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Why Neutrino Physics

Neutrinos are special among the known particles (fermions):

» Neutrinos are the only neutral fermions.

> Neutrinos interact very weakly, only with left-handed weak interactions (and
of course gravitational interactions).

P Their mass is extremely small.

In the Standard Model neutrinos are assumed to be left-handed and
massless.

The observation of neutrino oscillations implies that neutrinos are
massive.

Neutrino masses are so far the only certain phenomenon Beyond the
Standard Model (BSM).

Neutrino masses and non-standard neutrino properties and interactions
are windows on the physics Beyond the Standard Model.

Neutrinos are powerful astrophysical messengers (from Sun, supernovae,
AGNSs, ..) thanks to their extremely weak interactions and neutrality.
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Fermion Mass Spectrum
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Part I: Theory of Neutrino Masses and Mixing

Dirac Neutrino Masses and Mixing

Majorana Neutrino Masses and Mixing

Dirac-Majorana Mass Term

Sterile Neutrinos
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Dirac Neutrino Masses and Mixing

@ Dirac Neutrino Masses and Mixing
e Higgs Mechanism in SM
e SM Extension: Dirac Neutrino Masses
o Three-Generations Dirac Neutrino Masses
o Mixing
o CP Violation
o Jarlskog Invariant
o Lepton Numbers Violating Processes
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Dirac Mass

Dirac Equation: (i — m)v(x) =0 d=~"0,
Dirac Lagrangian: Zp(x) = v(x) (i — m) v(x) 7 =viq0
Chiral decomposition: v, = P,v, vr = Prv, v=v+ VR
1-° 145
Left and Right-handed Projectors: P, = 27 , Pr= 27

P} =P, Pi=Pgr, P.+Pr=1, PPr=PrP.=0
L =vriv; + VRidvg — m (Vvr + UryL)

In SM only v, by assumption = no neutrino mass
Note that all the other elementary fermion fields (charged leptons and quarks)
have both left and right-handed components

Oscillation experiments have shown that neutrinos are massive

Simplest and natural extension of the SM: consider also vg
as for all the other elementary fermion fields
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Higgs Mechanism in SM

Higgs Doublet: ®(x) = <(ZZ((;:))> |02 = ofd = ¢+¢++¢o¢o

Higgs Lagrangian: Zjges = (D, ®)1(D*d) — V(|®|?)
Higgs Potential: V/(|®[?) = p2|®|> + \|d[*

2
2<0and A >0 = V(o) =21 <\¢|2 _ ;)

v = —“72 = (ﬂGF>_1/2 ~ 246 GeV

v2 0
Vacuum: Vi for [®? = v = (d) = \% <V>

Spontaneous Symmetry Breaking: SU(2), x U(1)y — U(1)g
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0
v + H(x)

» Unitary Gauge: ®(x) = 1 <

L ) —l0P =% v+ 14

2
> V= (10P = %) = WPHZ £ AVHR 4 ) H

my = V2 \v2 = /=242 ~ 126 GeV

—p2 =~ (89GeV)? A= ~0.13

C. Giunti — Neutrino Physics — | — Torino PhD Course — Torino — 30 Nov - 4 Dec 2020 — 8/118



SM Extension: Dirac Neutrino Masses

Il B | YIQ=5hk+

SM left-handed vy 1/2 0
L= 1/2 —-1
lepton doublet 0 172 )
SM right-handed
charged lepton singlet R 0 0 |-2 —1
BSM right-handed
neutrino singlet VR 01 0 |0 0
X 1/2 1
SM Higgs doublet  ®(x) = +(3) 1/2 / +1
¢o(x) -1/2 0
Third component of weak isospin: I3 = 73 _ 1 1.0
P P 372 7 2\0 1

=t (30 (5)- ()
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I 5 b+ ¥

SM left-handed VL 1/2 0

lepton doublet L= 0 1/2 12 -1 .
SM right-handed

charged lepton singlet (R 0 0 |—2 -1
BSM right-handed

neutrino singlet VR 0 0 0

X 1/2 1

SM Higgs doublet  ®(x) = ¢+(x) 1/2 / +1
do(x) ~1/2 0

Lepton-Higgs Yukawa Lagrangian:
LhL = fyeLil_CDERfy”Li/_&)l/RqLH.c.

Y: +1+1-2 +1-10
with
® = igyd* = < %*(X) > « Y=-1
_¢+(X)
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Invariance under SU(2),

» SU(2), transformation of doublets: L, — UL; and & — U
with

k=1
» Pauli matrices: o1=(9%) o2=(99) o3=(52%)
(0x)? =1 (Uk)T = 0Ok (0k)" = —020¢02
Therefore: U* = ooUo»

> &= igyd" — iU " = iopon Uy ®* = Uigy®* = Ud
» Lepton-Higgs Yukawa terms:

LLCMR S LU USlr=1L, L $ LR
Lovg=L U UdVR =L, Prg
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Dirac Mass Generation

LL = (Zt) gR VR

Lepton-Higgs Yukawa Lagrangian

LhL = —y' L[ dig —yVTLED vr + H.c.

Spontaneous Symmetry Breaking

0=, )  E=imer = (V)

E P

- ) (”éﬂx)) vr +H.c.
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—%EZRH—%VLVRH—FHC
¢ vV v vV
mp=y — m, = —
=R Y R
B Z_mg ”_m,,
gZH—\/E—V gVH_\@_V

v = (\fQGF>_1/2 = 246 GeV

PROBLEM: y” <107 « y¢ ~ 1070
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Three-Generations Dirac Neutrino Masses

/ Vel r_ V:J,L o Vit
el — pl = TL =
by =€ %L = U, =1
lep = €R %R = [ig lr=Tg
V;R V,/LR V4R
Lepton-Higgs Yukawa Lagrangian
.ZHJ_:— Z |:YO¢B an)gBR—i—Y/B OLL(DVﬁR +HC
a7B:e7/‘L7T
Spontaneous Symmetry Breaking
1 0 ~ 1 v+ H(x
d(x) = O =iord = — ()
2 \v+H(x) V2 0
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v+ H _ _
LHL=— < NG > Z [Y(;% O R+ Yas v, l/ﬁR} +H.c.

CV’/B:e,//L,T

_ VEHN 1or v
Ly = (\@)[BLY k[ Y V| +He

/ / /
L . s N
— ! . ! — i
b= lr= | 1g V=YL VrR= | Yur
/ / / /
T, T 1% 1%
L R L R
" " " v v v
y Yeg Yeén Yez Yee Yeu YET
A / / / v — v v v
S Ve T U E N Ve Ve Y
14 14 14
YT e YT[}, YT T YTE YT /,L YTT
M/f — v Y/Z M/V _ v Y/I/

V2 T2
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H\ _
L= — (V\%) [E’L Yl +v, Y Up| +Hec

Diagonalization of Y’* and Y’” with unitary V¥, V&, V. VK

/ 4 / 14 / /
L:VLEL R:VReR I/L:Vi/n[_ VRZVEHR

Important general remark: unitary transformations are allowed
because they leave invariant the kinetic terms in the Lagrangian

Lhin = il + LLidly + V] iu] + Vhidug
= Viiovie + ...

= EiaBL + EI'(?ER + ULidu + URiug
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H
gH,L:_ (V\_’/_§> |:£/ Ylé R+VL Y/VVR + H.c.

Diagonalization of Y’* and Y”” with unitary V¢, Vlé, vy, Vg
L=Vt lp=Vitg  vp=V{n  vp=Ving

v+ H

V2

VT y* vh = v? Yis = yhdas (o, B =e,pu,7)

Ll = — < > [Eva Y Vg + VY v,gnR] +Hec

vty vy = yr Yy = yi 0k (k,j=1,2,3)

Real and Positive y’, Vi

Vi Y Vg = Y
9 18 9 3
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Consider the Hermitian matrix Y'Y’

It has real eigenvalues and orthonormal eigenvectors:

Y/Y/TVk = )\kvk = Z(Y/Y/T)aﬁ(vk)ﬂ = )\k(vk)a
B

Unitary diagonalizing matrix: (V} )k = (vk)g
YYTVi=AVv — VIVYTV =N with Ay = Al

The real eigenvalues )\, are positive:

M= S (VY oY VDak = SV Y ka(VI YD,

= > VY )V k0 = DIV Y ka2 0

«

Then, we can write V Y'Y'TV, = Y2 with (V) = yidyj
real and positive yx = /A
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» Let uswrite Y as Y/ = V| YVE,
» This is the diagonalizing equation if Vg is unitary.
VE=Y VY ve=YTviyt with Yi=y
> ViV =Y Wy yiy y-l=y-ly2y-1-
> VeVE= YTV Yy ly vy = vy y-2vly
% 2 _ VT(Y/T) (Y/)fle
VeVE = YTvivi(yh) =y tve vy = vy Lyt =1
» In conclusion: VLJr Y'Vg =Y  with unitary V, and Vg

(Y)ij = ykOxj  with real and positive yj
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Massive Chiral Lepton Fields

er €rR
Vit == | VR lr=tr = | ur
TL TR
V1L "R
VZTV’L:nLE Vol VETV;?:nRE VaR
V3L V3R
Lo = — <V%H> |E0Y" tr+ T Y ng| + He

()

o=e,[,T

k=1

3
> Vilarlar + > YK Ui vkr

+ H.c.

C. Giunti — Neutrino Physics — | — Torino PhD Course — Torino — 30 Nov - 4 Dec 2020 — 20/118



Massive Dirac Lepton Fields

goz = gaL + gaR (Oé = €, l, T)

vk =vie +vr - (k=1,2,3)

0 3 v
YoV 5 .yk v
LHL = — Lol — Z Uk Vg Mass Terms
a=e,u,T \/§ k=1 \/i
vh — >y
— 2Ll b H— X v v H Lepton-Higgs Couplings
a_ze;,f\@aa ;ﬁkk p ggs Coupling

Charged Lepton and Neutrino Masses

YoV YV
My, = =°= =

a=e T my =
( 2 ) k \@

Lepton-Higgs coupling o< Lepton Mass

(k=1,2,3)
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Quantization

3
w0 = | P2 e Y [“’)(p)u (p)e ™+ b () v{" (p) €

2m)32E, =

3l
p|5|z i (p) = —hv{"(p)
{ag(p). 2" (P} = (6" (p). b"(p)} = (27)* 26 8°(B — B') O
{a (p),a, (P} = (2 (p). 3 (p)} = 0
{6 (p), b (P} = {6 (p), B 1(p)} = 0
{ag (p) by ()} = {2 (p). b ' (p)} = 0
{3 (p). " ()} = {a""(p). £ (p')} = 0
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Mixing

Charged-Current Weak Interaction Lagrangian

Pl __& W, +H.c.
| 2\[1W
Weak Charged Current: iy =7y +jﬁVQ

Leptonic Weak Charged Current

JWL—2 Z KIL”)’ VaL—zﬁL'YpVL

a=e,u,T
/ 4 /
L= VL EL I/L = VLV n;

JWL—2£LVT vV "L_2£L’YPV Ving =287 Ung

Mixing Matrix: U= VL“ %%
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Definition: Left-Handed Flavor Neutrino Fields
Vel
I/L:UHL: VfT VLVHL: VfTV,L: L
VrL

They allow us to write the Leptonic Weak Charged Current as in the SM:
JWL_2£L7pVL—2 Z EaL’Y Val
a=e,u,T

Each left-handed flavor neutrino field is associated with the
corresponding charged lepton field which describes a massive charged

lepton: o - B
Jw L =2(eLy VeL + LY Vur +TLY vrL)

In practice left-handed flavor neutrino fields are useful for calculations in
the SM approximation of massless neutrinos (interactions).

If neutrino masses must be taken into account it is necessary to use

JWL—2£vaUnL—2 Z EEQLV Uak VL

a=e,, T k=1
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Flavor Lepton Numbers

Flavor Neutrino Fields are useful for defining
Flavor Lepton Numbers
as in the SM

(Ve,e) +1 0 0 || (vS,e) =1 0 0O
(Vpsp=) 0 41 0 || (w5, p") O -1 0
(vpy7) O 0 41| (v,77) 0 0 -1

L=Lle+Ly+L,]

Standard Model: Lepton numbers are conserved
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» L, L, L; are conserved in the Standard Model with massless neutrinos

» Dirac mass term:

D D D
Y (S N
< :—(Ve/_ UnL VT/_) Mie Mg, m; vur | +H.c
m mP  mP ViR

Le, L, L; are not conserved

» [ is conserved: L(var) = L(vgr) = |AL| =0
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» Leptonic Weak Charged Current is invariant under the global U(1) gauge
transformations

i i
bot — €% lor Vol — €9 g1 (a=e,p,7)

» If neutrinos are massless (SM), Noether's theorem implies that there is,
for each flavor, a conserved current:

J&=Tar v var + bV’ La Dl =
and a conserved charge:
Lo = / d’x jo (x) dola =0
L — /d3p {a(f)T( )al ) (p) — DI (p) B{H( )}
ton = | a3 2E [Pt P) e (P) = Bua TP B P
d’p (hYt, -y .(h) (W, o (h)
T / mh:ﬂ [aea (p)ay,’(p) — by, (p) by, (p)]
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» Lepton-Higgs Yukawa Lagrangian:

3
v+ H — o
fH,L:—< 7 ) > Vilartor+> i vir | + Hec.

a=e,[,T k=1
3
> Mixing: v, = Z Uok Vi = Ukl = Z Ui VaL
k=1 a=e,u,T
3
v+ H — L y
L= — ( NG ) > |Vhlartor +Tar Y Uaky¥ vir| +Hec.

a=e,u,T k=1
» Invariant for )
gaL — e'Pe EaLa Vol — e've ValL
3 3
lor = €9 lar, Y Uok Y¥ vir = €Y Uni YK Vir
k=1 k=1
» But kinetic part of neutrino Lagrangian is not invariant

3
(v) . .
gkinetic = E I/O[LI@V@[_ + E VkRIaVkR

a=e,,T k=1

because 2,3(:1 Unk y§ Vkr is not a unitary combination of the v4g's
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Total Lepton Number

» Dirac neutrino masses violate conservation of Flavor Lepton Numbers
» Total Lepton Number is conserved, because Lagrangian is invariant
under the global U(1) gauge transformations
Vil — ei‘P Vil , VKR — ein VKR (k = 1, 2, 3)
gaL — ei“’ éaL R gaR — ei“” EaR (Oé = e, U, T)
» From Noether's theorem

Jp:Zl/k’y Vi + Z Ea’y Lo, 6pj”:0

a=e,u,T

Conserved charge: L = /d3xj (x) QL =0

3 d3p
L = - (h)t (h) A (h)
L Z (271')3 2F |:auk (P) al/k (P) byk (P) byk (p)i|

k=1 h=+1

d’p (Rt -y () (Rt -y p(B)
+a_§e;” (2m)32E hgj;l [% () ay, (p) = by, (P) by, (P )}
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v

Mixing Matrix

Uel Ue2 Ue3
U=VIV/=|Ua Us Us
UTl U‘r2 UT3
A unitary Nx N matrix depends on N? independent real parameters:
l\/(l\12—1) =3 Mixing Angles
N=3 -
N(N2+1) =6 Phases

Not all phases are physical observables!
Neutrino Lagrangian:

kinetic terms 4+ mass terms + weak interactions
Mixing is due to the diagonalization of the mass terms.

The kinetic terms are invariant under unitary transformations of the
fermion fields.

What is the effect of mixing in weak interactions?
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Weak Charged Current: jW L =2 z ZEQL NP Upk ViL

a=e,u,T k=1
Apart from the Weak Charged Current, the Lagrangian is invariant
under the global phase transformations (6 arbitrary phases)

lo — €%l (a=eu,T), v — ey (k=1,2,3)

Performing this transformation the Weak Charged Current becomes

JWL_2 Z ZﬁaLe iva pUke’DkaL

a=e,l,T k=1

Pt — 0 gmilpe—e1) 71 e ilpa—we) np i(pr—1)

JwiL=2¢ DN > e e A Uake 277 v
1 a=e,u,T k=1 2 2

There are 5 independent combinations of the phases of the fields that

can be chosen to eliminate 5 of the 6 phases of the mixing matrix

5 and not 6 phases of the mixing matrix can be eliminated because a
common rephasing of all the lepton fields leaves the Weak Charged
Current invariant <= conservation of Total Lepton Number.
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» The mixing matrix contains 1 Physical Phase.

» It is convenient to express the 3 X 3 unitary mixing matrix only in terms
of the four physical parameters:

3 Mixing Angles and 1 Phase
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Standard Parameterization of Mixing Matrix

Vel Uaa Uex Ue V1L
vt | = | Ui Up2 U Z%
VrL Ui U2 Urs) \raL
1 0 0 C13 0 51367’-513 cip s12 0
U= 0 3 523 0 1 0 —S512 C12 0
0 —523 (23 —5136’513 0 C13 0 01
C12€13 S12€13 s13e7%13

— is i
= | —s12co3—c12523513€"°13  croco3—s12523513€"°13  sp3C3

i is
s12523—C12C23513€'°13  —C1o853—S12023513€'°13  C23C13

Cap = cosV,p Sap = sinUp 0<Yp < 0<d13<2rm

T
2
3 Mixing Angles 912, Y23, Y13 and 1 Phase d13
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Standard Parameterization

1 0 0 C13 0 5136’7"513 C12 si2 0

U=10 3 523 0 1 0 —S12 C12 0

0 —523 (23 —5136’613 0 C13 0 0 1
Example of Different Phase Convention

1 0 0 C13 0 513 C12 512 0

Uu=10 23 5236'623 0 1 0 —s12 ¢ O

0 —52367’513 23 —s13 0 c13 0 0 1
Example of Different Parameterization

¢,  sle 2 0\ /1 0 0 cls 0 sig

U= | —s|,e> cly 0] 0 ¢ sh 0 1 0

0 0 1) \0 —sby ch3/) \—si3 0 ci5
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CP Violation
» U# U* = CP Violation (CPV)

» General conditions for CP violation (14 conditions):

1. No charged leptons or neutrinos are degenerate in mass (6 conditions)
2. No mixing angle is equal to 0 or 7/2 (6 conditions)
3. The physical phase is different from 0 or = (2 conditions)

» These 14 conditions are combined into the single condition
detC£0 with C=—i[M” M M mh

detC = -2J (mg2 — mlz,l) (mlz,3 — m,%l) (ml2/3 — m12,2)

2 2 2 2 2 2
(my, = mg) (m? = mg) (m? —my) #0
» Jarlskog invariant: J = Im [Uez U:3U;2 UM3}
[C. Jarlskog, Phys. Rev. Lett. 55 (1985) 1039, Z. Phys. C 29 (1985) 491]
[O. W. Greenberg, Phys. Rev. D 32 (1985) 1841]

[I. Dunietz, O. W. Greenberg, Dan-di Wu, Phys. Rev. Lett. 55 (1985) 2935]
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Example: ¥, =0

U= R3RizWho

cos Y12 sindpe 012 Q
Wis = | —sindqo e 012 cos 1o 0
0 0 1

1 00
U1 =0 - Wipr=101 0] =1
0 01

Real Mixing Matrix: U = Ry3Ri3
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Example: 913 = 7/2

U= RsWisRy2

cos V13 0 sin ?91367’.613
Wiz = 0 1 0
—sint13e®2 0 cosis
0 0 e 013

V13 = /2 — W3 = 0 1 0
EEPNIE R 0
0 0 =013

U =|—sinen—cus3e®3  cnon—spsses 0

s2s3—cr2ese3 —cs—sipenels 0
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0 0 e i3
U= | Uul | eiAu1 | UMQ | eiAu2 0
|U71|e’>‘71 ‘ Uq—g ]e’)‘ﬂ 0

Al = A2 = A1 — A xm A=Al = A2 — A7

vk — ek (k=1,2,3), by — €% 0y (a=e pu,T)

e—ive 0 0 N 0 N e 18 ev1 0 0
U— 0 eor 0 [Upile™#t [Upale™r2 0 0 e®2 0
0 0 e 'oT |Ur1]err1 |Upplerr2 0 0 0 €v3

el(—013—vete3)

0 0
U= |Uu1|ei(M1*<Pu+w1) |UM2|ef(>\uzf¢u+v2) 0
|UT1‘ei(>\q—1*‘PT+W1) |U_r2|e"(>\7—2*</97—+¢2) 0

v1=0 Pu = )‘ul ©r = Ar1 Y2 = Pu — AMZ = Aul - Au2

2= —AnpET =X A1—AnET=A1— A2
0 0 +1
Real Mixing Matrix: U = <|Uu1| [Uu2| 0 )
|Ura| —|Ur2| 0
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Example: m,, = m,,

J%L = 2E'Yp Ung

U = Ri2R13Wa3 = JW L =227 RiaRizWas g

1 0 0
Wos= 1|0 cos 3 sin 3 e 102
0 —sindgze 923 cos o3

W23I1L = n’L R12R13 = U/ — JW L= 2£L "}/p U/ nL
v, and v3 are indistinguishable if they have the same mass!

/ . .
n; is equivalent to n;

Drop the prime = jW L=2£,+"Ung

With the Real Mixing Matrix U = Ri2Ry3
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Jarlskog Invariant

Since physics in invariant under reparameterizations of the mixing

matrix, all physical quantities can be expressed in terms of
reparameterization-invariant quantities.

. . . . 2
Simplest invariants:  [Uak|” = UakUsi s Uak Ui Usi Ug;
Simplest CPV invariants: Im[UakU;jUZkUgj] ==+J

Jarlskog invariant:  J = Im[Ue2U23U;2UH3] =1Im
In standard parameterization:
2 .
J = c12512023523C13513 5iN 013
1 . . . .
= 5 sin 21315 sin 21953 cos 13 sin 21413 sin d13

For CPV all mixing angles must be different from 0 and 7/2!
The Jarlskog invariant is useful for quantifying CPV in a
parameterization-independent way.

All measurable CPV effects depend on J.
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Maximal CP Violation

» Maximal CP violation is defined as the case in which |J| has its
maximum possible value

1
J = Max| c12512 €353 c? s138ind13| = ——
[ = Max| 5 =573

1

2
2 2 3v3
» In the standard parameterization it is obtained for

1912:1923:7'('/4, 513:1/\/§, sin513:i1

» This case is called Trimaximal Mixing. All the absolute values of the
elements of the mixing matrix are equal to 1/+/3:

— _71 ,1 71 — +i7 Fim

i 1 e:Fi7T/6 _e:ti7r/6 1

1 1
2T23 "2T23 3
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GIM Mechanism

[S.L. Glashow, J. lliopoulos, L. Maiani, Phys. Rev. D 2 (1970) 1285]

» Neutral-Current Weak Interaction Lagrangian:

pNO) &
| 2c0519WJZ P

» Leptonic Weak Neutral Current:  (gf’ = 1, g/ = —1 +sin’ 9w, gk = sin® Jw)

Jg=1J%L +i%q

Jou =280 V[V V| +28[ £ 17E, + 28R Lg 7 LR
» Invariant under mixing transformations with unitary V¢, V,g, vy
. — T T\
Jou =280 AL V' Vg + 2g[ 8 VTP V& + 28k BR VIS A Vig £,
= 2g} N’ np +2g; L L + 28k LRV LR

» Invariant also under the mixing transformation v; = U n; which defines
the flavor neutrino fields:
Jou =28l VLU~ Ulwy + 281 €781 + 285 Er 7 LR
= 2/ VL~ v + 28 €7 L + 28R LRV LR

» Mixing has no effect in neutral-current weak interactions.
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Lepton Numbers Violating Processes

Dirac mass term allows L, L,, L, violating processes

Example: p* — e + 1, pt et +et e
uoo—e 4y
gw
W.-—="""~ W
o
U: Uer

Z UikUek =0 = GIM suppression: A o Z w Uerf(mg)
K
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L) = W [eva (1 —5) e +7pYa (1 — ) o+ .. ]

op
2v2

WS [T Uva (1= 75)e + TRUiva (1= ys)i + - -
k

U;kﬁm(l - 75) ? - Uek’}/a(l - 75)
p* —mj,

. +me
A x Zueera (1- Ws)g;_mg Unkvs (1 —s)uy
k k
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L) = W [Feva (1= 75) € + Ty (1 — 75) p1+ - ]

op
2v2

WS [T Uva (1= 75)e + TRUiva (1= ys)i + - -
k

U;kﬁm(l - 75) ? - Uek’}/a(l - 75)
p* —mj,

_ + .
A x E UeUek'Yoz (1 - ’75);; —m (1 + ’75)7,3Uukuﬂ
k k
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mi i « My
AO(E Uek < p> g Uek U, 2 - E Uek U,
k
G2mB 2 |2
qu 3a

, m
~ 10273 321 Zk: Uek U

BR
[Petcov, SINP 25 (1977) 340; Bilenky, Petcov, Pontecorvo, PLB 67 (1977) 309

[Lee, Shrock, PRD 16 (1977) 1444]

m
Suppression factor:  — <107t for me SleV
mwy

BR)the < 104 BR).,, < 10711
~ P~
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Majorana Neutrino Masses and Mixing

@ Majorana Neutrino Masses and Mixing
o Two-Component Theory of a Massless Neutrino
e Majorana Equation

CP Symmetry

Effective Majorana Mass

Mixing of Three Majorana Neutrinos
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Two-Component Theory of a Massless Neutrino

[Landau, NP 3 (1957) 127; Lee, Yang, PR 105 (1957) 1671; Salam, NC 5 (1957) 299]

» Dirac Equation:  (i7"9, — m)¢ =0
» Chiral decomposition of a Fermion Field: ¢ = ¢, + g

» Equations for the Chiral components are coupled by mass:
i OubL = myr
i'YMaM/}R =my

» They are decoupled for a massless fermion: Weyl Equations (1929)
7L = 0
"0, r =0

» A massless fermion can be described by a single chiral field v, or ¥g
(Weyl Spinor), which has only two independent components (half the
number of degrees of freedom of a Dirac field, which has four
independent components).
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» Chiral representation of v matrices:

o (0 -1 . (0 7 s (1 0
Tl o 7= g o T =\o -1

XR1
» Four-components Dirac spinor: 1) = <XR> — | XR2
XL XL1
XL2
» The Weyl spinors 7); and g have only two components:
0 XR1
0 0 XR XR2
=Py = = = Pry) = =
Y= Py (XL> i Yr = PrY < 0 > 0
XL2 0
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» The possibility to describe a physical particle with a Weyl spinor was
rejected by Pauli in 1933 because it leads to parity violation:

V= () = (F)r

» Parity is the symmetry of space inversion (mirror transformation)

right-handed frame mirror  left-handed frame

» Parity was considered to be an exact symmetry of nature

> 1956: Lee and Yang understand that Parity can be violated in Weak
Interactions (1957 Physics Nobel Prize)

» 1957: Wu et al. discover Parity violation in S-decay of 69Co
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The experiment of Wu et al.

0Co — ONi+ e~ + e

real world mirror world
Ve <_Q_. e e <_Q_. Ve
GOCO GOCO
A mirror B

» If parity were conserved the decays A and B schould be observed with
the same frequency.

» Instead, Wu et al measured the asymmetry
A—-B
A+ B

» Therefore, parity is violated in weak interactions.

> 0.7
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Parity: x* = (x%,%) 2, xh = (x%, —X) = x,

The transformation of a fermion field ¢(x) under parity is determined
from the invariance of the theory under parity.

Dirac Lagrangian:

Zo(x) = B(x) (i) = m)p(x) = U(x) (1% + O — m) ()
P

0 (xp) <l'7050 — i Ok — m) ¥ (xp)

It is equal to Zp(xp) if |47 (xp) = &p 710 9(x)

Invariance is obtained from the action because =1:

Ox
ID = /d4X$D(X) = /d4ngD(Xp)
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> (x) > P (xe) = &p 7P (x)
> u(x) = (00)P () = Ep 104 (x)

_ A5 5
> Py =¢p ! 27 VO =¢&pA° 1+2fy Y =0
1 5 1— 5
> Pr(v)” =¢p 27 VO =&pr° 27 L= (Y)°

> Therefore (1,)7 is right-handed: ¥ == (41)° = (P)r

» Explicit swap of left and right components in the chiral representation:

(W) =& Y =& <—0]1 _01) ()?L> - <>E)L)
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» The discovery of parity violation in 1956-57 invalidated Pauli's reasoning,
opening the possibility to describe massless particles with Weyl spinor
fields = Two-component Theory of a Massless Neutrino (1957)

» 1958: Goldhaber, Grodzins and Sunyar measure the neutrino helicity
with the electron capture process

e” + 192Eu — 1325m* 41,

0

1528 m* — 192Gm + ~

The neutrino helicity is the same as the measurable helicity of the
photon when it is emitted in the same direction of the ®?Sm* recoil.

C. Giunti — Neutrino Physics — | — Torino PhD Course — Torino — 30 Nov - 4 Dec 2020 — 54/118



S22 5o S22 s—g
° -+ ° +
o 152y e 152y
S.=1 =-1/2 S,=-1 S,=+1/2
2 - -
4—. *———> - . L
-p 152Gm Vel -p 1529m Ver P
ng =1 Sz =0 ’S =0
Y 1528m

v 152Gm

h,y: hSm* = hy :+1

h, = —0.91 £ 0.19 = NEUTRINOS ARE LEFT-HANDED: v,

[Goldhaber, Grodzins and Sunyar, PR 109 (1958) 1015]
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V — A Weak Interactions

[Feynman, Gell-Mann, PR 109 (1958) 193; Sudarshan, Marshak, PR 109 (1958) 1860; Sakurai, NC 7 (1958) 649]
» The Fermi Hamiltonian (1934) Hz = g (py*n) (ev*v) + H.c.
explained only nuclear decays with AJ = 0.
» 1936: Gamow and Teller extension to describe observed nuclear decays
with |[AJ| = 1: [PR 49 (1936) 895]
5

Hs = [g (PYn) (eve) + g (P n) (€75 ve)] + He.
j=1
with Ql=1 02=7% Q3 =02 Q* =725 Q> =15
» 1958: Using simplicity arguments, Feynman and Gell-Mann, Sudarshan
and Marshak, Sakurai propose the universal theory of parity-violating
V — A Weak Interactions:

Gr

Hy = S o7 (197 ) [er (1) ]
+ [ (1- 'ys) ] [ev* (1 - 75) V] } + H.c.

1—x
2

in agreement with v, =

1
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Quantization

V(X):/ 2m) 32E hzjgl[ (h ) ﬂpx—i-b (p) ( )eip-x
PO =E =/B>+ m? (B —m)u"(p) =0

P> 0
AL (p) = hu'"(p)
P2 (o) — _pyh)
7 (p) = —hv¥(p)
(), a1 ()} = (6P(p), BN (p/)} = (2m)* 2E 635 — B') by
(p). 2" (p")} = {aMi(p), aMi(p")} = 0
(p), (P} = {b™(p), bV (p')} =0
(p), b (p')} = {aPi(p), ") (p')} = 0
{a"(p), b™MI(p')} = {aPi(p), b (p')} = 0
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Left-handed neutrino: lwi(p)) = [v(p, h = —1)) = a1 (p)|0)

Right-handed neutrino: lvr(p)) = |v(p, h = +1)) = aHT(p)|0)

Left-handed antineutrino: |7, (p)) = |7(p, h = —1)) = b (p)|0)

Right-handed antineutrino:  |7g(p)) = |7(p, h = +1)) = b(HT(p)[0)
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Helicity and Chirality

d3p . )

— (h) (h) —ip-x (h)]L (h) ip-x

) = [ ez 2 2O+ o0 ) {5 e
uMt(p)ut(p) = 2E u"1(p)y*u™) (p) = 2h|B|
vi(p)v M (p) = 2E v (p)yv ) (p) = —2h|B|

h h 1-7° -
o (p)ui” (p) = u"(p) <2> ut"(p) = E — h|p|
2

u(L*)T(p)u,(_f)(p) =E+ |p| ~2E — ;n—E left-handed neutrinos
2

u(L+)T(p)u,(_+)(p) =E—|p| ~ ;n—E suppressed right-handed neutrinos
(h)t

.5
(T o0) = v (p) (5T ) e = E -+ i

2
v{f)T(p)v(f)(p) =E—|p| ~ ;LE right-handed antineutrinos

2
v£+)T(p)v£+)(p) =E+ |p| ~2E — ;—E suppressed left-handed antineutrino
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Massless Left-Handed Neutrino Field

3
vi(x) = / (2:)3sz {a(_)(p) {7 (p) e 4+ b (p) viF(p) eip~x]

Left-handed neutrino: lwi(p)) = |v(p, h = —1)) = a(p)|0)

Right-handed antineutrino:  |7g(p)) = |#(p, h = +1)) = b (p)|0)
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Standard Model

Glashow (1961), Weinberg (1967) and Salam (1968) formulate the
Standard Model of ElectroWeak Interactions (1979 Physics Nobel Prize)
assuming that neutrinos are massless and left-handed

Universal V — A Weak Interactions

Quantum Field Theory: v, = |v(h=-1)) and |p(h=+1))

Parity is violated: lv(h=-1)) N Toth==1))

real world mirror world
0l | 0l
S . S
left-handed neutrino R right-handed neutrino

Particle-Antiparticle symmetry (Charge Conjugation) is violated:
C

p(h=-1)) - Ith==nF
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Majorana Equation

» Can a two-component spinor describe a massive fermion?

Yes! (E. Majorana, 1937)

» Trick: vg and v, are not independent: VR = V[ = co"

charge-conjugation matrix:  Cv,] C™! = —,

» The relation between vg and v, must satisfy two requirements:

» It must have the correct chirality.
This is satisfied, because vy is right-handed:  Prvf =vf P =0
» It must be compatible with the chiral Dirac equations

i Ouv = mug
i Ouvr = myyg
Check:

i ouvr

in"o,CrrT = icCT iy Co, o = —iC(v*) o
= —iC(O#TL’y“)T =mCor =muy, OK
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» Other relations between 1r and 1, do not satisfy the two requirements.

» For example g = UJLP = ~04, satisfies the chirality requirements,

P
because v, = YR, but

iR = i 0,7 L = iV (v) 0L # i’y O = mA YR = myy

» There are several relations which satisfy only the chirality requirements,

for example g ="y, for

©=0,1,2,3

» There is only one adequate relation (g = CET) that can be derived
from the chiral Dirac equations: consider iv*0,1r = m;

Hermitian conj. x % =—
PP = =

C X transpose —
C(y)Tet =" =

—i0, k(") 17° = miL
_’-a/ﬂ/)R’yH =miy

. —T —T
_’C(’YN)TauwR = mCl/}L
iv"0,CoR = mCiy

Identical to in*0,1)1 = mig for g = CET Sy = C%T (Majorana)
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iMouvy = mvg  — iNtouv = myj Majorana equation

Majorana field: v=v; +vg=v +v[
Majorana condition
v = v implies the equality of particle and antiparticle
Only neutral fermions can be Majorana particles
For a Majorana field, the electromagnetic current vanishes identically:
Tty = veytS = T etyrerT = oeyr ety = —ytr = 0

Only two independent components: in the chiral representation
XLz

vV = <I02Xt> e _th
XL XL1

XL2
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Majorana Lagrangian

Dirac Lagrangian
ZP = v(ig-m)v

= ULy, + VRiJur — m (VR v + VL VR)
vR — vi=CuL
%.ZD — T — g (—VLTCT VL +17LCITLT>
Majorana Lagrangian
M =i -7 (vl o +mew”)

m ,—
=ULidu — 5 (VEVL—l—TLl/Z)
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1
» Majorana Lagrangian: .ZM = 5 v (i —m)v|,_,.

» Quantized Dirac Neutrino Field:

3
M) = / <2:>3P2E ,,Zﬂ (a0 (p) uP(p) e + b®' (p) VD) 7]

» Quantized Majorana Neutrino Field:  b("(p) = a("(p)

3
v = / (2:)3sz ,,21 |2 (p) u")(p) e~ + a1 (p) v (p) ]

» A Majorana field has half the degrees of freedom of a Dirac field
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Total Lepton Number
> — 13

v = L=+1 vi = L=-1

m
M =vigv, — 5 (I/fI/L —i—VTl/E)

Total Lepton Number is not conserved: AL =42

Best process to find violation of Total Lepton Number:

Neutrinoless Double-5 Decay

N(AZ) = N(A Z+2)+2e +27  (BBy,)
N(AZ) 5 N(AZ—2)+2e" +26 (BB])
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CP Symmetry

» Under a CP transformation

vi(x) o €5 20 (xp)
VE(x) T €SP 20wy (xp)
7L(x) < €577 U (xp) AP
VE(x) <2 —¢SP mi(xp) 70

with [€SP12 =1, x#* = (x0,X), and x5 = (x°, —%)

» The theory is CP-symmetric if there are values of the phase £S7 such
that the Lagrangian transforms as

Z(x) 25 Z(xp)

in order to keep invariant the action / = /d4x Z(x)
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» The Majorana Mass Term
Zbss(X) = =3 m [V (x) vi(x) + 72(x) V()]

transforms as

I L =S m [P 7))

(&SP Vi Cee) i)

» The one-generation Majorana theory is CP-symmetric

» The Majorana case is different from the Dirac case, in which the CP
phase §EP is arbitrary
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No Majorana Neutrino Mass in the SM

» Majorana Mass Term o [Z/LT Cly, —71C ITLT} involves only the neutrino
left-handed chiral field v,, which is present in the SM

» Eigenvalues of the weak isospin /, of its third component &, of the hypercharge
Y and of the charge @ of the lepton and Higgs multiplets:

I Kb |Y|Q=5h+%
1/2 0
lepton doublet L = L 1/2 / -1
0 ~1/2 ~1
lepton singlet lr 0 0 -2 -1
1/2 1
Higgs doublet &(x) = o+ (x) 1/2 / +1
¢bo(x) —1/2 0

> z/LTCT v has 5k =1and Y = —2 = needed Y = 2 Higgs triplet (/ =1,
L =-1)

» Compare with Dirac Mass Term o 7gr; with /5 =1/2 and Y = —1 balanced
by ¢g — v with 5 = —1/2 and Y = +1
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Confusing Majorana Antineutrino Terminology

» A Majorana neutrino is the same as a Majorana antineutrino

» Neutrino interactions are described by the CC and NC Lagrangians

A = - (WVNEL W, + " v WJ)

V2

gNC _
v 2 cos Iy

ViL'Y'u vy Zp
. destroys left-handed neutrinos
» Dirac: v, . . .
creates right-handed antineutrinos
destroys left-handed neutrinos

» Majorana: v . .
) L { creates right-handed neutrinos

» Common implicit definitions:

left-handed Majorana neutrino = neutrino
right-handed Majorana neutrino = antineutrino
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Effective Majorana Mass

Dimensional analysis: ~ Fermion Field ~ [E]*/? Boson Field ~ [E]
Dimensionless action: | = /d4x Z(x) = Z(x) ~ [E]*

Kinetic terms:  1igy ~ [E]*, (8,qu5)T oMo ~ [E]*

Mass terms:  mutp ~ [E]*,  m? ¢lo ~ [E]*

CC weak interaction: gy, W, ~ [E]*

Yukawa couplings:  y [;®lg ~ [E]*

Product of fields ¢y with energy dimension d = dim-d operator
Loy = Conbs = Cop ~EI"?

O4~4 are not renormalizable
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SM Lagrangian includes all 04<4 invariant under SU(2); x U(1)y
SM cannot be considered as the final theory of everything
SM is an effective low-energy theory

It is likely that SM is the low-energy product of the symmetry breaking
of a high-energy unified theory

It is plausible that at low-energy there are effective non-renormalizable

ﬁd>4 [S. Weinberg, Phys. Rev. Lett. 43 (1979) 1566]

All 04 must respect SU(2), x U(1)y, because they are generated by the
high-energy theory which must include the gauge symmetries of the SM
in order to be effectively reduced to the SM at low energies
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> 04~y is suppressed by a coefficient M*~9 where M is a heavy mass
characteristic of the symmetry breaking scale of the high-energy unified

theory:

L =% O O,
svv|+M 5+M2 61 -

» Analogy with Fermi effective low-energy theory of weak interactions:

L8O  Gr (Taryer) (@pvel) + - .-

2
_ _ 86 Gr g
O — (VeL’)/peL) (eL'ypyeL) + ... W — 7 = a2
2 8my
— + Bl
G (p) = i o Py, B
mv 2 m2 m2
P W
fl f2
—
,,jg‘l
-9 8mi,
fa 2\/5 fa fa fa
- 4 Dec 2020 — 74/118
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M*9 is a strong suppression factor which limits the observability of the
low-energy effects of the new physics beyond the SM

The difficulty to observe the effects of the effective low-energy
non-renormalizable operators increase rapidly with their dimensionality

05 = Majorana neutrino masses (Lepton number violation)
Os = Baryon number violation (proton decay)

Majorana neutrino masses provide the most accessible low-energy
window on new physics beyond the SM.

Indeed, the existence of neutrino masses is the first and so far the only
well established phenomenon beyond the SM.
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v

There is only one dim-5 operator that can be constructed from the
dim-2.5 SU(2), x U(1)y singlet with SM fields in the Lepton-Higgs
Yukawa Lagrangian
LhL = —yf L © (p —y" L1 ® vr +H.c.
Y: +1 41 =2 +1 -1 0
The dim-2.5 SU(2), x U(1)y singlet: L, ® = L iop ®*
It must be multiplied by a spinor as vr to form a Lorentz scalar.

As in the Majorana theory, vg can be replaced by
—T
f=cl =c (ZLT> with Y =41
L
To form a SU(2), x U(1)y singlet we need to multiply it by

~ 1
o7 = —jdlo,= — (v+ H(x) 0) with Y=-1
The only dim-5 operator: N N
Os= (L. ®)(®T L§)+Hec
Y: +1 -1 -1 +1
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» SU(2), transformation:
L= UL, &= Ud &= Ud L — ULS
f=cl =c (L) "L (Liut) : = (L") !
— CU* (Lho) = UrLS
» SU(2), invariance:
05 = (1) (¥7L5) +He
= (LLUTUd) (STUTU L) +He
= (L®) (®7L5) +He
because

utur=o)" =1
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» The only SU(2), x U(1)y invariant dim-5 Lagrangian term that can be
constructed with SM fields:

=2 [(66) (5749 + (575 (610

» Electroweak Symmetry Breaking:

~ mmetr 1
& = ioy & EW Symmetry L (V + H(X))

Breaking \@ 0
> % EW Symmetry .,%M 1 85 V2 (— c_l_T )
5 = —= ULV vy
Breaking mass 2 M L L
2
. . 5V
» Majorana neutrino mass: m= gM
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V2 v

» General Seesaw Mechanism: mo — =v—

MM

natural explanation of the strong suppression of neutrino masses with
respect to the electroweak scale

> Example: M ~ 101 GeV (GUT scale)

v~ 102GV — ﬁ~10*13 — m~10"2eV
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Mixing of Three Majorana Neutrinos

1
M =y M) 4 He.

V/L mass 2
e
> v = Véu_ .

VTL = 5 Z 7/;7; CT Méﬁ V,/BL + H.C.

a?B:e7/‘L7T

» In general, the matrix M’ is a complex symmetric matrix

i,
Z”aLC Mes v = Z( o CT Mg V'ﬁL)
- _Z”ﬂ as (C1)T ZVZ’IC Mag Vo
- Z” CT Mo Va1

MLy = ML, — Mt=mtT
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1
M = vTCT My 4+ Hec.

mass 2

1
vi=V/n — M =_uvT (V)M VY] +HC

mass 2

(Vf)TMLVf:M, Myj = my 6y (k,j=1,2,3)

V1L
Left-handed chiral fields with definite mass: n; = V[’T v, = |y
7
1 _
M = 5 (nLTCTI\/InL—nLI\/lCnLT>
1 T 0 T
== 5 Z my (VkL CT Vil — VkLC VkL)
k=1
Majorana fields of massive neutrinos: vy, = vy + Vg, Vg = vk
141 3
M _
n= 11w = ¥ 521/ @ my Uk|yk Ve
V3 k=1
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Mixing Matrix

» Leptonic Weak Charged Current:

Jp =207 Un.  with  U=V/V

» As in the Dirac case, we define the left-handed flavor neutrino fields as
’ Vel
v, = UI‘IL = \/LJr I//L = | YuL

VrL

» In this way, as in the Dirac case, the Leptonic Weak Charged Current
has the SM form

JPWT,L =207 v =2 Z lar V" VaL

a=e,l,T

» Important difference with respect to Dirac case:
Two additional CP-violating phases: Majorana phases
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3
1
» Majorana Mass Term M= 5 Z my V/ZL C' vy + H.c. is not invariant
k=1
under the global U(1) gauge transformations

Vil — eink Vil (k = 1,273)

» For eliminating some of the 6 phases of the unitary mixing matrix we
can use only the global phase transformations (3 arbitrary phases)

0, — e p, (a=e,u,T)
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» Weak Charged Current: jW L=2 Z ZEQL NP Upk Vit

a=e,u, T k=1
» Performing the transformation ¢, — e/ (., we obtain

3
w,L =2 Z ZZaL e " P Unk viL

a=e,u,T k=1

J@L_2ei Z Zﬁal_ei we) pUkal_

1 a=e,u,T k=1

» We can eliminate 3 phases of the mixing matrix: one overall phase and
two phases which can be factorized on the left.

» In the Dirac case we could eliminate also two phases which can be
factorized on the right.
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» In the Majorana case there are two additional physical Majorana phases
which can be factorized on the right of the mixing matrix:

1 0 0
pM={0 ™ 0
0 0 e

» UP is a Dirac mixing matrix, with one Dirac phase

» Standard parameterization:

c12€13 S12€13 si3e /013 1 0 0
— i5 is i
U=| —sipco3—crosmsi3e’®13  cracs—siospsize’®13 $23€13 0 e 0
S12S3—C1o03513€013  —cras3—s12Ca3513€/013 €23€13 0 0 e’3
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DM = diag(e")‘1 , e eiA3>, but only two Majorana phases are physical

All measurable quantities depend only on the differences of the
Majorana phases because e/(*~*1) remains constant under the allowed
phase transformation

Uy — €90, = &M — %)

Our convention: A\; = 0 = DM = diag(l, e ei/\3)

CP is conserved if all the elements of each column of the mixing matrix
are either real or purely imaginary:

013=0orm and A, =0orm/2or7or3m/2
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Dirac-Majorana Mass Term

@ Dirac-Majorana Mass Term
o One Generation Dirac-Majorana Mass Term
o Type-l Seesaw Mechanism
o Three-Generation Mixing
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One Generation Dirac-Majorana Mass Term

If vg exists, the most general mass term is the
Dirac-Majorana Mass Term

D+M __ D L R
'iﬂmass - gmass + "E/ﬂmass + ngass

LD = —mpURy +Hec Standard Dirac Mass Term
L _ 4+ T At v; Majorana Mass Term
Zmass = o ML ClvtHe Forbidden in the SM
R _ T At vr Majorana Mass Term
Zmass = 5 MRV €TVt Hlc Allowed in the SM
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> Column matrix of left-handed chiral fields: N, = <”§> = ( ”LT)
vk CUgr

mp mp

mass

bM :ENLTCT/V//VL-FH.C. M =
2 mp Mg

» The Dirac-Majorana Mass Term has the structure of a Majorana Mass
Term for two chiral neutrino fields coupled by the Dirac mass

» Diagonalization: n, = U' N, = <V1L>

L
UTMU_(n(;l n?) Real m; > 0
2

1 1
D+M T J—
> fm;sjs = 5 Z my l/kLc]L v +He = —5 Z my Vg Vg
k=1, k=1,
Vk = VkL + Vig.

» Massive neutrinos are Majoranal! Vi = Vg
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Real Mass Matrix

CP is conserved if the mass matrix is real: M = M*

mg m . .
M = (mL mD> we consider real and positive mg and mp and real m;
D R

A real symmetric mass matrix can be diagonalized with U = O p

[ cos?¥  sind _(p1 O 2
0_<—sin79 cosﬁ) ’0_<0 p2> Pk=+l

' 2
OTMO = (ml 0,) tan29 = — 0
0 my mr — my
1
mh = 3 {mL + mg & \/(mL — mg)? +4m2D}

mj is negative if mpmg < m%

UTMU = »TOTMOp — (Pim 0 . _ 2
=p P = 2 My = P My
0 ppmy
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> m), is always positive:

1
m2:m’2:5 [mL+mR+\/(m/_—mR)2+4m2D}

> If mymg > m?3, then my >0 and p? =1

1 2
m1:2[mL+mR—\/(mL_mR) +4m2D]
costy sind
plzland P2:1 = U: (—sinﬁ C05ﬁ>
> If mpmg < m3, then m} <0 and pf = —1
1 2
m = 3 [\/(mL—mR) +4m2D_(mL+mR)]
_ icos?  sinv
pr=iandpp=1 — U= <—isim9 cosz9>
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» If Am? is small, there are oscillations between active v, generated by v,
and sterile s generated by vp:

Am? L
Py,—v.(L, E) = sin® 20 sin® [ ———
(L, E) =sin sin ( 4E)

Am? = m3 — m? = (mp + mg) \/(mL—mR)2+4m2D

» It can be shown that the CP parity of vy is SEP = i,o,%:

CP, cCP CP CP _
& () =ip 2 =

vi(x) —
» Special cases:

> m =mr = Maximal Mixing

» m =mg=0 =— Dirac Limit
> |m|,mg < mp = Pseudo-Dirac Neutrinos

» m =0 mp < mg — Seesaw Mechanism
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Maximal Mixing

2mD

——— = J=7/4
mr — myp

/
my 1 = mg+ mp

p%:—i—l, m =m.—mp if mg>mp
p%:—l, mi=mp—mg if mg<mp

my = my + mp

myp < mp

— c
V= —=\vL —v
1L \/i( L R)

(v +vR)

1
o = \ﬁ
—i
vi =1+ vy = \ﬁ [(ve+vR) — (v[ + vR)]

vy =1y +uy = [(ve +vR) + (v[ + vg)]

L
V2
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Dirac Limit

-1 my = mp P =
CP _ ;
—

o=

p% =+1 mo = mp

» The two Majorana fields 11 and > can be combined to give one Dirac
field:

> mhy =+mp — { /

1
v=—_(ir1 +1n)=v+rr

V2

» A Dirac field v can always be split in two Majorana fields:

- % (=) + (v4+1°)]
() 5) - e

» A Dirac field is equivalent to two Majorana fields with the same mass
and opposite CP parities
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Pseudo-Dirac Neutrinos
“mL\, mpr K mD‘

mp + mg
mh, o~ —— = + mp
2,1 >
m; + mg

m<0 — pi=-1 — my1 ~ mp =+ >

The two massive Majorana neutrinos are almost degenerate in mass and
have opposite CP parities ( 1CP = —i, QCP =)

The best way to reveal pseudo-Dirac neutrinos are active-sterile neutrino
oscillations due to the small squared-mass difference

Am? ~ mp (mL + mg)

The oscillations occur with practically maximal mixing:

2
tan219:£>>1 = JY~n/d
mrp — mp
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Type-l1 Seesaw Mechanism

[Minkowski, PLB 67 (1977) 42; Yanagida (1979); Gell-Mann, Ramond, Slansky (1979); Mohapatra, Senjanovic, PRL 44 (1980) 912]

’mLIO mD<<mR‘

> oL

mass

is forbidden in the SM =— m; =0

» mp < v~ 100GeV is generated by SM Higgs Mechanism
(protected by SM symmetries)

» mpg is not protected by SM symmetries =— mgr ~ Mgyt > v

2 2
m m
> my ~ ——L2 pPr=—-1, m~-2L v
e |\ n ©
My >~ MR p5 =41, m~mp /\

» Natural explanation of smallness of neutrino masses

m
» Mixing angle is very small: tan29 =2 L «1
mg

» 17 is composed mainly of active v;: v >~ —iy;

» 1, is composed mainly of sterile vg: 1o ~ vp
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Connection with Effective Lagrangian Approach

» Dirac—Majorana neutrino mass term with m; = 0:
1
PtM — _mp (VrRvL +7LVR) + 5 mg <V;—CT VR + V'LCVE)
» Above the electroweak symmetry-breaking scale:
~ . 1
$D+M = —y" (W‘DT Ly + LL(DIJR) + 5 mg (l/,-gc]L VR + I/};CUE,)

> If mgr > v = g is static = kinetic term in equation of motion can

be neglected:
0.4P+M —
0 =5 — =mervg CT =y L@

v ~ —
VR ™~ —y—CDTCLLT
mR

O (17 00yt (07 03 L) + H
mr L 02 ) ( (o) L)+ .C.

N|

D+M D+M
Z — 2 ~ —
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L= (1T or0)CH(®T 02 L,) + Hec.

M
)2
LM~ ) (L] oo ®)CT (T 0o L)) + H.c.
2 mg
v\2
g:_(yz) M = mp

» See-saw mechanism is a particular case of the effective Lagrangian
approach.

» See-saw mechanism is obtained when dimension-five operator is
generated only by the presence of vg with mg ~ M.

» In general, other terms can contribute to ..
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Three Seesaw Types

» Since combining the two doublets L; and ® one can form singlets and
triplets, there are three types of Seesaw types that can be generated at
the tree level.

» Type-l Seesaw: intermediate fermion singlets vg

(0) (0)
x x

M
mp

LL VR V]C? L‘i

» Type-1l Seesaw: coupling with boson triplets A

@, @)

A

Ly L5
» Type-lll Seesaw: intermediate fermion triplets *
(@) (@)

x x
‘ " ‘

L D) D L
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Generalized Seesaw Mechanism

» General effective Dirac-Majorana mass matrix:
mg m
M — ( L D)
mp Mg
» m; generated by dim-5 operator:

my < mp < mpr

» Eigenvalues:

‘mL—u mp ‘:0
mp mr — [

p? — (e + mr) p+ memg —m3 =0

u:%[mRi\/m%—4(mLmR—m2D)}
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12

NI—R NIR N

mR:i:mR<1—4

mR:I:mR(

+ = Mheayy = MR

- 7 Might = ‘mL -

Dominant type | seesaw:

Dominant type Il or Il seesaw:

mg

2
m
mgr

2

D

m
mp > ——
mg
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Right-Handed Neutrino Mass Term

1
LY = —Em(zjﬁ, VR—FWV,C?)

> LM respects the SU(2), x U(1)y SM symmetry
» L) breaks Lepton number conservation

» Lepton number can be explicitly broken

P Lepton number is spontaneously broken
locally, with a massive vector boson coupled

Three possibilities: to the lepton number current

» Lepton number is spontaneously broken
globally and a massless Goldstone boson
appears in the theory (Majoron)
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Singlet Majoron Model

[Chikashige, Mohapatra, Peccei, Phys. Lett. B98 (1981) 265, Phys. Rev. Lett. 45 (1980) 1926]
Lo = —yq (TLCDVR + TR O LL) m —mp (VLvr + TR VL)
Ly=—ye(nvgve +n'PRYR) 0 —3me (ViR +TRVR)
_ . | - v
n=2""()+p+ix) Lrmass = —5 (%) (o m2) (V;) +H.ec.

mg >  mp

2
m
= Type-l Seesaw: | m; ~ -
scale of L violation EW scale

mp

p = massive scalar, x = Majoron (massless pseudoscalar Goldstone boson)

The Majoron is weakly coupled to the light neutrino

2
_ mp ,__ — mp _
Ly = 7%)( 727’V — R (V275V1 + V1’YSV2) + <mR) V1’75V1]
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Three-Generation Mixing

D+M _ D L R
gmass - "E’ﬂmass + gmass + gmass

s=1 a=e,u,T

1
gn&ass == 5 Z V;-IL- CT Méﬂ V/ﬁl_ + H.c.

a7ﬁ:e7/1/77—
1 5
R _ /1T R
gmass = 5 Z VSR CT MSS’ VS/R + H.C.
s,s'=1
f 1C
v Vg c "R
/ L o / 1C _ .
N, = <V/c) V= | "Yu Vp = :
R v V/C
TL NsR
1 L DT
ZOAM _ S T ety L e M = (MM
mass 2 L L MD MR

C. Giunti — Neutrino Physics — | — Torino PhD Course — Torino — 30 Nov - 4 Dec 2020 — 104/118



Diagonalization of the Dirac-Majorana Mass Term = massive
Majorana neutrinos

See-Saw Mechanism = right-handed neutrinos have large Majorana
masses and are decoupled from the low-energy phenomenology.

If all right-handed neutrinos have large Majorana masses, at low energy
we have an effective mixing of three Majorana neutrinos.

It is possible that not all right-handed neutrinos have large Majorana
masses: some right-handed neutrinos may correspond to low-energy
Majorana particles which belong to new physics beyond the Standard
Model.

Light anti-vg are called sterile neutrinos

Ve—rVsL (left-handed)
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Sterile Neutrinos

@ Sterile Neutrinos
o Number of Flavor and Massive Neutrinos?
o Sterile Neutrinos
e Fundamental Fields in QFT
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Number of Flavor and Massive Neutrinos?

5
~10 I~
fﬂ; T T T T T T _g .
£ 3
Iy Za| ALEPH
21 + — E
31 e’e —hadrons DELPHI
c L3
1S}
OPAL
103 E 20
+ average measurements,
error bars increased
o by factor 10
102563 4 10
PEP
PETRA _ !
KEKB TRISTAN - SI.C
PEP-II -
3 L L L I|JEP|I L L L]|£P I|I I E 0 v v y v y
0 20 40 60 80 100 120 140 160 180 200 220 86 88 %0 1?:2 G 9{:
Centre-of-mass energy (GeV) cm [ € ]

[LEP, Phys. Rept. 427 (2006) 257, arXiv:hep-ex/0509008]

I_Z = Z rZ—MZ + Z rZ—>q§ + I—inV I_inv = Nu rZ—>y17
l=e,u,7 qFt

| N, = 2.9840 =+ 0.0082

Improved cross section: N, = 2.9975 4+ 0.0074  [znot, Jadach, arxiv:1912.02067]
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N invisible —
ee -/ —— Z Valla == Ve Vy Uy

a=active

3 light active flavor neutrinos

N
. N U . N>3
mixin Vol = E v o= T .
8 ak akTkL ' H no upper limit!
k=1
Mass Basis: V1 Vs U3 Uy Us
Flavor Basis: Ve Vy Vr Us Vs,

ACTIVE STERILE

N
Vol = E UakaL o= e, U, T,51,52,...
k=1
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>

Sterile Neutrinos

Sterile means no standard model interactions
[Pontecorvo, Sov. Phys. JETP 26 (1968) 984]

Obviously no electromagnetic interactions as normal active neutrinos

Thus sterile means no standard weak interactions
But sterile neutrinos are not absolutely sterile:
» Gravitational Interactions

» New non-standard interactions of the physics beyond the Standard Model
which generates the masses of sterile neutrinos

Active neutrinos (e, v, V) can oscillate into sterile neutrinos (vs)

Observables:
» Disappearance of active neutrinos
» Indirect evidence through combined fit of data

Powerful window on new physics beyond the Standard Model
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No GIM with Sterile Neutrinos

[Lee, Shrock, PRD 16 (1977) 1444; Schechter, Valle PRD 22 (1980) 2227]

Neutrino Neutral-Current Weak Interaction Lagrangian:

NC) g - /
gNO &8 Zrry

' 2costy "’ LT

The transformation to active flavor neutrino fields is independent of the
existence of sterile neutrinos: v = Vv,

X(NC):—izVT’Y’)VL:—LZ Val ¥’ ValL
' 2cosdy " 2 cos Y pa_%;m o @
34N,

Mixing with sterile neutrinos: 1, = E UokVit
k=1

3+Ns 3+ Ns

. oNO_ & - .
No GIM: .,g/ﬁ = —m Zp Z Z I/JL ’Yp VL Z UOU Uak
j=1 k=1 a=e,[,T
> UijUsk=0m but Y Uk Uk # G
Q=e,[L,T,S1,... a=e,u,T
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Effect on Invisible Width of 7 Boson?

Amplitude of Z — ;7 decay:

A(z%yjak):@jpk—/d“xg )(x)(2)

- 2co§19w<yjp"’/d4XVJ'L(X)’YkaL(X)Zp(X)|Z> Z U Unk

a=e,u,T
If me < mz/2 for all k's, the neutrino masses are negligible in all the
matrix elements and we can approximate

se sl [ T 10 2,(912) = Asw(Z = vi)

Asm(Z — vyip) is the Standard Model amplitude of Z decay into a
massless neutrino-antineutrino pair of any flavor ¢ = e, pu, 7

A(Z = vjii) ~ Asm(Z — veiy) Z aj Uak

a=e,u,T
3+Ns 3+Ns

P(Z — vi) Z Z |A(Z = v [?
j=1 k=1
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» P(Z — vi) ~

3+Ns 3+Ns 2

PSM(Z — I/gljg) Z Z Z U;j Uk

j=1 k=1 |a=eu,m

» Effective number of neutrinos in Z decay:

3+Ns 34+Ns 2

=2 | X

j=1 k=1 |a=e,u,7
34+ Ns

» Using the unitarity relation Z Uak ng = 0,3 We obtain

N(Z)

> NE =3

k=1
3+ Ns 3+ Ns

DD D UijUak Y UsiUse

_]:1 k=1 a=e,u,T /8:67/"‘77—
3+Ns 3+Ns

Z Z ZU UBJZUkUﬁk— Z 1=3

a=e,u,T f=e,u,7 j=1 a=e,,T
6&[‘1 6045

independently of the number of light sterile neutrinos!
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Effect of Heavy Sterile Neutrinos

[Jarlskog, PLB 241 (1990) 579; Bilenky, Grimus, Neufeld, PLB 252 (1990) 119]

3+Ns 3+Ns 2
5D D oD SN L
j=1 k=1 |la=e,u,T

5 0(mz — mj — my)

R — [1- mJ? + mi B (mj2 — mi)2 )\(mZZ, m2 mi)
mz

2 4
2m% 2m5

Ax,y,2) = x®+y? + 2% — 2xy — 2yz — 2zx

> Rp<1 — |[NH <3
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Fundamental Fields in QFT

» Each elementary particle is described by a field which is an irreducible
representation of the Poincaré group (Lorentz group + space-time
translations).

» In this way

» Under Poincaré transformation an elementary particle remains itself.
» Lagrangian is constructed with invariant products of elementary fields.
» Spinorial structure of a particle is determined by its representation under

the restricted Lorentz group of proper and orthochronous Lorentz
transformation (no space or time inversions).
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» Restricted Lorentz group is isomorphic to SU(2) x SU(2).
» Classification of fundamental representations:
(0,0) scalar ¢
(1/2,0) left-handed Weyl spinor x; (Majorana if massive)

(0,1/2) right-handed Weyl spinor xg (Majorana if massive)

» All representations are constructed combining the two fundamental Weyl
spinor representations.

(1/2,1/2) four-vector v# (irreducible)

(1/2,0)+(0,1/2) four-component Dirac spinor ¢ (reducible)

» Two-component Weyl (Majorana if massive) spinor is more fundamental
than four-component Dirac spinor.
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» Two-component left-handed Weyl (Majorana if massive) spinor:

_ (X1
XL (XLz)

» Two-component right-handed Weyl (Majorana if massive) spinor:
_ [ XR1
R <XR2>
XR1

» Four-component Dirac spinor: 1) = (XR> = | XR2
XL XL

XL2
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» Lorentz transformation: v VIR = N, Y
8Ny N6 = 8o gu = diag(1,—-1,-1,-1)
> Restricted Lorentz transformation: ~ A¥, = [e¥] Wy = —Wup

0 Vi Vo V3

-V 0 03 —05
Wy =

—v3 0 —6; O
> 6 parameters:

> 3 for rotations: 0 = (61, 02,05)

> 3 for boosts: V= (v, va, v3)

XL — XL =Noxe Ap

XR = Xr =MrXR  NAr ei<e+iv)'a/2
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» Four-component form of two-component left-handed Weyl (Majorana if
massive) spinor:

» Majorana mass term:

1 1
R imLz/;[ch +Hec = —§mLX[/02XL +H.c.
four-component form two-component form
(1/2,0) x (1/2,0) = (1,0) + (0,0) o2 is antisymmetric!

symmetric antisymmetric

» Anticommutativity of spinors is necessary, otherwise

. . T .
xlio*x. = (x[io*x1)" = —x[ioc*xL =0
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