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quarks and charged leptons Dirac mass

components required
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@ SM: there are only left-handed neutrinos
@ But v are massive

°

— two possibilites: Dirac mass or Majorana mass
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Dirac Neutrino Masses

Extension of the SM mechanism:
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Introduce right-handed neutrinos (restrict to 3 vg)
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Mass term from
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Mass term from
EYuk,Iept = _E Y/I ¢ /[/Q - FL y"” &) V;Q + h.c.

In the unitary gauge

o= 75 (v )+ B=imo =55 (V)

Hence

v+h

Lyuk lept = — ( NG ) [E Y'Ig + v Y" vg| + h.c.

[EE—
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Matrices Y’! and Y’” diagonalized by four unitary matrices:
/ /
=V I, Ip=Vilg,
V/L:VZ/I‘IL, V;?:VEI’IR

Eigenvalues:
VIYTVE=Y" Y=y, (a.8=epnT)

VYR VE= Y Y= ey (1 =1.2.9)

real and positive y/ and y ( )
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Therefore

v+h\ — U
Lyuk,lept = —< \/§>[/L Y'Ig + AL Y ng| + h.c.

mass eigenstates /;, Ir,

VLR
nrR= 1\ VaLRr
V3L,R

charged lepton and neutrino masses

14

/
YaV yJ v

V2

mey =

12



This approach is not completely satisfactory:

I v
— YaVv Y

e Lepton masses m, = somp =5

are proportional to v

o Why m; < m, (y] < yX)?
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Majorana Neutrino Masses

The SM conserves B, L (Le, Ly, L;)

Neutrinos and antineutrinos are electrically neutral

— can be Majorana particles v = 1< = Cv|

no need for right-handed components
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Majorana Neutrino Masses

The SM conserves B, L (Le, Ly, L;)

Neutrinos and antineutrinos are electrically neutral
— can be Majorana particles v = 1< = Cv|

no need for right-handed components

but lepton number violation:
Llv)=+1, L(¥°)=-1

and we require v = v (AL

source of CP violation
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@ A neutrino Majorana mass term
vl Clyy

has hypercharge Y = —2

e Gauge invariance (and renormalizability) = Higgs triplet
with Y = +2
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@ SM is an effective low-energy theory
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@ SM is an effective low-energy theory

@ = non-renormalizable terms which respect the SM gauge
symmetry are allowed

@ expansion in operators with dimension greater than four

ﬁZL:sm-l-&OS-F&

M M2(96+...
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@ The only operator with dimension 5 is a Majorana neutrino
mass term
<L[Tz¢) ct (chTzLL) + he. =

Os
_ % (LcinrLy) - (6Tn7) + he.
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@ The only operator with dimension 5 is a Majorana neutrino
mass term
<L[T2¢) ct (chTzLL) + he. =

Os
_ % (LcinrLy) - (6Tn7) + he.

@ In the unitary gauge

1 2
ﬁS:Egj\l/l Z/Z—CTI/L—{—h.C.—F...
@ Masses
_ g5V2
M

If M ~ Mgyt ~ 10'° GeV, g5 ~ 1, then (v ~ 10 GeV)
m,, ~ 1072 eV
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For three generations of Majorana neutrinos

/
Vel

r /
v = VyL

/
VrL
Majorana mass term
Maj _ 1 Totpsl
L =_-v, C'"M~v; + h.c.

mass 2

where ML is a 3 x 3 complex symmetric matrix in flavour space
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Diagonalization with a unitary matrix V}:

V1L

/ v
vp=V/n ng = 1238
V3L

(V)T MEVE =M, Myo=mjd (j,k=1,2,3)
with real and positive eigenvalues m;

Maj
Emass

1
= EnLTCTMnL+h.C.:

3
1
= 3 Z mky,Z-L Cl v + h.c.
k=1
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Dirac-Majorana Neutrino Masses for One Generation

The most general mass term for one generation is

Dir+Maj __ p,Dir Maj,L Maj,R
Emass - Emass + Emass + Emass

where

LPr = —mprgyL + h.c.

; 1
£Maj b 5 ML vl Clu + hec.

EMaj7R _

1
mase E mg V,z;— C']L VR + h.c.
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Define

%= (e ) = (e )

so that
. 1
LDirMaj _ 5 N[ CT M N, + h.c.
where

(2 )
mp Mg
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Diagonalization:

nL—UT/\/L—<ZZ>7 UTMU_<rg1 ncv)g)

with real masses m; > > 0

. .1 1
Dir+Maj __ T ot - _ - 7L
Lo = 3 g my vy Cl g + hc = 5 E my Uk
k=1,2 k=1,2

vk = vl + (Vi) = vie = (vk)©
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Assume that M = M* is real (CP is conserved), with positive
mR, Mp
Then M can be diagonalized by U= Op

[ cosB sinf [ p1 O
O_(—sinH c050> p—< 0 p2>
where pi =+1, mi = pi mf such that the physical masses are
positive

/
2
OTMO:(m1 0,) tan20 = <0
0 my mgp —my

1
m'2’1 = 5 ((mL + mg) £ \/(mL — mR)2 + 4m2D>
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o if mymg < m?, mj<0andp?=-1

my = % <\/(m/_ — mg)2 + 4m2D —(my + mR)>
my = % ((m/_ + mg) + \/(mL — mg)?2 + 4m2D>

° imemRZm%, mﬁZOandp%:—i—l

m = % ((mL + mg) — \/(mL — mg)? + 4m2D>

my = % ((mL + mg) + \/(mL — mg)2 + 4m2D>
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In each case, oscillations between active v, and sterile (vg)€ are
allowed and

A 2
Py —(vr)e(L, E) = sin2 26 sin? < m L>

4E

where

Am2:m§—m%:(mL+mR)\/(mL—mR)2+4m%
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Interesting limits

@ Maximal mixing m; = mg
my=|mg—mp|, my=m 4+ mp

Am? = 4m;mp

g="
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Interesting limits

@ Maximal mixing m; = mg
my=|mg—mp|, my=m 4+ mp

Am? = 4m;mp

g="

@ Diraclimit m; = mr =20
mip = mp = Mp

Am? =0

h="
4
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@ Pseudo-Dirac limit |m;|, mgp < mp

' (me + mg) 1 m—mg\>
my 3 mp [ 2mp \/ + 4 ( mo )

= mp | LMt mR) 1+o<’"‘mR>2”
2mp mp
m; +m mp+m
2 2
then

Am? =2mp (my + mg) + ...

2
tan20= —"0 51 — ¢
mr —mp

12
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Type | See-saw Mechanism

mp =0, mp < mg

myy = ";R[H[ 1+4< ]

4
g b ()]
2 R mg
2 2
m m
m=-—"L+..., m=mg+-—2+...
mg mg

then
Am? = mik+2mh + ...

2
tan20 = Mp
mg

<l = 60~0

9



Type Il See-saw Mechanism

mp, mp < mpr
m m m\ 2 o\ 2
1 2 mr mgr mr
- MR m _m
- = [(1+ R>ﬁ:[(1 mR)+
2

2
p2(m) 2 () +o<<’"”)>“
2 \mg mgr mg
2 2
m m
m].:mL_iD"_..., mzsz+—D+

then

1
Am? =:rn%,+—2rn% —-§1n%-+...
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The See-Saw Mechanism

We have seen two possible realizations

Natural explanation of the smallness of neutrino masses
Aesthetically appealing

Should be included in a SM extension scheme (GUT)

Introduce other types

4



Type | See-Saw

Consider 3 generations
Introduce 3 sterile neutrinos

Dirac mass term

Majorana mass term only for sterile neutrinos (M, = 0)

. . — - 1
Egg:s_lwaj = _L/L YW(DV;Q + §V;QTCTMRV;? + h.c.
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e Eigenvalues of Mg are not protected by the SM symmetries
@ — order Mgyr

@ we integrate them away
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e Eigenvalues of Mg are not protected by the SM symmetries

@ — order Mgyr
@ we integrate them away

The e.o.m. for I/I/Q, in the static limit, are

o Dir+Maj L
R L A VR CTMg ~ 0
R

Solving for vg:

Ve~ —Mz1eTC (v)T (T'L)T

7



~ —\NT
Substituting back v = ~Mg' &Tc (v)T (1) -

LDirEMaj % (T/L&)) C <y/uME1 (Y,V)T) <(5T (L—,L> T>
+ h.c. =
= —% (L7 m®) Oy Mgty ™) (07T L)

~ (L) c(r Tmgty™) (ofn()7) |
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After e.w. symmetry breaking:

mass

. . 1
[ Dir+Maj ~, _EULTCT(MEMA—”lAﬂE)y,’_ + h.c.
where
Yy
Mp =
NG

is a Dirac mass matrix.

30



The effective left-handed Majorana neutrino mass matrix is
M,, = —MjM,'Mp

of order

V2

Mgut
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Type Il See-Saw

Add a Lorentz scalar, SU(2), triplet A, with a Yukawa coupling
Lyun = LiTCY" AL, + h.c.
After symmetry breaking the triplet gets a non-vanishing v.e.v.

M2
(A) ~ M—W if Ma > My
A

Hence left-handed neutrinos have a Majorana mass matrix

Miy

MI/L ~ Y/l/ MA

41



Type |l See-Saw

Add a fermionic SU(2), triplet p
EYuk,p = L/LTCY/V7—2PCD + MprI‘I' SU2), (,OTCp) + h.c.

symmetry breaking — Dirac mass for p
Y"v

Mp, 22
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If Mp, > M, > Mp,,, in the basis (v, vr, p) the mass matrix is:
T
0 mp, 0
mDLR 0 MDp
T
0 MDP M,
and gives the Majorana mass matrix for v

my,, = mp,,Mp MMD mDLR
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Double See-Saw

e Add 3 vg

@ Add 3 neutrino singlets S which do not couple to v, but only
to vRr

@ Majorana mass for the singlets

Dirac mass for neutrinos

In the basis (v, vr,S) the mass matrix is:
T
0 mp, . 0

mp, g 0 M Dgs
0 M ERS M Mss
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Assuming My, < Mp,, gives the left-handed Majorana mass
matrix

T

_ -1 -T T
My, = Mp,p MDRS Mwmss MDRS mp,

= Type-lll see-saw is a special case of Double see-saw
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@ Neutrinos are massive, hence the SM must be extended
@ There can be both a Dirac and a Majorana mass term

@ Many phenomenological models, expecially based on the
see-saw mechanism
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The End

“It should be clear from the above considerations that a theory of
neutrino masses does no exist today. We are still lacking a unifying
principle that organizes the flavour sector of particle physics. | ...]
We are of course aware that, especially in the neutrino field and in
the recent past, many ideas and prejudices turned out to be
wrong” . (Feruglio et al. arXiv:0808.0812 [hep-ph])

The End
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o Diagonalization of the neutrino mass matrix
o — non—diagonal CC weak interaction

LC = ——=_j0 W, + h.c.

2{
with jﬁ/ :JW,Iept +./5V,quark
Hvepe = 227 =20 VIV =

= 2n U/TDMNS'VPIL

where ( )
N Uel Ue2 Ue3
UPMNS = VZi V) = U//,l U/1,2 U,u3
U7'1 U7'2 UT3
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Left-handed flavour neutrino fields

v =Upunsne = | vu

Sterile neutrinos

are the right-handed neutrinos
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Parametrization of the Neutrino Mixing Matrix

Parametrization of the Neutrino Mixing Matrix

Upmns = UP DM

cos 13 0 sinfq3e3
UP = Ry3 0 1 0 Ri2
—sinfize 13 Q cos 013
et 0 0
DM=1| o0 e* 0 A =0
0 0 e
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Approximations for the Neutrino Mixing Matrix

o Trimaximal mixing (A12 = 023 = 7/4, sinf13 = 1//3,
sin 613 = :|:1)

1 1 1 Fi

UP = — | —eFs eFis 1
V3 oFIT _eHT g

51



@ Trilarge mixing (613 = 0)

C12 S12 0

D
U” = | —sipc3  croo3 523
512523 —C12523 (23

@ Tri-bimaximal mixing (sin2 013 = 0, sin’ fp3 = 1/2,
sin® 1, = 1/3)

A
ub— | L f 1
® G G

Ve V3 V2

5D
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