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Pinning and I-V Characteristics of a Two-Dimensional Defective Flux-Line Lattice
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Using a variational argument, we show that a two-dimensional (2D) crystal becomes defective in the
presence of a random pinning potential. The threshold pinning force and flow properties of a plastically
deformed crystal are studied using a perturbation theory valid for weak pinning potential and strong
driving force. In the case of a 2D flux-line lattice, it is shown that dislocations introduce extra dissipa-
tion in the system, thus increasing the total pinning force, and resulting in nonlinear I-V characteristics.

PACS numbers: 74.60.Ge, 62.20.Fe, 74.60.Jg

The problem which we consider is that of a two-
dimensional (2D) crystal in a random pinning potential.
The study of the threshold pinning force and flow proper-
ties of a deformable lattice is a general prob1em relevant
to many physical systems. Examples include flux-line lat-
tices in type-II superconductors [1], Wigner crystals of
electrons on liquid-helium films [2] or in Ga-As hetero-
junctions in a strong magnetic field [3], and 2D charge-
density waves [4]. In the present Letter we will refer to
the 2D lattice as a flux-line lattice (FLL). However, we
emphasize that the physical picture which emerges is gen-
eric to any 2D crystal in a random potential.

For many years, the collective pinning theory of Larkin
and Ovchinnikov (LO) [5] has been widely accepted as a
useful description of the pinning force on a flux lattice in

the mixed state of a disordered type-II superconductor.
More recently this theory has been extended to finite tem-
peratures by Feigel'man et al. [6] and by Nattermann
[7]. There are also predictions of new forms of three-
dimensional vortex matter in the high-T, superconduc-
tors, e.g. , entangled flux lines [8] and vortex glass [9].
However, a recent series of calculations based on numeri-
cal simulations [10] has demonstrated convincingly that,
at least for the two-dimensional case, the nature and size
of the pinning force is determined by plastic deformations
of the FLL which fall outside the region of validity of col-
lective pinning theory. The present paper represents an
initial attempt at an analytical treatment of the nature of
the plastic deformations of a 2D FLL in a random poten-
tial and of the way in which lattice defects alter the flow
characteristics of the lattice under the influence of an
external driving force. The physical picture which
emerges is quite difTerent from that of LO, and its validi-
ty is not limited to 2D FLL's but rather is generic to 2D
crystals in a random potential.

Collective pinning theory is usually developed in terms
of a static scaling argument which is similar to that used
by Lee and Rice [1 ll to describe the pinning of charge-
density waves in quasi-one-dimensional conductors. It in-
volves defining a "correlated volume, " which is a volume
within which translational crystalline order is maintained
in the presence of the random potential. The pinning
force results from the incomplete averaging of the ran-

dom potential over the finite correlated volume. The cal-
culation of the correlated volume is based on the inter-
play between the elasticity of the FLL and the strength of
the random potential which drives the distortions [5].
However, as will be shown below and as has been dis-
cussed elsewhere in the context of charge-density waves
[12], the random potential, however weak, also generates
some local strains which exceed the elastic limit of the
lattice and which hence generate dislocations and other
defects. We find that these defects have important conse-
quences for the pinning force and for dissipation (fric-
tion) of the unpinned, moving FLL.

The original treatment of collective pinning by LO [13]
derived the critical pinning force by examining the way
that a FLL, moving under the influence of a uniform
external force, slows down as the force is reduced. For
large applied force, the (small) reduction in velocity due
to distortions induced by interaction with the random po-
tential can be calculated in perturbation theory, and this
was done by LO for the case of elastic distortions only
[13]. In two dimensions this velocity shift is a constant,
independent of force. In this paper we consider the eA'ect

of dislocations on dissipation by a rapidly moving FLL.
We find that a fixed density of dislocations induces an ex-
tra velocity shift which is independent of velocity. We
also find from simulations that the density of dislocations
is velocity dependent, with the density going to zero at
large velocities. Thus the generation of dislocations gives
rise to nonlinear behavior of the velocity-versus-force
curve as is observed experimentally [14] and in simula-
tions [15].

The model system we use is a 2D FLL, which is
relevant to experiments on a thin film or a layered super-
conductor [16], in a pinning potential due to weak ran-
domly distributed atomic defects (e.g. , atomic vacancies).
These pinning centers induce distortions of the FLL with
distortion energy [17]

F = ~ d'r [C6,[BIu;(r)l '

+ (C, ,
—C„)[V u(r) ] '] +Fp, (1)

where u(r) is the local displacement of the FLL, and Cii
and C66 (C~ &&C66 for a FLL) are the bulk and shear
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moduli of the FLL [17]. The pinning energy is F~ =fd r
&& V(r, u), where V(r, u) is the random potential describ-
ing the lattice interaction with the pinning centers and is

supposed to have zero average and to be short-range
correlated:

(V(r, u) V(r', u')) =K(lr —r'I, lu —u'I),

where K(r, u) decreases rapidly for r, u larger than some
characteristic length rp. In the presence of FLL disloca-
tions, the displacement u(r) has the form u(r) =p(r)
+u'(r), where p(r) is the elastic component of the dis-
placement, and u (r ) =fd r'g j (r —r') bj (r') is the dis-
placement associated with dislocations of density b(r)
[18]. Here

II'

g; (r)= 8; tan + e; ln
1 ] v C66 r

2n

C] [ C66 1 'Pk+ 6jk 2r

where a is the lattice constant of the ideal FLL and e;j is
the completely antisymmetric tensor. (We use the con-
vention that all repeated indices are summed. ) In terms
of the elastic displacement p(r) and the dislocation densi-
ty b(r), the distortion energy of the FLL is written as
F=F,~+F~~+F~ [19]. The elastic energy F,~

and the
plastic energy Fp) are given by

elastic properties of the system are determined by minim-
izing the elastic energy with respect to the elastic dis-
placement p(r), leading to an equilibrium value of p(r)
for a given random potential. The correlation function of
the elastic displacement, g(r) =(~p(r) —p(0) ( ), can
then be obtained [5]. The correlation length R, is the
value of r when g(r) is of the order of the lattice constant
of the FLL. This length scale R, was used by LO [5] to
determine the correlated volume, thus the total pinning
force.

The observation that the FLL is always defective for
macroscopic systems can be explained by a variational ar-
gument [21]. To this end, we minimize the distortion en-

ergy with respect to the dislocation density b(r), which
leads to an equilibrium dislocation density

b;(r) =„d r'd r"G j(r —r')gji(r' —r")Fi(r"),

where F(r, u) = —V„V(r,u) is the pinning force corre-
sponding to the pinning potential V(r, u), and the Green's
function G j which relates the random force to the dislo-
cation density is

1 1
Gij (k) = ~ij + &im&jn&nt&n

2E,. k +k,
J

where k, . =(K/2E, ) 'j is a cutoff related to the disloca-
tion core energy. The average distortion energy of the
ground state is then given by

F„I= 2 „d r[cee(8 &; ) + (Ci i
—.Cee)(V. p) ],

F~~ = ——,
' „d'r d r'b; (r)D;, (r —r')b, (r')

+E, d'r [b(r)] ',
where E, is a phenomenological core energy of the dislo-
cations, and

Dj(r) =(K/4tr)[8;, In(r/a)+e;pEjili, ri/r ],
with K =4cee(C~ ~

—Cee)/C~ ~ =4Cee.
The ideal flow velocity of the FLL is obtained by

balancing the Lorentz force Jx B/c and the viscous force
tlv, which leads to a constant flow velocity vp=JXB/tlc
and a flow resistivity pj such that Ohm's law, J =E/pf, is
satisfied [20]. In the presence of lattice deformations, the
average velocity of the FLL has an extra negative contri-
bution, v=(8u/8t) =vp+Sv, where Bv depends, in gen-
eral, on the driving force. The velocity-versus-force curve
of the FLL corresponds to the I-V characteristic of a
type-II superconductor for which the average velocity of
the FLL is proportional to the voltage and the driving
force is proportional to the current [20]. Extrapolating to
zero flow velocity, Bv(vp) = —vp, leads to an estimate of
the critical current given by J, = ~8v ~B/pfc.

The equilibrium static properties of the FLL in the
presence of a weak pinning potential are obtained by
minimizing the total distortion energy of the lattice. The

Ep= —(W/4) J d rd r'd r"

x G;i(r —r")gii, (r" —r')g;i, (r —r'), (2)

where W= fd r[rj K(r, u)/Bu ] (u r~) is —the mean-
squared value of the random force. Eo is less than zero
because the integrand is a perfect square. Thus the pres-
ence of the dislocations will lower the total energy of the
system, and we conclude that in the presence of the ran-
dom pinning potential, dislocations will appear in the 20
FLL, as observed in the numerical simulations [10] and
experiments [17].

We now turn to the dynamic response of the FLL to
the applied driving force (i.e., the electric-current-
induced Lorentz force). The equation of motion for the
elastic displacement is obtained by balancing the force
acting on the flux lines [13]. In the reference frame
which is moving with a velocity v, we have

~(aq/at ) CeeV'q (C—„—C«)V—(V q)

=F(r,vt+ y+u'), (3)

whose solution can be obtained by iteration. To lowest
order in the pinning potential, the average excess velocity
of the FLL is found to be [13]

6v; = —(I/16gcee) g q;q'K(0, q) sgn(q. vp),

which is independent of the magnitude of the driving
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force vo. Thus elastic deformations in the 2D FLL lead
to a linear I-V curve, whereas nonlinear J-V characteris-
tics are often observed for thin films in experiments [14].

In order to understand the effects of the FLL disloca-
tions on the pinning and the critical current, it is neces-
sary to study the dynamic response of dislocations to the
applied force. We assume that there are a small number
of free dislocations in the FLL with an average number
density nd [22]. For a triangular lattice, the basic
Burgers vectors should be one of the six elementary lat-
tice vectors [b j (a=1,2, . . . , 6). For the motion of the
dislocations, we assume that each dislocation drifts in-

dependently under the inhuence of the stress in the FLL.
Under these assumptions, the current of dislocation type
a, moving along the ith direction, is given by

Dnd
Ji &

b& bJ bl enIj ~In' ~

6a

where D is a phenomenological diffusion constant for
dislocations, and o;-J- is the stress in the FLL due to elastic
deformation. We have assumed that only glide of the
dislocations is allowed. The total dislocation current is
obtained by summing over the six possible Burgers vec-
tors J~ =P,=~b;jJ The av. erage flow velocity of the FLL
due to the motion of the dislocations is then given by [22]

&8u /r)1 &
= —„d r' g~ (r —r') & Bq J](r') & .

Inserting the stress due to the elastic deformation [solu-
tion of Eq. (3)] and averaging over the random potential,
we find that the motion of the dislocations induces an ex-
tra drift velocity of the FLL given by

6vi' = (I/16Ceehq) Z emiq q K(0,q)sgn(q. v),
q

where I/Atl=(Dnda /8)xR, This extra drift velocity is
independent of the magnitude of the driving force for a
fixed dislocation density nd.

In principle, the number density of dislocations should
be determined from some first-principles theory which
takes dynamical nucleation and annihilation of disloca-
tions into account. Unfortunately, at the present time
there is no known theory of how to calculate the nu-

cleation and annihilation rates for our model. Therefore,
in order to estimate how the density of dislocations varies
with the Aow velocity, we appeal to numerical simula-
tions.

For N, , particles with position r;(r) =( (x),yr;(t)) and

Np attractive identical pins with random fixed positions
rp in an area 8 =L,L,, with periodic boundary conditions
[10,15], the potential energy of the system is given by

the ideal triangular lattice spacing a0=1. Simulations
were done for a system with N, , =1020, Np 438,
R, , =0.6, and Rp =0.25. The particles follow a diffusive
equation of motion @dr;/dt = —t)U/t)r;, with the time
scale fixed by setting g=1. The simulations are run as
follows: Starting from an ideal triangular lattice, we ap-
ply a constant homogeneous driving force Fd„ to the parti-
cles and follow the system as it evolves. The center-of-
mass velocity &v) is measured in the asymptotic long-time
stationary regime. The defects in the system are ana-
lyzed by computing the coordination number of all the
particles [19]. Defects in the lattice show up as particles
with coordination numbers different from six. We have
found that the number of defects, which is zero for large
driving forces, increases with decreasing driving force
(see Fig. 1). We have also observed that the I-V curve
(i.e. , the &v)-Fd„curve) deviates from linear behavior at
the point where dislocations start to be generated in the
system (Fig. 2). These observations show that the plastic
contribution to the drift velocity of the FLL increases
with decreasing driving force, thus making the I- V
characteristics nonlinear. Examples of such nonlinear I-
V curves in simulations for small driving forces have been
published previously [15].

In conclusion, we have sho~n that in the presence of a
pinning potential, a 20 FLL is unstable against the for-
mation of the FLL dislocations. The motion of disloca-
tions in the FLL introduces extra dissipation in the sys-
tem, thus increasing the critical current. The resulting
J-V characteristics are nonlinear due to the nonlinear be-
havior of the dislocation density. At large current (i.e.,
large driving force), there are no plastic deformations in
the system, and the collective pinning theory applies, re-
sulting in a linear J-V curve. As the current is decreased,
defects such as dislocations start to be generated in the
system, and the I - V curve starts to deviate from linear.
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where v(p) is a Gaussian potential and Fd„ is an external
driving force. The units are fixed by setting 4,, =1 and
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FIG. 1. Number of defects in a 20 lattice as a function of
the driving force for a given pinning potential A~ =0.1.
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FIG. 2. Velocity-vs-driving force curve for A„=O. I. The
solid line is given by (i ) =Fz,. The dotted line is a guide for the
eye.
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