hep-ex/0512036]
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K2K
confirmation of atmospheric allowed region (June 2002)

KEK to Kamioka
(Super-Kamiokande)

250 km
νµ → νµ
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[K2K, Phys. Rev. Lett. 90 (2003) 041801]
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[K2K, PRL 94 (2005) 081802, hep-ex/0411038]

C. Giunti − Neutrino Physics – III − Torino PhD Course − Torino − December 2019 − 12/76



MINOS
May 2005 – Feb 2006 http://www-numi.fnal.gov/

��� Geographical layout of the experiment

The �map� of the experiment is illustrated in Figure 	��� The neutrino beam is produced by
the ��� GeV protons from the Fermilab Main Injector and is aimed at the Soudan mine in
northern Minnesota� some �	� km away� Because of the earth�s curvature the parent hadron
beam has to be pointed downward at an angle of �� mrad�

Figure 	��� The trajectory of the MINOS neutrino beam between Fermilab and Soudan� The
beam must be aimed into the earth at an angle of �� mrad to reach Minnesota�

The hadron beam decay pipe will be ��� m long� a compromise between our desire to
obtain the maximum number of � and K decays and the cost of the civil construction� The
near detector is located ��� m downstream of the hadron beam absorber� This location is
also a compromise between the desire to have the neutrino spectrum be as similar as possible
at the two locations �arguing for a large distance
 and the need to keep the construction
costs low �arguing for a short distance� mainly because of the cost of constructing the near�
detector cavern deep underground
� The proposed layout of the MINOS experiment on the
Fermilab site is shown in Figure 	���

The far detector will be located in the Soudan mine in northern Minnesota� This his�
toric iron mine no longer supports active mining� but was converted some time ago into a
Minnesota State Park� The MINOS detector will be constructed ��� m below ground level�
in a new cavern to be excavated during ���������� The axis of the MINOS cavern will
point toward Fermilab� the new cavern will be constructed next to the existing underground
laboratory which houses the operating Soudan � detector����

	��

Near Detector: 1 km
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νµ → νµ

∆m2 = 2.74+0.44
−0.26 × 10−3 eV2

sin2 2ϑ > 0.87@ 68%CL

[MINOS, PRL 97 (2006) 191801, hep-ex/0607088]
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OPERA

Discovery of τ Neutrino Appearance in the CNGS Neutrino Beam

with the OPERA Experiment

N. Agafonova,
1
A. Aleksandrov,

2
A. Anokhina,

3
S. Aoki,

4
A. Ariga,

5
T. Ariga,

5
D. Bender,

6
A. Bertolin,

7
I. Bodnarchuk,

8

C. Bozza,
9
R. Brugnera,

7,10
A. Buonaura,

2,11
S. Buontempo,

2
B. Büttner,

12
M. Chernyavsky,

13
A. Chukanov,

8
L. Consiglio,

2

N. D’Ambrosio,
14

G. De Lellis,
2,11

M. De Serio,
15,16

P. Del Amo Sanchez,
17

A. Di Crescenzo,
2
D. Di Ferdinando,

18

N. Di Marco,
14

S. Dmitrievski,
8
M. Dracos,

19
D. Duchesneau,

17
S. Dusini,

7
T. Dzhatdoev,

3
J. Ebert,

12
A. Ereditato,

5

R. A. Fini,
16

F. Fornari,
18,20

T. Fukuda,
21

G. Galati,
2,11

A. Garfagnini,
7,10

J. Goldberg,
22

Y. Gornushkin,
8
G. Grella,

9

A.M. Guler,
6
C. Gustavino,

23
C. Hagner,

12
T. Hara,

4
H. Hayakawa,

24
A. Hollnagel,

12
B. Hosseini,

2,11
K. Ishiguro,

24

K. Jakovcic,
25

C. Jollet,
19

C. Kamiscioglu,
6
M. Kamiscioglu,

6
J. H. Kim,

26
S. H. Kim,

26,*
N. Kitagawa,

24
B. Klicek,

25

K. Kodama,
27

M. Komatsu,
24

U. Kose,
7,†

I. Kreslo,
5
F. Laudisio,

9
A. Lauria,

2,11
A. Ljubicic,

25
A. Longhin,

28

P. F. Loverre,
23,29

A. Malgin,
1
M. Malenica,

25
G. Mandrioli,

18
T. Matsuo,

21
T. Matsushita,

24
V. Matveev,

1
N. Mauri,

18,20

E. Medinaceli,
7,10

A. Meregaglia,
19

S. Mikado,
30

M. Miyanishi,
24

F. Mizutani,
4
P. Monacelli,

23
M. C. Montesi,

2,11

K. Morishima,
24
M. T. Muciaccia,

15,16
N. Naganawa,

24
T. Naka,

24
M. Nakamura,

24
T. Nakano,

24
Y. Nakatsuka,

24
K. Niwa,

24

S. Ogawa,
21

A. Olchevsky,
8
T. Omura,

24
K. Ozaki,

4
A. Paoloni,

28
L. Paparella,

15,16
B. D. Park,

26,‡
I. G. Park,

26

L. Pasqualini,
18,20

A. Pastore,
15
L. Patrizii,

18
H. Pessard,

17
C. Pistillo,

5
D. Podgrudkov,

3
N. Polukhina,

13
M. Pozzato,

18,20

F. Pupilli,
28

M. Roda,
7,10

T. Roganova,
3
H. Rokujo,

24
G. Rosa,

23,29
O. Ryazhskaya,

1
O. Sato,

24,§
A. Schembri,

14

W. Schmidt-Parzefall,
12
I. Shakirianova,

1
T. Shchedrina,

13,11
A. Sheshukov,

8
H. Shibuya,

21
T. Shiraishi,

24
G. Shoziyoev,

3

S. Simone,
15,16

M. Sioli,
18,20

C. Sirignano,
7,10

G. Sirri,
18

A. Sotnikov,
8
M. Spinetti,

28
L. Stanco,

7
N. Starkov,

13

S. M. Stellacci,
9
M. Stipcevic,

25
P. Strolin,

2,11
S. Takahashi,

4
M. Tenti,

18
F. Terranova,

28,31
V. Tioukov,

2
S. Tufanli,

5,∥

P. Vilain,
32
M. Vladymyrov,

13,¶
L. Votano,

28
J. L. Vuilleumier,

5
G. Wilquet,

32
B. Wonsak,

12
C. S. Yoon,

26
and S. Zemskova

8

(OPERA Collaboration)

1
INR-Institute for Nuclear Research of the Russian Academy of Sciences, RUS-117312 Moscow, Russia

2
INFN Sezione di Napoli, 80125 Napoli, Italy

3
SINP MSU-Skobeltsyn Institute of Nuclear Physics, Lomonosov Moscow State University, RUS-119991 Moscow, Russia

4
Kobe University, J-657-8501 Kobe, Japan

5
Albert Einstein Center for Fundamental Physics, Laboratory for High Energy Physics (LHEP),

University of Bern, CH-3012 Bern, Switzerland
6
METU-Middle East Technical University, TR-06531 Ankara, Turkey

7
INFN Sezione di Padova, I-35131 Padova, Italy

8
JINR-Joint Institute for Nuclear Research, RUS-141980 Dubna, Russia

9
Dipartimento di Fisica dell’Università di Salerno and “Gruppo Collegato” INFN, I-84084 Fisciano (Salerno), Italy

10
Dipartimento di Fisica e Astronomia dell’Università di Padova, I-35131 Padova, Italy
11
Dipartimento di Fisica dell’Università Federico II di Napoli, I-80125 Napoli, Italy

12
Hamburg University, D-22761 Hamburg, Germany

13
LPI-Lebedev Physical Institute of the Russian Academy of Sciences, RUS-119991 Moscow, Russia

14
INFN-Laboratori Nazionali del Gran Sasso, I-67010 Assergi (L’Aquila), Italy

15
Dipartimento di Fisica dell’Università di Bari, I-70126 Bari, Italy

16
INFN Sezione di Bari, I-70126 Bari, Italy

17
LAPP, Université Savoie Mont Blanc, CNRS/IN2P3, F-74941 Annecy-le-Vieux, France

18
INFN Sezione di Bologna, I-40127 Bologna, Italy

19
IPHC, Université de Strasbourg, CNRS/IN2P3, F-67037 Strasbourg, France

20
Dipartimento di Fisica e Astronomia dell’Università di Bologna, I-40127 Bologna, Italy

21
Toho University, J-274-8510 Funabashi, Japan

22
Department of Physics, Technion, IL-32000 Haifa, Israel

23
INFN Sezione di Roma, I-00185 Roma, Italy

24
Nagoya University, J-464-8602 Nagoya, Japan

25
IRB-Rudjer Boskovic Institute, HR-10002 Zagreb, Croatia

26
Gyeongsang National University, 900 Gazwa-dong, Jinju 660-701, Korea
27
Aichi University of Education, J-448-8542 Kariya (Aichi-Ken), Japan

28
INFN-Laboratori Nazionali di Frascati dell’INFN, I-00044 Frascati (Roma), Italy

29
Dipartimento di Fisica dell’Università di Roma “La Sapienza”, I-00185 Roma, Italy

30
Nihon University, J-275-8576 Narashino, Chiba, Japan

PRL 115, 121802 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending

18 SEPTEMBER 2015

0031-9007=15=115(12)=121802(7) 121802-1 © 2015 American Physical Society

31
Dipartimento di Fisica dell’Università di Milano-Bicocca, I-20126 Milano, Italy

32
IIHE, Université Libre de Bruxelles, B-1050 Brussels, Belgium

(Received 7 July 2015; published 17 September 2015)

The OPERA experiment was designed to search for νμ → ντ oscillations in appearance mode, i.e., by

detecting the τ leptons produced in charged current ντ interactions. The experiment took data from 2008 to

2012 in the CERN Neutrinos to Gran Sasso beam. The observation of the νμ → ντ appearance, achieved

with four candidate events in a subsample of the data, was previously reported. In this Letter, a fifth ντ

candidate event, found in an enlarged data sample, is described. Together with a further reduction of the

expected background, the candidate events detected so far allow us to assess the discovery of νμ → ντ

oscillations in appearance mode with a significance larger than 5σ.

DOI: 10.1103/PhysRevLett.115.121802 PACS numbers: 14.60.Pq

Introduction.—Neutrino flavor transitions due to quan-

tum mechanical mixing between neutrino flavors (νe, νμ,

ντ) and mass eigenstates (ν1, ν2, ν3) were proposed more

than 50 years ago [1,2]. Several experiments on solar,

atmospheric, reactor, and accelerator neutrinos have con-

tributed to the understanding of these transitions, referred to

as “neutrino oscillations” [3–11]. In the atmospheric sector,

the strong deficit of muon neutrinos observed by the Super-

Kamiokande experiment in 1998 was the first compelling

observation of neutrino oscillations [3–5]. This result was

later confirmed by the K2K [9] and MINOS experiments

[11]. However, for an unambiguous confirmation of three-

flavor neutrino oscillations in the atmospheric sector, the

detection of oscillated neutrinos in appearance mode was

required.

The OPERA experiment has been designed to search

for νμ → ντ oscillations in appearance mode through the

detection of the τ lepton produced in the ντ charged current

(CC) interactions. It has operated under low background

conditions and with a signal-to-noise ratio as large as about

10. In 2010, a first ντ candidate event was observed [12].

In 2013, the Super-Kamiokande experiment reported evi-

dence for ντ appearance in the atmospheric νμ flux with a

signal-to-noise ratio of about one tenth [13]. Since 2013,

the detection by the OPERA experiment of three more

candidate events reported in Refs. [14–16] has allowed

us to claim the first observation of νμ → ντ oscillations in

appearance mode with a 4.2σ significance [16]. In 2014,

flavor transition with high purity in appearance mode has

also been observed by the T2K experiment in the νμ → νe

channel [17].

In this Letter, the observation of an additional ντ

candidate found in an enlarged data sample is reported.

The significance of the ντ appearance is updated, taking

into account the new observed event and improvements in

the background evaluation.

Neutrino beam, detector, and data sample.—The

OPERA detector at the LNGS underground laboratory

has been exposed from 2008 to 2012 to the CERN

neutrinos to Gran Sasso (CNGS) νμ beam [18]. A total

exposure corresponding to 17.97 × 1019 protons on target

(POT) resulted in 19 505 neutrino interactions in the target

fiducial volume.

The topology of the neutrino interactions is recorded

in emulsion cloud chamber detectors (ECC bricks) with

submicrometric spatial resolution. Each brick is a stack of

56 1 mm thick lead plates, and 57 nuclear emulsion films

with a 12.7 × 10.2 cm2 cross section, a thickness of 7.5 cm

corresponding to about 10 radiation lengths and a mass of

8.3 kg. In the bricks, the momenta of charged particles are

measured by their multiple Coulomb scattering in the lead

plates [19]. A changeable sheet (CS) doublet consisting of a

pair of emulsion films [20] is attached to the downstream

face of each brick. The full OPERA target is segmented

in about 150 000 bricks arranged in two identical super-

modules (SMs). In each SM, the target section is made of

31 walls of ECC bricks. Downstream of each target wall,

two orthogonal planes of electronic target trackers (TTs),

made of 2.6 cm wide scintillator strips, record the position

and deposited energy of charged particles [21]. A spec-

trometer, consisting of iron core magnets instrumented with

resistive plate chambers (RPCs) and drift tubes (precision

tracker), is mounted downstream of each target module.

The spectrometers are used to identify muons, determine

their charge, and measure their momentum with an accu-

racy of about 20%. A detailed description of the OPERA

detector can be found in Ref. [22].

A three-dimensional track in the electronic detector is

tagged as a muon if the product of its length by the density

along its path is larger than 660 g=cm2 [23]. An event is

classified as 1μ either if it contains at least one track tagged

as a muon or if the total number of fired TTand RPC planes

is larger than 19. The complementary sample is defined

as 0μ. A muon track can be confirmed or discarded by

measuring its trajectory all along the downstream bricks.

The momentum-range correlation, the energy loss near the

stopping point and, eventually, the tagging of interaction

or decay topologies may contribute to assessing the

muonic nature of the track beyond the electronic detector

performance.

The analysis described below is extended to all 0μ events

and to 1μ events with a muon momentum below 15 GeV=c
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is 2.64� 0.53 events, whereas the total background expect-

ation is 0.25� 0.05 events.

The numbers of expected signal and background events

are estimated from the simulated CNGS flux [30]. The

expected detectable signal events in the 0μ and 1μ samples

are obtained using the reconstruction efficiencies and the

ντ event rate in the flux normalized to the detected νμ
interactions. A similar normalization procedure is also used

in the background expectation. The details of the signal

and background estimation are described in Ref. [14].

The systematic uncertainty associated with the signal

takes into account contributions from the limited knowl-

edge of the ντ cross section and uncertainties on the signal

detection efficiency. For the signal central value, the

default implementation for the ντ cross section contained

in the GENIE v2.6 simulation program is used [31]. A 10%

model-related systematic uncertainty can be estimated by

considering the maximal deviations from the central value

of the expected number of ντ candidates obtained when

considering all of the available theoretical predictions.

The only existing measurement of the ντ cross section is a

very low-statistics one by the DONUT experiment [32].

Owing to the fact that the ντ signal expectation is

calculated by using location efficiencies determined from

the 1μ and 0μ data samples, this value is at first order

insensitive to systematic effects on efficiencies up to the

primary vertex location level. Further confidence on the

global efficiency estimation is obtained by considering

the charm data sample for which good agreement is found

between the 50 observed events and the expectation

(54� 4) provided by the neutrino-induced charm produc-

tion cross section and the detector simulation [25,33].

Additional uncertainties on the number of expected ντ
candidates arise from the experimental knowledge of θ23
and Δm2

23
(10%), and from the uncertainty in the

efficiency for tagging τ lepton decays (15%). The latter

contribution arises from the statistical error of the sample

of νCCμ events with charm production which was used

for validation. The CNGS flux uncertainty plays a minor

role since the expected number of ντ events is determined

from the detected νμ interactions used as a normalization

sample. The simulation of the kinematical properties of

the final state was performed using the NEGN generator

[34], which takes the polarization of τ leptons into

account (τ decay library TAUOLA [35]). The associated

systematic uncertainty on the expected number of τ

decays in all channels is estimated at the level of a

few percent [36]. The total systematic uncertainty on the

expected signal is then set to 20%.

The main processes contributing to the background for

the ντ appearance search are charmed particle decays,

hadronic interactions and large-angle muon scattering

(LAS). The corresponding contributions are estimated by

simulation studies validated with real data samples. Using

the measured sample of CNGS νμCC interactions with

charm production, the uncertainty on the charm back-

ground has been estimated to about 20% [25]. This includes

a contribution from the experimental uncertainty on the

charm cross section (8% [33]), the hadronization fraction

(10%), and the statistical error of the CNGS charm control

sample (15%). Hadronic background has an estimated

uncertainty of 30% from data-driven measurements of

test-beam pion interactions in the OPERA bricks [37].

With respect to what was reported in Ref. [14], an

additional improvement in the estimation of the LAS

background in the τ → μ decay channel has been achieved

[38]. The LAS rate is estimated using a GEANT4-based

simulation implementing a mixed-approach algorithm with

ad hoc modifications to take into account the effect of the

nuclear form factor at the involved transferred momenta (of

the order of a few fm−1). A Saxon-Woods charge density

is assumed with parameters derived from fits to data.

Scattering off individual protons is also taken into account.

The simulation is benchmarked on experimental data

including scattering of 2 GeV=c muons on a 12.6 mm

lead target, 7.3 GeV=c and 11.7 GeV=c muons on a

14.4 mm thick copper target and 0.512 GeV=c electrons

on a 0.217 mm lead target [39–41]. From this study, it

follows that the number of LAS background events that

satisfy the τ → μ selection criteria amounts to ½1.2�
0.1ðstatÞ � 0.6ðsysÞ� × 10−7=νCCμ interactions, well below

the conservative value considered in our past publications.

Results.—In this analysis, the observed number of ντ
candidates ni for each individual τ decay channel i is

considered as an independent Poisson process with expect-

ation μsi þ bi. The expected signal and background events,
si and bi respectively, are taken from Table III; the signal

strength factor μ is a continuous multiplicative parameter

TABLE III. Expected signal and background events for the analyzed data sample.

Expected background

Channel Charm Had. reinterac. Large μ scat. Total Expected signal Observed

τ → 1h 0.017� 0.003 0.022� 0.006 0.04� 0.01 0.52� 0.10 3

τ → 3h 0.17� 0.03 0.003� 0.001 0.17� 0.03 0.73� 0.14 1

τ → μ 0.004� 0.001 0.0002� 0.0001 0.004� 0.001 0.61� 0.12 1

τ → e 0.03� 0.01 0.03� 0.01 0.78� 0.16 0

Total 0.22� 0.04 0.02� 0.01 0.0002� 0.0001 0.25� 0.05 2.64� 0.53 5
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Difficulty of measuring precisely ϑ23

PLBL
νµ→νµ ' 1 − sin2 2ϑ23 sin2

(
∆m2

31L
4E

)
sin2 2ϑ23 = 4 sin2ϑ23

(
1 − sin2ϑ23

)

1

sin
2
ϑ23

0.5

1

s
in

2
2
ϑ
2
3

0

0

1

sin
2
ϑ23

0.5

1

s
in

2
2
ϑ
2
3

0

0

The octant degeneracy is resolved by small ϑ13 effects:

PLBL
νµ→νµ ' 1 −

[
sin2 2ϑ23 cos

2 ϑ13 + sin4 ϑ23 sin
2 2ϑ13

]
sin2
(
∆m2

31L
4E

)
PLBL
νµ→νe ' sin2 ϑ23 sin

2 2ϑ13 sin2
(
∆m2

31L
4E

)
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Three-Neutrino Mixing Ingredients

U =


1 0 0
0 c23 s23

0 −s23 c23




c13 0 s13e−iδ13

0 1 0
−s13eiδ13 0 c13




c12 s12 0
−s12 c12 0

0 0 1




1 0 0
0 eiλ21 0
0 0 eiλ31



LBL Accelerator
νµ → νe

(T2K, MINOS, NOνA)

LBL Reactor
ν̄e disappearance

(
Daya Bay, RENO

Double Chooz

)


→

∆m2
A ' |∆m2

31| ' 2.5 × 10−3 eV2

sin2 ϑ13 ' 0.022
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Towards a precise determination of neutrino mixing

well determined
totally unknown

medium uncertainty due to ϑ23

large uncertainty due to ϑ23 and δ13

|U|3σ =

 
only the mass composition of νe is well determined
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∆m21
2

    [10
−5

eV
2
]

Bari 7.34
−0.14
+0.17

2.2% precision

NuFit 7.40
−0.20
+0.21

2.7% precision

Valencia 7.55
−0.16
+0.20

2.4% precision

2.8%

6.4 6.8 7.2 7.6 8.0
1σ

3σ

∆m31
2

    [10
−3

eV
2
]

Bari 2.492
−0.032
+0.035

1.4% precision

NuFit 2.523
−0.033
+0.033

1.3% precision

Valencia 2.500
−0.030
+0.030

1.3% precision

1.2%NO

2.15 2.25 2.35 2.45 2.55
1σ

3σ
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Mass Ordering
νe νµ ντ

∆m
2
A

∆m
2
S

ν2

ν1

ν3

m
2

Normal Ordering

∆m2
31 > ∆m2

32 > 0

m
2

∆m
2
S

ν2

ν1

∆m
2
A

ν3

Inverted Ordering

∆m2
32 < ∆m2

31 < 0

absolute scale is not determined by neutrino oscillation data
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Open Problems

I ϑ23 Q 45◦ ?
I T2K (Japan), NOνA (USA), …

I CP violation ? δ13 ≈ 3π/2 ?
I T2K (Japan), NOνA (USA), DUNE (USA), HyperK (Japan), …

I Mass Ordering ?
I JUNO (China), PINGU (Antarctica), ORCA (EU), INO (India), …

I Absolute Mass Scale ?
I β Decay, Neutrinoless Double-β Decay, Cosmology, …

I Dirac or Majorana ?
I Neutrinoless Double-β Decay, …

I Beyond Three-Neutrino Mixing ? Sterile Neutrinos ?
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Determination of Mass Ordering
1. Matter Effects: Atmospheric (PINGU, ORCA), Long-Baseline,

Supernova Experiments
I νe � νµ MSW resonance: V =

∆m2
31 cos 2ϑ13

2E ⇔ ∆m2
31 > 0 NO

I ν̄e � ν̄µ MSW resonance: V = −∆m2
31 cos 2ϑ13

2E ⇔ ∆m2
31 < 0 IO

2. Phase Difference: Reactor ν̄e → ν̄e (JUNO)

Normal Ordering

|∆m2
31|

q
|∆m2

32|+|∆m2
21|

|∆m2
31| > |∆m2

32|
ν2

ν1

ν3

m
2

m
2

ν2

ν1

ν3

Inverted Ordering

|∆m2
31|

q
|∆m2

32|−|∆m2
21|

|∆m2
31| < |∆m2

32|
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Neutrino Physics with JUNO, arXiv:1507.05613

P(−)

νe→
(−)

νe

= 1 − cos4 ϑ13 sin
2 2ϑ12 sin

2 (∆m2
21L/4E

)
− cos2 ϑ12 sin

2 2ϑ13 sin
2 (∆m2

31L/4E
)

− sin2 ϑ12 sin
2 2ϑ13 sin

2 (∆m2
32L/4E

)
[Petcov, Piai, PLB 533 (2002) 94; Choubey, Petcov, Piai, PRD 68 (2003) 113006; Learned, Dye, Pakvasa, Svoboda,

PRD 78 (2008) 071302; Zhan, Wang, Cao, Wen, PRD 78 (2008) 111103, PRD 79 (2009) 073007]
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CP Violation?

ACP
αβ = Pνα→νβ − Pν̄α→ν̄β

= −16Jαβ sin
(
∆m2

21L
4E

)
sin

(
∆m2

31L
4E

)
sin

(
∆m2

32L
4E

)
Jαβ = Im(Uα1U∗

α2U∗
β1Uβ2) = ±J

J = s12c12s23c23s13c2
13 sin δ13

Necessary conditions for observation of CP violation:
I Sensitivity to all mixing angles, including small ϑ13
I Sensitivity to oscillations due to ∆m2

21 and ∆m2
31
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LBL νµ → νe and ν̄µ → ν̄e

∆ =
∆m2

31L
4E A =

2EV
∆m2

31
V =

√
2GFNe

sin θ13 � 1 ∆m2
21/∆m2

31 � 1

PLBL
νµ→νe '

ϑ13
↓

sin2 2ϑ13

ϑ23 octant
↓

sin2ϑ23
sin2[(1 − A)∆]

(1 − A)2

+
∆m2

21
∆m2

31
sin 2ϑ13 sin 2ϑ12 sin 2ϑ23 cos(∆ + δ13

↑
CPV

)
sin(A∆)

A
sin[(1 − A)∆]

1 − A

+

(
∆m2

21
∆m2

31

)2
sin2 2ϑ12 cos

2 ϑ23
sin2(A∆)

A2

NO: ∆m2
31 > 0 IO: ∆m2

31 < 0

For antineutrinos: δ13 → −δ13 (CPV) and A → −A (Matter Effect)
[see: Mezzetto, Schwetz, JPG 37 (2010) 103001]
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Why it is important to measure accurately
the neutrino mixing parameters?

I They are fundamental parameters.

I They lead to selection in huge model space. Examples:

I Deviation from Tribimaximal Mixing U '

( √
2/3 1/

√
3 0

−1/
√

6 1/
√

3 1/
√

2
1/

√
6 −1/

√
3 1/

√
2

)
I Violation of µ-τ symmetry (|Uµk | = |Uτk |)

I They have phenomenological usefulness (e.g. to determine the initial
flavor composition of high-energy astrophysical neutrinos).

I CP:
I CP conservation would need an explanation (a new symmetry?).
I CP violation may be linked to the CP violation in the sector of heavy

neutrinos which generate the matter-antimatter asymmetry in the Universe
through leptogenesis (CP-violating decay of heavy neutrinos).

C. Giunti − Neutrino Physics – III − Torino PhD Course − Torino − December 2019 − 26/76



High-Energy Astrophysical Neutrinos

cosmic
neutrino

atmospheric
neutrino

atmospheric
muon

cosmic
ray

cosmic
ray

Atmosphere

down-going
up-going

~1
2,

70
0 

kmπ-θ

Cherenkov light detection
in optical modules

IceCube
muon

10 102 103 104 105 106 107 108

E [GeV]

10−9

10−8

10−7

10−6

10−5

10−4

10−3

E
2 φ

ν
+

ν̄
[G

eV
cm
−2

s−
1

sr
−1

]

HESE
(6yr)

νµ + ν̄µ

(8yr)

atmo. νe + ν̄e

(before HESE veto)

atmo. νµ + ν̄µ

(before HESE veto)

neutrino fluxes

(per flavor)

[Ahlers, Halzen, arXiv:1805.11112]
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� High-energy (E & 200 TeV) upgoing tracks: CC(νµ, ν̄µ).
⊗&⊕ HESE (High-Energy Starting Events): high-energy neutrinos

(E & 100 TeV) interacting inside the detector (all-sky directions).
⊗ Tracks: CC(νµ, ν̄µ). ⊕ Cascades: CC(νe , ν̄e , ντ , ν̄τ ) + NC. The thin
circles indicate the median angular resolution of the cascade events.

I The blue-shaded region indicates the zenith-dependent range where Earth absorption
of 100 TeV neutrinos becomes important, reaching more than 90% close to the nadir.

I Dashed line: horizon. Star: Galactic Center.
I The numbers give the energies of the four most energetic events.
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Neutrino Flavor Composition

Source: (fe,S : fµ,S : fτ,S) → Earth: (fe,⊕ : fµ,⊕ : fτ,⊕)

fe,S fµ,S fτ,S → fe,⊕ fµ,⊕ fτ,⊕
Pion and Muon Decay 1/3 2/3 0 1/3 1/3 1/3
Pion only Decay 0 1 0 4/18 7/18 7/18
Charmed Meson Decay 1/2 1/2 0 14/36 11/36 11/36
Neutron Decay 1 0 0 5/9 2/9 2/9

fe

fτ fµ

fβ,⊕ =
∑

α=e,µ,τ
fα,S 〈Pνα→νβ

〉

〈Pνα→νβ
〉 =

3∑
k=1

|Uαk |2|Uβk |2 ' 1
18

( 10 4 4
4 7 7
4 7 7

)
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[Bustamante, Beacom, Winter, PRL 115 (2015) 161302 (arXiv:1506.02645)]
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The Glashow Resonance

ν̄e + e− → W− → anything at Eν =
m2

W
2me

= 6.32 PeV [Glashow, Phys. Rev. 118 (1960) 316]

fe,S fµ,S fτ,S → fe,⊕ fµ,⊕ fτ,⊕ Rν̄e

Pion and Muon Decay 1/3 2/3 0 1/3 1/3 1/3 0.17
Pion only Decay 0 1 0 4/18 7/18 7/18 0.11
Charmed Meson Decay 1/2 1/2 0 14/36 11/36 11/36 0.19
Neutron Decay 1 0 0 5/9 2/9 2/9 0.56

[Barger, Fu, Learned, Marfatia, Pakvasa, Weiler, PRD 90 (2014) 121301 (arXiv:1407.3255)]

ΣΝN
CC

ΣRes

1.0 10.05.02.0 3.01.5 7.0

10-34

10-33

10-32

10-31

EΝ@PeVD

C
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ss
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io

n
@cm

2
D

I Φν ∝ E−γ
ν

I Standard Fermi shock-acceleration
mechanism: γ = 2.0.

I 2014 IceCube data: events with
Eν . 2 PeV.

I γ ≥ 2.3 at 90% CL.
[Anchordoqui et al, PRD 89 (2014) 083003]
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I PeV Energy Partially-contained Events (PEPE) search, with special focus on
the Glashow resonance. [IceCube, arXiv:1710.01191]

[Ahlers, Halzen, arXiv:1805.11112]

I For the highest energy event the
median energy of the parent neutrino
is about 7 PeV.

I The energy lost by the muon inside
the instrumented detector volume is
2.6 ± 0.3 PeV.

I The calculation of the probability
density function takes into account
the additional tracks from charged
current interactions of ντ + ν̄τ and
resonant interactions of ν̄e with
electrons (Glashow resonance).

I Assumption: a democratic composition of neutrino and antineutrino flavors.
I The cosmic neutrino flux is well described by a power law with a spectral index

γ = 2.19 ± 0.10 and a normalization at 100 TeV neutrino energy of
(1.01+0.26

−0.23) × 10−18 GeV−1cm−2sr−1
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A	5.9	PeV	event	in	IceCube	

Potential	hadronic	nature	of	this	event	under	study	

Resonance:	Eν	=	6.3	PeV	
Typical	visible	energy	is	93%	

Event	identified	in	a	partially-contained	PeV	
search	(PEPE)	
Deposited	energy:	5.9±0.18	PeV	(stat	only)	
ICRC	2017	arXiv:1710.01191	

I.	Taboada	|	Georgia	Inst.	of	Tech.	 20	

Work	in	progress	

[Taboada, Neutrino 2018, 6 June 2018]
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Why it is important to measure accurately
the neutrino mixing parameters?

I They are fundamental parameters.

I They lead to selection in huge model space. Examples:

I Deviation from Tribimaximal Mixing U '

( √
2/3 1/

√
3 0

−1/
√

6 1/
√

3 1/
√

2
1/

√
6 −1/

√
3 1/

√
2

)
I Violation of µ-τ symmetry (|Uµk | = |Uτk |)

I They have phenomenological usefulness (e.g. to determine the initial
flavor composition of high-energy astrophysical neutrinos).

I CP:
I CP conservation would need an explanation (a new symmetry?).
I CP violation may be linked to the CP violation in the sector of heavy

neutrinos which generate the matter-antimatter asymmetry in the Universe
through leptogenesis (CP-violating decay of heavy neutrinos).
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Leptogenesis

LI ∼ LL Φ
† Y NR

AL ∼
∑

k,α
[
Γ(Nk → Φ`α)− Γ(Nk → Φ̄¯̀

α)
]∑

k,α
[
Γ(Nk → Φ`α) + Γ(Nk → Φ̄¯̀

α)
] Nk

ℓα

Φ

Yαk

Seesaw =⇒ Y ∼ 1
v M1/2

R R︸ ︷︷ ︸
inaccessible

m1/2
ν U3×3︸ ︷︷ ︸

measurable

(RRT = 1)

CP-violating U3×3 =⇒ plausible CP-violating Y

indication

current

MR1 = 5 × 1011 GeV
MR1 � MR2 � MR3

R12 = 0.86
R13 = 0.5

[Pascoli, Petcov, Riotto, PRD 75 (2007) 083511, arXiv:hep-ph/0609125]
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Absolute Scale of Neutrino Masses
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Mass Hierarchy or Degeneracy?

Lightest mass:    m1    [eV]
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Normal Ordering

m3

m2

m1

m2
2 = m2

1 +∆m2
21 = m2

1 +∆m2
S

m2
3 = m2

1 +∆m2
31 = m2

1 +∆m2
A

Lightest mass:    m3    [eV]
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itInverted Hierarchy

Quasi−Degenerate
Inverted Ordering

m2

m1

m3

m2
1 = m2

3 −∆m2
31 = m2

3 +∆m2
A

m2
2 = m2

1 +∆m2
21 ' m2

3 +∆m2
A

Quasi-Degenerate for m1 ' m2 ' m3 ' mν &
√
∆m2

A ' 5 × 10−2 eV

95% Cosmological Limit: Planck TT + lowP + BAO [arXiv:1502.01589]
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Tritium Beta-Decay
3H → 3He + e− + ν̄e

dΓ
dT =

(cosϑCGF)
2

2π3 |M|2 F (E) p E K2(T )

Kurie function: K(T ) =

[
(Q − T )

√
(Q − T )2 − m2

νe

]1/2

Q = M3H − M3He − me = 18.58 keV

mνe
> 0

Q−mνe
Q

mνe
= 0

T

K
(T

)

mνe < 1.1 eV (90% C.L.)

KATRIN
[PRL 123 (2019) 221802, arXiv:1909.06048]

Expected final sensitivity:
mνe ≈ 0.2 eV

C. Giunti − Neutrino Physics – III − Torino PhD Course − Torino − December 2019 − 38/76



C. Giunti − Neutrino Physics – III − Torino PhD Course − Torino − December 2019 − 39/76



Transport of the KATRIN spectrometer from the Rhine river to the Karlsruhe
Institute of Technology.

(Novembre 2006)
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Neutrino Mixing =⇒ K(T ) =

[
(Q − T )

∑
k

|Uek |2
√

(Q − T )2 − m2
k

]1/2

Q−m2 T Q−m1

K
(T

)

Q

analysis of data is
different from the
no-mixing case:
2N − 1 parameters(∑

k
|Uek |2 = 1

)

if experiment is not sensitive to masses (mk � Q − T )
effective mass: m2

β =
∑

k
|Uek |2m2

k

K 2 = (Q − T )2
∑

k

|Uek |2
√

1 −
m2

k

(Q − T )2 ' (Q − T )2
∑

k

|Uek |2
[
1 − 1

2
m2

k

(Q − T )2

]
= (Q − T )2

[
1 − 1

2
m2

β

(Q − T )2

]
' (Q − T )

√
(Q − T )2 − m2

β
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Predictions of 3ν-Mixing Paradigm

m2
β = |Ue1|2 m2

1 + |Ue2|2 m2
2 + |Ue3|2 m2

3

mmin    [eV]

m
β
  

  
[e

V
]

NO

IO
∆mA

2

95% Mainz and Troitsk Limit

95% KATRIN Sensitivity
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5
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1

10

1σ
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3σ

I Quasi-Degenerate:
m2

β ' m2
ν

∑
k |Uek |2 = m2

ν

I Inverted Hierarchy:
m2

β ' (1 − s2
13)∆m2

A ' ∆m2
A

I Normal Hierarchy:
m2

β ' s2
12c2

13∆m2
S + s2

13∆m2
A

' 2 × 10−5 + 6 × 10−5 eV2

I If mβ . 4 × 10−2 eV
⇓

Normal Spectrum
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Neutrinoless Double-Beta Decay

76
32Ge

76
33As

76
34Se

0+

2−

0+

β−

β−β−

Effective Majorana Neutrino Mass: mββ =
∑

k
U2

ek mk
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Two-Neutrino Double-β Decay: ∆L = 0

N (A,Z) → N (A,Z + 2) + e− + e−

+ ν̄e + ν̄e

(T 2ν
1/2)

−1 = G2ν |M2ν |2

second order weak interaction
process

in the Standard Model
d u

d u

ν̄e

ν̄e

e
−

e
−

W
−

W
−

Neutrinoless Double-β Decay: ∆L = 2

N (A,Z) → N (A,Z + 2)+ e− + e−

(T 0ν
1/2)

−1 = G0ν |M0ν |2 |mββ |2

effective
Majorana

mass
|mββ | =

∣∣∣∣∣∑
k

U2
ek mk

∣∣∣∣∣
d

d

mk

Uek

Uek

u

e
−

e
−

u
W

−

W
−

νkL

ν
c

kL
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0.0 0.5 1.0 1.5 2.0

0
.0

0
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0
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1
.0

T    [MeV]

f(
T

)

32

76
Ge 2νββ

0νββ

Q = 2.039MeV
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Effective Majorana Neutrino Mass

mββ =
∑

k
U2

ek mk complex Uek ⇒ possible cancellations

mββ = |Ue1|2 m1 + |Ue2|2 e iα2 m2 + |Ue3|2 e iα3 m3

α2 = 2λ2 α3 = 2 (λ3 − δ13)

α2

α3

U
2

e1m1

mββ

Re[mββ]

U
2

e3m3

Im[mββ]

U
2

e2m2

α3

α2

U
2

e1m1 Re[mββ]

Im[mββ]

U
2

e3m3 U
2

e2m2

|mββ| = 0
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90% C.L. Experimental Bounds

ββ− decay experiment T 0ν
1/2 [y] mββ [eV]

48
20Ca → 48

22Ti ELEGANT-VI > 1.4 × 1022 < 6.6 − 31

76
32Ge → 76

34Se

Heidelberg-Moscow > 1.9 × 1025 < 0.23 − 0.67
IGEX > 1.6 × 1025 < 0.25 − 0.73
Majorana > 4.8 × 1025 < 0.20 − 0.43
GERDA > 8.0 × 1025 < 0.12 − 0.26

82
34Se → 82

36Kr NEMO-3 > 1.0 × 1023 < 1.8 − 4.7
100
42Mo → 100

44Ru NEMO-3 > 2.1 × 1025 < 0.32 − 0.88
116
48Cd → 116

50Sn Solotvina > 1.7 × 1023 < 1.5 − 2.5
128
52Te → 128

54Xe CUORICINO > 1.1 × 1023 < 7.2 − 18
130
52Te → 130

54Xe CUORE > 1.5 × 1025 < 0.11 − 0.52
136
54Xe → 136

56Ba EXO > 1.1 × 1025 < 0.17 − 0.49
KamLAND-Zen > 1.1 × 1026 < 0.06 − 0.16

150
60Nd → 150

62Sm NEMO-3 > 2.1 × 1025 < 2.6 − 10
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|m
β

β
| 
  
[e

V
]

10
−1

1

10

ELE−VI

H−M IGEX
GERDA

NEMO−3

NEMO−3

Solotvina

CUORICINO

CUORICINO

EXO

K−ZEN

NEMO−3

20

48
Ca 32

76
Ge 34

82
Se

42

100
Mo 48

116
Cd 52

128
Te 52

130
Te 54

136
Xe 60

150
Nd

NSM QRPA IBM−2 EDF PHFB

[Bilenky, CG, IJMPA 30 (2015) 0001]
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Predictions of 3ν-Mixing Paradigm

mββ = |Ue1|2 m1 + |Ue2|2 e iα2 m2 + |Ue3|2 e iα3 m3
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Lightest mass:    m1    [eV]
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mββ = |Ue1|2 m1 + |Ue2|2 e iα2 m2 + |Ue3|2 e iα3 m3

mmin    [eV]

m
β

β
  

  
[e

V
]
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QD
90% C.L. UPPER LIMIT
KamLAND−Zen, PRL 117 (2016) 082503
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I Quasi-Degenerate:

|mββ | ' mν

√
1 − s2

2ϑ12
s2
α2

I Inverted Hierarchy:

|mββ | '
√
∆m2

A(1 − s2
2ϑ12

s2
α2)

I Normal Hierarchy:
|mββ | ' |s2

12

√
∆m2

S + e iαs2
13
√

∆m2
A|

' |2.7 + 1.2e iα| × 10−3 eV

I If |mββ | . 10−2 eV
⇓

Normal Spectrum
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ββ0ν Decay ⇔ Majorana Neutrino Mass
I |mββ | can vanish because of unfortunate cancellations among the ν1, ν2,

ν3 contributions or because neutrinos are Dirac particles.
I However, ββ0ν decay can be generated by another mechanism beyond

the Standard Model.
I In this case, a Majorana mass for νe is generated by radiative corrections:

d

d u

u

e−

e−

ββ0ν
=⇒

d

d u

u

e−

W+

W+

e−
ββ0ν

νc

eL

νeL

[Schechter, Valle, PRD 25 (1982) 2951; Takasugi, PLB 149 (1984) 372]

I Majorana Mass Term: LM
eL = −1

2 mee
(
νc

eL νeL + νeL ν
c
eL
)

I Very small four-loop diagram contribution: mee ∼ 10−24 eV
[Duerr, Lindner, Merle, JHEP 06 (2011) 091 (arXiv:1105.0901)]
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I In any case finding ββ0ν decay is important for

I Finding total Lepton number violation (∆L = ±2).

I Establishing the Majorana (or pseudo-Dirac) nature of neutrinos.

I On the other hand, even if ββ0ν decay is not found, it is not possible to
prove experimentally that neutrinos are Dirac particles, because

I A Dirac neutrino is equivalent to 2 Majorana neutrinos with the same mass.

I It is impossible to prove experimentally that the mass splitting is exactly
zero.
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Short-Baseline Neutrino Oscillation Anomalies
I In the standard framework of three-neutrino mixing there are two

independent ∆m2’s:

I ∆m2
SOL = ∆m2

21 ' 7.4 × 10−5 eV2

I ∆m2
ATM ' |∆m2

31| ' 2.5 × 10−3 eV2

I Atmospheric and solar neutrino oscillations are detectable at the
distances

I Losc
ATM &

Eν

∆m2
ATM

≈ 1 km Eν

MeV

I Losc
SOL &

Eν

∆m2
SOL

≈ 50 km Eν

MeV

I The atmospheric and solar neutrino oscillations cannot explain flavor
neutrino transitions at shorter distances.
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LSND
[PRL 75 (1995) 2650; PRC 54 (1996) 2685; PRL 77 (1996) 3082; PRD 64 (2001) 112007]

ν̄µ → ν̄e 20 MeV ≤ E ≤ 52.8 MeV

∆m2
SBL & 0.1 eV2 � ∆m2

ATM

I Well-known and pure source of ν̄µ

p
800 MeV

+ target → π+ at rest−−−→ µ+ + νµ

µ+ −−−→
at rest

e+ + νe + ν̄µ

ν̄e + p → n + e+

Well-known detection process of ν̄e

I ≈ 3.8σ excess
I But signal not seen by KARMEN at

L ' 18 m with the same method
[PRD 65 (2002) 112001]

L ' 30 m
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Gallium Anomaly
Gallium Radioactive Source Experiments: GALLEX and SAGE

νe Sources: e− + 51Cr → 51V + νe e− + 37Ar → 37Cl + νe

Test of Solar νe Detection: νe +
71Ga → 71Ge + e−

E ' 0.75 MeV E ' 0.81 MeV

0
.7

0
.8

0
.9

1
.0

1
.1

R
=
N

e
x
p
N

c
a
l

Cr1
GALLEX

Cr
SAGE

Cr2
GALLEX

Ar
SAGE

R = 0.84 ± 0.05

〈L〉GALLEX = 1.9 m 〈L〉SAGE = 0.6 m

∆m2
SBL & 1 eV2 � ∆m2

ATM

≈ 2.9σ deficit
[SAGE, PRC 73 (2006) 045805; PRC 80 (2009) 015807;

Laveder et al, Nucl.Phys.Proc.Suppl. 168 (2007) 344,
MPLA 22 (2007) 2499, PRD 78 (2008) 073009,

PRC 83 (2011) 065504]

I 3He + 71Ga → 71Ge + 3H cross section measurement [Frekers et al., PLB 706 (2011) 134]
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Reactor Electron Antineutrino Anomaly
[Mention et al, PRD 83 (2011) 073006]

New reactor ν̄e fluxes: Huber-Mueller (HM)
[Mueller et al, PRC 83 (2011) 054615; Huber, PRC 84 (2011) 024617]

L     [m]

R
=

N
e
x
p

N
c
a

l

10 10
2

10
30

.7
0

0
.8

0
0

.9
0

1
.0

0
1

.1
0

1
.2

0

R = 0.934 ± 0.024

Bugey−3
Bugey−4+Rovno91
Chooz

Daya Bay
Double Chooz
Gosgen+ILL

Krasnoyarsk
Nucifer
Palo Verde

RENO
Rovno88
SRP

≈ 2.8σ deficit
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Beyond Three-Neutrino Mixing: Sterile Neutrinos

Losc =
4πE
∆m2

νe νµ ντ

∆m
2

SOL

∆m
2

ATM

...
νs2

νs1

∆m
2

SBL

ν4

ν3

ν2

ν1

...
ν5

m

& 1 eV
2

≃ 2.5× 10−3 eV
2

≃ 7.4× 10−5 eV
2

0

10

20

30

86 88 90 92 94

E
cm

 [GeV]

σ
h

a
d
 [

n
b

]

3ν

2ν

4ν

average measurements,
error bars increased
   by factor 10

ALEPH
DELPHI
L3
OPAL

NLEP
νactive = 2.9840 ± 0.0082

Terminology: a eV-scale sterile neutrino
means: a eV-scale massive neutrino which is mainly sterile
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Short-Baseline Neutrino Oscillations

Three-Neutrino Mixing

|νsource〉 = |να〉 = Uα1 |ν1〉+ Uα2 |ν2〉+ Uα3 |ν3〉

να

ν1

source L

νβ

detector

ν2

ν3

|νdetector〉 ' Uα1 e−iEL |ν1〉+ Uα2 e−iEL |ν2〉+ Uα3 e−iEL |ν3〉 = e−iEL|να〉

Pνα→νβ (L) = |〈νβ|νdetector〉|2 ' |e−iEL〈νβ|να〉|2 = δαβ

No Observable Short-Baseline Neutrino Oscillations!
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Short-Baseline Neutrino Oscillations
3+1 Neutrino Mixing

|νsource〉 = |να〉 = Uα1 |ν1〉+ Uα2 |ν2〉+ Uα3 |ν3〉+ Uα4 |ν4〉

ν2

source L detector

ν3

ν1

να νβ

ν4

|νdetector〉 ' e−iEL (Uα1 |ν1〉+ Uα2 |ν2〉+ Uα3 |ν3〉) + Uα4 e−iE4L |ν3〉 6= |να〉

Pνα→νβ (L) = |〈νβ|νdetector〉|2 6= δαβ

Observable Short-Baseline Neutrino Oscillations!

The oscillation probabilities depend on U and
∆m2

SBL = ∆m2
41 ' ∆m2

42 ' ∆m2
43

C. Giunti − Neutrino Physics – III − Torino PhD Course − Torino − December 2019 − 60/76



I Some authors that probably did not think about the quantum mechanics
of neutrino oscillations present νµ → νe short-baseline transitions due to
sterile neutrinos as

νµ → νs → νe

I This is wrong!

THERE IS NO INTERMEDIATE νs !
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Two possible interpretations of νµ → νs → νe :

1. There is a transition from νµ to νs , and then to νe : wrong!
Because the intermediate determination of the neutrino flavor interrupts the
quantum evolution.
Moreover, νs is not detectable!

2. There is an intermediate linear combination of massive neutrinos that
corresponds to |νs〉: wrong!
This is possible only with the mixing (|a|2 + |b|2 + |c|2 = 1)

|νe〉
|νµ〉
|ντ 〉
|νs〉

 =
1√
2


· · · · · · · · · 0
a b c 1
· · · · · · · · · 0
−a −b −c 1



|ν1〉
|ν2〉
|ν3〉
|ν4〉


|ν(L)〉 = e−iEL

√
2

[
a |ν1〉+ b |ν2〉+ c |ν3〉+ e−i(E4−E)L |ν4〉

]
|ν(L)〉 = |νµ〉 for L = 0 and |ν(L)〉 ∝ |νs〉 for e−i(E4−E)L = −1

but in this case there are no SBL νµ → νe transitions!
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Short-Baseline Reactor Neutrino Oscillations

L    [m]

P
ν

e
→

ν
e

1 10 10
2

10
30

.7
0

0
.8

0
0
.9

0
1
.0

0
1
.1

0
1
.2

0

DC

DC
DB DB

R

RE ≈ 4MeV − sin
2
2ϑee = 0.1

∆m41

2
= 0.1 eV

2

∆m41

2
= 0.5 eV

2

∆m41

2
= 1.0 eV

2

Bugey−4

Rovno91

Rovno88

Bugey−3

Gosgen

ILL

Krasnoyarsk

SRP

Nucifer

∆m2
SBL & 0.5 eV2 � ∆m2

ATM

I SBL oscillations are averaged at the Daya Bay, RENO, and Double
Chooz near detectors =⇒ no spectral distortion
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Four-Neutrino Schemes: 2+2, 3+1 and 1+3
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2+2 Four-Neutrino Schemes

ν1

ν2

∆m
2

SOL

∆m
2

SBL

ν4

ν3

∆m
2

ATM

m

∆m
2

SBL

∆m
2

SOL

ν1

ν2

ν4

ν3

∆m
2

ATM

m

I After LSND (1995) 2+2 was preferred to 3+1, because of the 3+1
appearance-disappearance tension

[Okada, Yasuda, IJMPA 12 (1997) 3669; Bilenky, CG, Grimus, EPJC 1 (1998) 247]

I This is not a perturbation of 3-ν Mixing =⇒ Large active–sterile
oscillations for solar or atmospheric neutrinos!
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2+2 Schemes are Strongly Disfavored

0 0.2 0.4 0.6 0.8 1

η
s

0

10

20

30

40

50

∆
χ

2

99% CL (1 dof)

so
la

r 
+
 K

a
m

L
A

N
D

s
o
la

r

so
la

r (
pr

e 
S
N
O

 s
al

t)

0 0.2 0.4 0.6 0.8 1

η
s

χ
2

PG

χ
2

PCatm
 + K2K + SBL

global

so
la

r 
+
 K

a
m

L
A

N
D

0 0.05 0.1 0.15 0.2

d
µ

a
tm

o
sp

h
e
ri
c 

+
 K

2
K

99% CL (1 dof)

Solar: Matter Effects + SNO NC Atmospheric: Matter Effects

ηs = |Us1|2 + |Us2|2 = 1 − |Us3|2 + |Us4|2

99% CL:
{

ηs < 0.25 (Solar + KamLAND)
ηs > 0.75 (Atmospheric + K2K)

[Maltoni, Schwetz, Tortola, Valle, New J. Phys. 6 (2004) 122]
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3+1 and 1+3 Four-Neutrino Schemes
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I Perturbation of 3-ν Mixing: |Ue4|2, |Uµ4|2, |Uτ4|2 � 1 |Us4|2 ' 1
I 1+3 schemes are disfavored by cosmology (ΛCDM):

3∑
k=1

mk . 0.2 eV [Planck, Astron. Astrophys. 594 (2016) A13 (arXiv:1502.01589)]
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Effective 3+1 SBL Oscillation Probabilities

|να〉 =
4∑

k=1
U∗
αk |νk〉

t−−→ |να(t)〉 =
4∑

k=1
U∗
αke−iEk t |νk〉

Aνα→νβ (t) = 〈νβ|να(t)〉 =
4∑

k=1
U∗
αkUβke−iEk t (〈νβ|νk〉 = Uβk)

Pνα→νβ =

∣∣∣∣∣
4∑

k=1
U∗
αkUβke−iEk t

∣∣∣∣∣
2

=

∣∣∣∣∣
4∑

k=1
U∗
αkUβke−iEk t

∣∣∣∣∣
2

∗
∣∣∣e iE1t

∣∣∣2
=

∣∣∣∣∣
4∑

k=1
U∗
αkUβke−i(Ek−E1)t

∣∣∣∣∣
2
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Pνα→νβ =

∣∣∣∣∣
4∑

k=1
U∗
αkUβke−i(Ek−E1)t

∣∣∣∣∣
2

Ek =
√

p2 + m2
k ' p +

m2
k

2p =⇒ Ek − E1 '
∆m2

k1
2p

E = p t ' L

Pνα→νβ '

∣∣∣∣∣
4∑

k=1
U∗
αkUβk exp

(
−i

∆m2
k1L

2E

)∣∣∣∣∣
2
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Pνα→νβ=

∣∣∣∣U∗
α1Uβ1 + U∗

α2Uβ2 exp

(
−i∆m2

21L
2E

)
+U∗

α3Uβ3 exp

(
−i

∆m2
31L

2E

)
+ U∗

α4Uβ4 exp

(
−i∆m2

41L
2E

)∣∣∣∣2

SBL =⇒ ∆m2
21L

2E � 1
∆m2

31L
2E � 1

PSBL
να→νβ

'
∣∣∣∣U∗

α1Uβ1 + U∗
α2Uβ2 + U∗

α3Uβ3 + U∗
α4Uβ4 exp

(
−i∆m2

41L
2E

)∣∣∣∣2

U∗
α1Uβ1 + U∗

α2Uβ2 + U∗
α3Uβ3 = δαβ − U∗

α4Uβ4
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PSBL
να→νβ

'
∣∣∣∣δαβ − U∗

α4Uβ4

[
1 − exp

(
−i∆m2

41L
2E

)]∣∣∣∣2
= δαβ + |Uα4|2|Uβ4|2

(
2 − 2 cos∆m2

41L
2E

)
− 2δαβ|Uα4|2

(
1 − cos

∆m2
41L

2E

)
= δαβ − 2|Uα4|2

(
δαβ − |Uβ4|2

)(
1 − cos

∆m2
41L

2E

)
= δαβ − 4|Uα4|2

(
δαβ − |Uβ4|2

)
sin2 ∆m2

41L
4E

α 6= β =⇒ PSBL
να→νβ

' 4|Uα4|2|Uβ4|2 sin2
(
∆m2L

4E

)
α = β =⇒ PSBL

να→να ' 1 − 4|Uα4|2
(
1 − |Uα4|2

)
sin2

(
∆m2L

4E

)
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Appearance (α 6= β)

PSBL
(−)

να→
(−)

νβ

' sin2 2ϑαβ sin
2
(
∆m2

41L
4E

)

sin2 2ϑαβ = 4|Uα4|2|Uβ4|2

Disappearance

PSBL
(−)

να→
(−)

να

' 1 − sin2 2ϑαα sin2
(
∆m2

41L
4E

)

sin2 2ϑαα = 4|Uα4|2
(
1 − |Uα4|2

)

U =

Ue1 Ue2 Ue3 Ue4

Uµ1 Uµ2 Uµ3 Uµ4

Uτ1 Uτ2 Uτ3 Uτ4

Us1 Us2 Us3 Us4




SBL

I 6 mixing angles
I 3 Dirac CP phases
I 3 Majorana CP phases

I ∆m2
SBL = ∆m2

41 ' ∆m2
42 ' ∆m2

43
I CP violation is not observable in SBL

experiments!
I Observable in LBL accelerator exp.

sensitive to ∆m2
ATM [de Gouvea et al, PRD 91 (2015)

053005, PRD 92 (2015) 073012, arXiv:1605.09376; Palazzo et al, PRD

91 (2015) 073017, PLB 757 (2016) 142; Kayser et al, JHEP 1511 (2015)

039, JHEP 1611 (2016) 122] and solar exp. sensitive
to ∆m2

SOL [Long, Li, CG, PRD 87, 113004 (2013) 113004]
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Common Parameterization of 4 × 4 Mixing Matrix

U =
[
W 34R24W 14R23W 13R12] diag(1, e iλ21 , e iλ31 , e iλ41

)

=


c12c13c14 s12c13c14 c14s13e−iδ13 s14e−iδ14

· · · · · · · · · c14s24

· · · · · · · · · c14c24s34e−iδ34

· · · · · · · · · c14c24c34




1 0 0 0

0 e iλ21 0 0

0 0 e iλ31 0

0 0 0 e iλ41



|Ue4|2 = sin2 ϑ14 ⇒ sin2 2ϑee = 4|Ue4|2
(
1 − |Ue4|2

)
= sin2 2ϑ14

|Uµ4|2 = cos2 ϑ14 sin
2 ϑ24 ' sin2 ϑ24⇒ sin2 2ϑµµ = 4|Uµ4|2

(
1 − |Uµ4|2

)
' sin2 2ϑ24

C. Giunti − Neutrino Physics – III − Torino PhD Course − Torino − December 2019 − 73/76



3+1: Appearance vs Disappearance

I SBL Oscillation parameters: ∆m2
41 |Ue4|2 |Uµ4|2 (|Uτ4|2)

I Amplitude of νe disappearance:

sin2 2ϑee = 4|Ue4|2
(
1 − |Ue4|2

)
' 4|Ue4|2

I Amplitude of νµ disappearance:

sin2 2ϑµµ = 4|Uµ4|2
(
1 − |Uµ4|2

)
' 4|Uµ4|2

I Amplitude of νµ → νe transitions:

sin2 2ϑeµ = 4|Ue4|2|Uµ4|2 ' 1
4 sin2 2ϑee sin

2 2ϑµµ

quadratically suppressed for small |Ue4|2 and |Uµ4|2

⇓
Appearance-Disappearance Tension

[Okada, Yasuda, IJMPA 12 (1997) 3669; Bilenky, CG, Grimus, EPJC 1 (1998) 247]
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Neutrinoless Double-Beta Decay
mββ =

∣∣|Ue1|2 m1 + |Ue2|2 e iα21 m2 + |Ue3|2 e iα31 m3 + |Ue4|2 e iα41 m4
∣∣
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Conclusions
I Mainstream 3ν-mixing research: precise measurements of mass ordering,

masses, mixing angles and CP violating phases with neutrino oscillations,
β decay, ββ0ν decay.

I Neutrinos provide a Window to the New Physics beyond the Standard
Model through:
I Small (Majorana) Masses.
I Sterile Neutrinos.
I Non-Standard Interactions. [see Ohlsson, RPP 76 (2013) 044201, arXiv:1209.2710]

I Electromagnetic Interactions. [see CG, Studenikin, RMP 87 (2015) 531, arXiv:1403.6344]

I …
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