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Introduction

Haud igitur penitus pereunt quaecumque videntur,
quando alid ex alio reficit natura nec ullam
rem gigni patitur nisi morte adiuta aliena1.

Titus Lucretius Carus,

De Rerum Natura, I, 262-264

The Standard Model (SM) of strong and electroweak interactions is probably the most
outstanding achievement in theoretical physics over the last half century, since it is a
correct, and sometimes much accurate, description of quantum phenomena at energies up
to the Fermi scale, G

−1/2
F ∼ 293 GeV, though its Higgs sector has not yet been completely

verified.

The Standard Model is a renormalizable theory, but at energy scales comparable to
the Planck scale, MP ≡ (8πGN)−1/2 ∼ 2.4 × 1018 GeV, the effects of gravity cannot be
neglected. The main challenge in theoretical physics is now to find a quantum theory of
gravitation which unifies the Standard Model and General Relativity, describing phenom-
ena at arbitrarily high energies. In the low-energy limit this theory should give back the
Standard Model physics. Hence, in a bottom-up approach, we can look for extensions of
the Standard Model.

Supersymmetry is a symmetry which relates bosons and fermions. The most convinc-
ing extensions of the Standard Model at the Fermi scale are theories with “softly” broken
supersymmetry, because they provide a suitable framework to solve the hierarchy prob-
lem, the unification of gauge coupling constants and the problem of dark matter. However,
globally supersymmetric theories need a large number of mass and coupling parameters,
which describe how supersymmetry is “softly” broken to give the observed particle spec-
trum and leave many theoretical and phenomenological problems open. This leads to
theories of local supersymmetry (N = 1, so to allow for chiral fermions), that include a
supermultiplet with a spin-3/2 and a spin-2 particle, hence containing a description of
gravitational interactions. For this reason they are called supergravity theories.

The most promising possibility for unifying, at the quantum level, the Standard Model
with a theory of gravitation is string theory, whose basic elements are not point-like
particles, as in the Standard Model, but one-dimensional objects, the strings.

1Therefore, what we see does not entirely perish \ because nature makes something from something
and \ nothing is allowed to be generated, unless aided by an external death. \\
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There are five different perturbative formulations of string theory that include both
bosonic and fermionic degrees of freedom in space-time and are consistently defined in
ten dimensions. There are also hints for an underlying theory, named M-theory, which,
by taking appropriate limits, should give the five ten-dimensional formulations of string
theory, called type I, type IIA, type IIB, heterotic with E8×E8 gauge group and heterotic
with SO(32) gauge group.

In the low-energy limit, string theory provide us with supergravity theories in ten di-
mensions (eleven for M-theory). However, since the four-dimensional description provided
by the Standard Model agrees with experiments, it is important to understand how to ob-
tain an effective field theory in four dimensions, possibly resembling the Standard Model
or its minimal supersymmetric extension (MSSM). The obvious solution is to perform a
compactification of the extra dimensions, factorizing the full space-time into the product
of the four-dimensional Minkowski space-time (or better a de Sitter space, since recent
measurements suggest a tiny positive vacuum energy density) and of a compact space,
characterized by a mass scale at least of the order of 1 TeV, and probably much larger. In
fact, if the compact space is small enough, the compactification scale must be higher than
that explored in the high energy experiments, thus explaining why we have not found yet
evidences for extra dimensions.

When a theory is compactified, many massless scalar fields, the moduli, arise in the
effective lower-dimensional theory, which describe, among others, the size and the shape
of the extra dimensions. This generates many problems. First of all, massless scalar fields
can generate long-range forces in conflict with observations. Moreover, since the vacuum
expectation values of the moduli control the masses and coupling coupling constants of
the effective four-dimensional theory, the latter remain undetermined if the moduli are
unconstrained by dynamics. It is then desirable to stabilize all the moduli through a
potential which gives them a mass. The generation of a potential for the moduli is closely
related to the problem of breaking supersymmetry and to that of the vacuum energy: in
the path towards a realistic model, the goal would be to find a vacuum with spontaneously
broken supersymmetry, all moduli stabilized and vanishing or tiny and positive vacuum
energy.

There are two simple ways to introduce a potential for the moduli. The first is to turn
on fluxes, i.e. non-trivial background values for the internal components (those in the extra
dimensions) of the p-form field strengths in the higher-dimensional supergravity theory.
The second way is to use the Scherk-Schwarz mechanism, which allows for a dependence on
the internal coordinates of the fields in the original theory, compatible with the symmetries
of the action. In some cases, this dependence can be interpreted as expectation values
for the internal components of the spin connection. In this cases the fluxes are called
geometric, since they are related to the geometry of the extra dimensions. These two
mechanisms can work at the same time, but there are some consistency conditions that
must be fulfilled, which do not permit arbitrary combination of fluxes.

Non-trivial fluxes are analogous to a magnetic field in classical electromagnetism. The
sources for these fluxes are Dp-branes, extended objects in p spatial dimensions on which
open strings can end that have a Ramond-Ramond (RR) charge, or other objects in the
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Neveu-Schwarz-Neveu-Schwarz (NSNS) sector.

The study of supergravity compactifications obtained from string theory in the pres-
ence of fluxes and branes is thus important to understand if (and how) the low-energy
limit of string theory can reproduce the Standard Model or one of its extensions, in partic-
ular the MSSM. In this sense, compactification characterizes physics at energies between
the electroweak and the string scale.

The simplest compactifications are performed on tori, but the supergravity theories
in ten and eleven dimension, when compactified on a torus, give an effective theory with
four or eight supersymmetries, while the most physically interesting theories are those
preserving just one supersymmetry, especially if spontaneously broken.

A possibility to obtain N = 1 supersymmetry in the effective four-dimensional theory
is to compactify on an orbifold, i.e. the quotient space of a manifold with respect to a
discrete symmetry. A simple and interesting example is that of the orbifold Tk/(Z2 ×Z2),
k = 6, 7, which reduces the number of supersymmetries, with respect to the toroidal
compactification, by a factor four. When necessary, to obtain an effective N = 1 theory,
another Z2 projection can be introduced, which in type II theories corresponds to a
particular operation called orientifold.

Compactifications of heterotic, type IIA and M-theory supergravities on Tk/(Z2×Z2),
k = 6, 7 have been extensively discussed in literature, therefore we study here compacti-
fications of type IIB supergravity on the orbifold T6/(Z2 ×Z2), with two kinds of further
orientifold projections to obtain a N = 1, d = 4 effective supergravity. From the point of
view of the effective supergravity, orientifolds can be classified by the intrinsic parities of
the fields and by the (hyper-) planes left invariant by the projection, which have p spatial
dimensions and are called Op-planes. To obtain a N = 1, d = 4 effective theory from type
IIB supergravity compactified on the T

6/(Z2 × Z2) orbifold, the two orientifolds that we
use define O3/O7 and O5/O9 orientifold planes, respectively.

The original part of this thesis begins in Chapter 5 with the study of six supergravity
compactifications on the orbifold T

k/(Z2×Z2), k = 6, 7, with a further Z2 projection when
necessary to obtain a N = 1, d = 4 effective supergravity. In each case, we concentrate
on the scalars of the theory. We show that it is possible, through appropriate non-linear
redefinitions of the fields of the reduced theory, to put the reduced action in the standard
form for a N = 1, d = 4 supergravity, containing seven complex scalar fields. This allows
us to compute the Kähler potential, which can be identified from the kinetic terms of the
scalars. In these dimensional reductions there is no scalar potential. This corresponds to
a vanishing superpotential.

The second original part is described in Chapter 6. There we study vacua in type
IIB supergravity compactifications with O3/O7 and O5/O9 orientifolds, in the absence
of sources for simplicity.

In type IIB supergravity with O3/O7, no geometric flux is compatible with the orbifold
and orientifold projections. Thus, in this case, we turn on a subset of the allowed p-form
fluxes and compute the scalar potential which is generated. Given the form of the Kähler
potential, we compute the corresponding superpotential. Then we study the vacua of the
theory. First, we show that there are only Minkowski vacua. Moreover, in the absence of
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sources, vacua can be obtained only for trivial values of the fluxes, in agreement with a
no-go theorem, since the scalar potential is runaway.

The case of type IIB supergravity with O5/O9 orientifolds is more interesting. In this
case there are allowed geometric fluxes, on which we concentrate. We compute the scalar
potential which is obtained by generalized dimensional reduction when four geometric
fluxes are turned on and we also compute the corresponding superpotential. In this case,
we find again only Minkowski vacua, but not only with trivial fluxes. We find two non-
trivial vacua, where two or four geometric fluxes are turned on, and in the simplest case
we compute the spectrum of the scalars. However, the fluxes considered here (without
sources) are not sufficient to stabilize all the moduli of the theory.

This is a contribute to the study of type IIB flux compactifications, in which we
identified new vacua in the case with O5/O9 orientifolds. In perspective, the final goal
would be to find a vacuum, even with sources for the fluxes and other more general “non-
geometric” fluxes, which allows for a complete moduli stabilization and, when a suitable
system of branes is introduced, contains the Standard Model or the MSSM.

In Chapter 1 we introduce N = 1 global supersymmetry in four dimensions. After a
brief survey of the supersymmetry algebra, we give the Lagrangian for a generic super-
symmetric gauge theory. Then we discuss how to break supersymmetry, which is necessary
to obtain a mass spectrum compatible with observations. We will see that the breaking
must be “soft”. This will enable us to write the Lagrangian of the MSSM, which includes
the superpartners of the SM particles and many soft breaking parameters.

In Chapter 2 we discuss theories of local N = 1, d = 4 supersymmetry. We begin by
showing that a theory of local supersymmetry contains a theory of gravitation, then we
introduce the component form for the N = 1, d = 4 supergravity Lagrangian. This will
allow us to discuss supersymmetry breaking in supergravity models and in particular the
super-Higgs effect. We conclude by studying two important supergravity models.

A brief introduction to compactification and dimensional reduction is given in Chapter
3, through some simple examples. The first is the dimensional reduction of a free and
massless scalar field from D = 5 to d = 4 dimensions, both in the ordinary and in the
generalized case. Next we discuss compactification of pure gravity, again from D = 5
to d = 4 dimensions, in the ordinary case. In the last examples, we discuss dimensional
reduction of a free Dirac field from D = 5 to d = 4 dimensions, both in the ordinary and
the generalized case, on the circle S1 and on the orbifold S1/Z2.

Chapter 4 contains a summary of the bosonic part of supergravity theories in ten and
eleven dimensions. These are the starting point for performing orbifold compactifications
down to four dimensions, which are studied in Chapter 5, where we discuss six specific
examples.

Finally, in Chapter 6 we discuss the effect of p-form and geometric fluxes in four-
dimensional orbifold compactifications of type IIB supergravity. In each of the two ex-
amples we consider, we derive the scalar potential by dimensional reduction, we identify
the corresponding superpotential and its dependence on the fluxes, and we finally discuss
the resulting vacuum structure, in relation with supersymmetry breaking and moduli
stabilization.
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Chapter 1

N = 1, D = 4 supersymmetry

In this chapter we introduce global (or rigid) supersymmetry in D = 4 space-time di-
mensions. We start by writing the supersymmetry algebra (concentrating on the N = 1
case, where N is the number of supersymmetry generators) and by describing some of its
consequences. Then we build the most general Lagrangian for a supersymmetric renor-
malizable gauge theory (containing particles of spin 0, 1/2 and 1) and study the breaking
of supersymmetry. Finally we give the Lagrangian of the minimal supersymmetric ex-
tension of the Standard Model. Since there are many reviews on the subject (see e.g.
[1, 2, 3, 4, 5, 6, 7, 8]), we will only state the results which will be useful in the following.

1.1 The supersymmetry algebra

Symmetry principles play an essential role in our understanding of Nature. The best
description of microscopic phenomena is the Standard Model (SM) of strong and electro-
weak interactions, whose symmetry group is a direct product of the Poincaré group and
the compact gauge group G = SU(3)C ⊗SU(2)L⊗U(1)Y . Since the composition of gauge
and space-time symmetries in the Standard Model is a direct product, it is interesting
to study symmetries which unify space-time and internal symmetries, therefore having
generators which, in general, carry non-trivial spin.

According to the celebrated Coleman-Mandula theorem [9], the only possible Lie al-
gebra symmetry generators compatible with the symmetries of the S-matrix consist of
the generators of the Poincaré group1, plus other “internal” symmetry generators which
commute with the former, i.e. Lorentz scalar generators. Then, if we want to introduce
new symmetry generators that carry half-integer spin, hence relating particles of different
spin and statistics, i.e. connecting bosons and fermions, we must go beyond the concept
of Lie algebra. This is the case of supersymmetry2, whose generators belong to a graded

1Our notation is specified in Appendix A.
2Supersymmetry was discovered in 1971 (early works are [10] and [11]; reprints of the original (four-

dimensional) literature and a historical introduction can be found in [12, 13]) and the building of a
supersymmetric field theory, the Wess-Zumino model [14], led to a systematic study of the supersymmetry
algebra, which was found to be the most general graded Lie algebra (see, e.g. [4]) compatible with local
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Lie algebra, with commutation and anticommutation relations.
The supersymmetry algebra is an extension of the Poincaré algebra that includes

spin-1/2 generators Qi
α, i = 1, . . . , N . In the most general case (in D = 4) it is:

{Qi
α, Q

j

β̇} = 2 σµ

αβ̇
Pµδ

ij , (1.1)

{Qi
α, Q

j
β} = ǫαβZ

ij , {Qi

α̇, Q
j

β̇} = ǫα̇β̇Z
†ij , (1.2)

[Pµ, Q
i
α] = [Pµ, Q

j

α̇] = [Pµ, Z
ij] = 0 , (1.3)

[Z ij, Q
k

α̇] = [Z ij , Qk
α] = [Z ij , Zmn] = 0 , (1.4)

where Z ij = −Zji are a set of central charges of the algebra.
Since it is not possible to define chiral spinors belonging to a representation of extended

(N > 1) supersymmetry algebra, we will restrict ourselves to the case N = 1, thus
remaining without central charges. In this case the supersymmetry algebra becomes:

{Qα, Qβ̇} = 2 σµ

αβ̇
Pµ ,

{Qα, Qβ} = 0 = {Qα̇, Qβ̇} .
(1.5)

An irreducible representation of the supersymmetry algebra is called supermultiplet.
Each supermultiplet contains both fermionic and bosonic states, which are said superpart-
ners of each other.

N = 1, d = 4 supermultiplets have two fundamental properties:

1. All particles belonging to an irreducible representation of supersymmetry have the
same mass, since P 2 is a Casimir operator of the supersymmetry algebra.

2. Every representation of the supersymmetry algebra always contains an equal number
of fermion and boson degrees of freedom, because there is a symmetry connecting
bosons and fermions.

1.2 Superfields and superspace

Superfields provide an elegant and compact description of supersymmetry representations,
so we will introduce this formalism to obtain the most general supersymmetric and renor-
malizable Lagrangian which involves scalar and vector fields as well as their fermionic
superpartners.

Let θα and θα̇ be two Grassmann variables. Superspace is the space whose coordinates

have the form XM =
(
xµ, θα, θ

α̇
)
.

relativistic quantum field theory and with the symmetries of the S-matrix (Haag- Lopuszański-Sohnius
theorem, 1974; for a proof see [2, 4, 15]).
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The supersymmetry algebra may be viewed as a Lie algebra with anticommuting
parameters, therefore we are led to define a corresponding group element:

G (x, ǫ, ǫ) ≡ ei (xµP µ+ǫQ+ǫQ) , (1.6)

where ǫα ad ǫα̇ are spinorial (constant) parameters. The composition of group elements
is3

G(xµ, θ, θ)G(0, ǫ, ǫ) = G(xµ − iǫσµθ + iθσµǫ, ǫ+ θ, ǫ+ θ) ,

so the multiplication of group elements induces a motion in superspace which is generated
by the differential operators Q and Q

Qα = −i
(

∂

∂θα
− i(σµ)αα̇θ

α̇
∂µ

)
, Qα̇ = −i

(
− ∂

∂θ
α̇

+ iθα(σµ)αα̇∂µ

)
, (1.7)

which satisfy the algebra {Qα, Qα̇} = 2 (σµ)αα̇(−i∂µ).
Superfields are functions of superspace coordinates F (x, θ, θ). Since θα and θβ̇ are

anticommuting parameters, the generic superfield can be expanded as:

F (x, θ, θ) = f(x) + θ φ(x) + θχ(x) + θθm(x) + θθ n(x) +

+ θσµθ vµ(x) + θθθλ(x) + θθθ ψ(x) + θθθθ d(x) , (1.8)

where

• f,m, n, d are complex scalar fields,

• φα, χ
α̇, λ

α̇
, ψα are two-component spinors,

• vµ is a complex vector field.

A superfield has, in general, 16 real bosonic components and 16 real fermionic ones,
so there is an equal number of fermions and bosons, but there are too many fields to
describe supermultiplets with a small number of degrees of freedom. We can obtain ir-
reducible representations of supersymmetry by imposing covariant constraints on super-
fields, i.e. restrictions to the general superfield which are invariant under supersymmetry
transformations (they will not have any dynamical content, but only reduce the number
of components).

The supersymmetry transformation of a superfield F is given by

δF = i
(
ǫQ+ ǫQ

)
F (x, θ, θ) ; (1.9)

then we can look for constraints which are preserved by supersymmetry transformations,
introducing covariant derivatives Dα and Dα̇ such that

Dα(δF ) = δ(DαF ) , Dα̇(δF ) = δ(Dα̇F ) ,

3We decide to act on the right, instead of on the left, otherwise we would obtain an algebra with a
wrong sign.
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and we obtain

Dα =
∂

∂θα
− i(σµ)αα̇θ

α̇
∂µ , Dα̇ =

∂

∂θ
α̇ − iθα(σµ)αα̇∂µ . (1.10)

This allows us to define a left-handed chiral or scalar or matter superfield as a superfield
which satisfies

Dα̇φ = 0 . (1.11)

Analogously, a right-handed chiral or scalar or matter superfield is a superfield which
obeys

Dαφ = 0 . (1.12)

Moreover, a vector or gauge superfield V is a superfield which satisfies the reality con-
straint

V (x, θ, θ) = V (x, θ, θ)† . (1.13)

Note that constants are chiral superfields, for φ = a is the solution to the equations
Dα̇φ = 0 = Dαφ. Moreover, since Qα and Qα̇ are derivatives, φ = a is invariant under
supersymmetry transformations.

1.2.1 Chiral superfields

Introduce two new variables yµ ≡ xµ − iθσµθ, yµ ≡ xµ + iθσµθ such that Dα̇y
µ = 0

and Dαy
µ = 0. Any function of the variables y and θ only is then a left-handed chiral

superfield :

φ(y, θ) = z(y) +
√

2 θ ψ(y) − θθ f(y) =

= z(x) +
√

2 θ ψ(x) − θθ f(x) − i (θσµθ) ∂µz(x) +

+
1√
2
iθθ (∂µψ(x)σµθ) − 1

4
θθθθ�z(x) , (1.14)

where z, f are complex scalar fields, ψα is a left-handed Weyl spinor and in the second
expression we have Taylor expanded φ around xµ. In particular, f is introduced as an
auxiliary field which is needed to equate the off-shell bosonic and fermionic degrees of
freedom in the supermultiplet, while it does not carry any physical degree of freedom.

Analogously, any function of the variables y and θ only is a right-handed chiral super-
field and we have φ(x, θ, θ) = φ(x, θ, θ)†.

Under a supersymmetry transformation δφ(y, θ) = i (ǫQ+ǫQ)φ(y, θ), the components
of a chiral superfield transform as:





δz =
√

2 ǫψ

δψα = −
√

2 fǫα −
√

2 i(σµǫ)α∂µz

δf = −
√

2 i(∂µψσ
µǫ)

.
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The highest components of φ and φ are f and f respectively; all higher powers in
θ, θ are space-time derivatives. Thus the f or f component of a scalar superfield always
transforms into a space-time derivative.

Products of chiral superfields are again chiral superfields, since Dα̇(φn) = nφn−1Dα̇φ =
0 and analogously for right-handed chiral superfields. The product φ†φ, however, is not a
chiral superfield, but still the θθθθ component transforms into a space-time derivative4;
since it contains the kinetic terms for the fields, we define

LK ≡
[
φ†φ
]
θθθθ

=

= f †f − 1

4

(
z�z† + z† �z

)
+

1

2
(∂µz

†) (∂µz) +

+
i

2
(ψσµ∂µψ) − i

2
((∂µψ)σµψ) . (1.15)

The supersymmetric Lagrangian involving only chiral superfields is then

Lc =
[
φ†

iφi

]
θθθθ

+ [W ]θθ + [W ]θθ , (1.16)

where we defined the superpotential

W (zi) ≡ aizi +
1

2
mij zi zj +

1

3
λijk zi zj zk , (1.17)

(sum over repeated indices is implicit) and the couplings mij and λijk are symmetric
in their indices. If we eliminate the auxiliary fields fi by substituting their equations of
motion:

f †
i = ai +mij zj + λijk zj zk =

∂W

∂zi

,

we obtain the expression for (1.16) in components:

Lc =
i

2

(
ψiσ

µ∂µψi − (∂µψi)σ
µψi

)
+ (∂µz

†
i ) (∂µzi) +

− 1

2

∂2W (z)

∂zi∂zj

ψi ψj −
1

2

∂2W (z)

∂z†i ∂z
†
j

ψi ψj − Vc , (1.18)

where we defined the scalar potential (involving only chiral superfields) Vc =
∑

i

∣∣∣∂W
∂zi

∣∣∣
2

.

4We denote by [. . .]θθ , [. . .]θθ, [. . .]θθθθ the θθ, θθ and θθθθ components of a superfield, respectively.
Equivalently, it is possible to define an integration over Grassmann variables such that

∫
dθ = 0,

∫
dθ θ = 1

and the brackets are replaced by
∫

d2θ,
∫

d2θ,
∫

d4θ ≡
∫

d2 θd2θ.

13



1.2.2 Vector superfields

Let V (x, θ, θ) be a vector superfield. Then, taken a chiral superfield φ, it is possible to
define the following supersymmetric generalization of a gauge transformation:

V → V + φ+ φ† , (1.19)

and by a suitable choice of φ it is possible to eliminate some of the unphysical fields. This
is called the Wess-Zumino (WZ) gauge. In this gauge, the vector multiplet reduces to 4
bosonic and 4 fermionic degrees of freedom:

VWZ = θσµθvµ + i θθθλ− i θθθλ+
1

2
θθθθ D . (1.20)

To build a Lagrangian for the vector multiplet, one introduces the superfields

Wα ≡ −1

4

(
DD

)
DαV , W α̇ ≡ −1

4
(DD) Dα̇V . (1.21)

which are chiral and gauge invariant. Since Wα is chiral, the θθ component of W αWα

transforms into a space derivative, therefore we may write the supersymmetric gauge
invariant kinetic Lagrangian for a vector field (in the WZ gauge)

LV =
1

4
[W αWα]θθ +

1

4

[
W α̇W

α̇
]

θθ
=

=
i

2

(
λσµ∂µλ− (∂µλ) σµλ

)
+

1

2
D2 − 1

4
FµνF

µν . (1.22)

1.3 Supersymmetric gauge theories

Consider a set of left-handed chiral superfields φi, transforming according to an arbitrary
representation R of a (compact) gauge group G, and a set of vector fields V a, belonging
to the adjoint representation of G (a = 1, . . . , dimG).

Global invariance. We start from the case of a theory invariant under global
transformations of G. Chiral superfields transform as

φ′i = [exp (iΛa(T a))]ij φ
j , (1.23)

where the generators T a of G in the representation R are hermitian, Λa are real constants.
The Lagrangian for a chiral superfield is given by (1.16). The kinetic terms[
φ†

iφ
i
]

θθθθ
are invariant under the transformations (1.23), but in general the superpotential

(1.17) is not, so we must require that each of its terms is invariant; in particular ai 6= 0
only for fields φi which are singlets.

Local invariance. When the theory is gauged, the fields Λa(x) are no longer su-
perfields. But when they are promoted to chiral superfields in general one has Λa† 6= Λa,

so the kinetic terms
[
φ†

iφi

]
θθθθ

are not gauge invariant: (φ†φ)′ = φ†e−iΛ†
eiΛφ, where in

14



matrix notation Λ = ΛaT a. To restore gauge invariance, we introduce a vector superfield
V = V aT a with the transformation

eV → eiΛ†
eV e−iΛ , (1.24)

so that the new kinetic terms

LKIN =
[
φ†eV φ

]
θθθθ

(1.25)

are invariant under local transformations of G.
The chiral superfields Wα and W α̇ defined in (1.21) are no longer invariant under

gauge transformations (1.24), when G is not abelian. The form for Wα and W α̇ which
transforms as

Wα → eiΛWαe
−iΛ , W α̇ → eiΛW α̇e

−iΛ (1.26)

is:

Wα = −1

4
DDe−VDαe

V , W α̇ = −1

4
DDe−VDα̇e

V . (1.27)

Fayet-Iliopoulos terms. If the gauge group G contains abelian U(1) factors, the
θθθθ component of the corresponding vector multiplets V a is invariant under the gauge
group and transforms under supersymmetry with a total derivative. Therefore, in the
presence of abelian vector fields, other terms are allowed in the Lagrangian:

LFI =
∑

a

ξa [V a]θθθθ , (1.28)

called Fayet-Iliopoulos terms.
We conclude that the gauge-invariant and globally supersymmetric Lagrangian is, in

the WZ gauge and considering only terms of mass dimension d ≤ 4,

L =
[
φ†

i

(
e2gV

)i
j
φj
]

θθθθ
+

+

[
W (φi) +

1

16g2τR
Tr (W αWα)

]

θθ

+

+

[
W (φ†

i) +
1

16g2τR
Tr
(
W α̇W

α̇
)]

θθ

+

+
∑

a

g ξaV a , (1.29)

where the superpotential is

W (φi) = ai φ
i +

1

2
mij φ

i φj +
1

3
λijk φ

i φj φk , (1.30)

g is the gauge coupling constant and the index τR of the representation R is defined by

Tr (T aT b) = τR δ
ab . (1.31)
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In components, eliminating the auxiliary fields through their equations of motion

f †
i =

dW (zk)

dzi
, Da = −g

[(
z†i (T a)i

j z
j
)

+ ξa
]
, (1.32)

gives:

L = (Dµz)
†
i (Dµz)i +

i

2
ψiσµ (Dµψ)i −

i

2
(Dµψ)i σµψi +

− 1

4
F a

µνF
aµν +

i

2
λaσµ(Dµλ)a − i

2
(Dµλ)aσµλ

a
+

+
√

2 ig (ψiλ
a
) (T a)i

jz
j −

√
2 ig z†i (T a)i

j(ψ
jλa) +

− 1

2

d2W (zk)

dzidzj
ψi ψj − 1

2

d2W (z†k)

dz†i dz
†
j

ψ
i
ψ

j − V (zi, z†j ) , (1.33)

where the scalar potential is

V (zi, z†j ) =
∑

i

∣∣f i
∣∣2 +

1

2

∑

a

(Da)2 . (1.34)

The covariant derivatives are:

(Dµz)
i = ∂µz

i + ig va
µ (T a)i

j z
j , (1.35)

(Dµψ)i = ∂µψ
i + ig va

µ (T a)i
j ψ

j , (1.36)

(Dµλ)a = ∂µλ
a − g fabc vb

µ λ
c , (1.37)

and the gauge field strengths are:

F a
µν = ∂µv

a
ν − ∂νv

a
µ − g fabc vb

µ v
c
ν . (1.38)

Observe that the scalar potential is a sum of positive terms. Moreover, the representation
of the chiral superfield is arbitrary, but the “gauginos” λa have to belong to the adjoint
representation of G, because they are the supersymmetric partners of the gauge fields va

µ.

1.4 Supersymmetry breaking

Particles belonging to the same supermultiplet have the same mass but, since we have
not (yet) experimentally detected any supersymmetric partner of the SM particles, if
supersymmetry is an underlying symmetry of the real world then it must be broken. In
particular, for a sensible physical theory which includes supersymmetry, the mass of each
of the SM particles has to be smaller than that of the corresponding superpartner. Thus
the main question becomes: how is supersymmetry broken?

We will see that the previous requirement on the masses of the SM particles and their
superpartners gives strong constraints on the answer.
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Let us characterize supersymmetry breaking. In global supersymmetry, N = 1 super-
symmetry is unbroken if and only if the vacuum energy vanishes. In facts, let |Ω〉 be the
vacuum state. If it is supersymmetric, then

Qα|Ω〉 = 0 ,

which implies, through the supersymmetry algebra,

〈Ω|H|Ω〉 =
1

4
〈Ω|
(
Q1̇Q1 +Q1Q1̇ +Q2̇Q2 +Q2Q2̇

)
|Ω〉 = 0 .

In globally supersymmetric theories the scalar potential is (1.34). Consequently, in any
rigid theory supersymmetry is broken if and only if there exists an auxiliary field which
acquires a non-trivial vacuum expectation value (v.e.v.). This last criterion is indeed the
one that can be safely extended to the local case, as will be discussed in the next chapter.

There is another important consequence of supersymmetry breaking, the analogous of
the Goldstone theorem of field theory.
Consider a globally supersymmetric theory in which supersymmetry is spontaneously
broken. Then there exists a massless spin 1/2 state which is a Goldstone spinor, called
Goldstino, given by

λG = 〈fi〉ψi − i√
2
g 〈Da〉 λa . (1.39)

1.4.1 Tree-level supersymmetry breaking

In supersymmetric theories an important quantity is the supertrace of the tree-level mass
matrices, defined in general as

STr M2 ≡
∑

j

(−1)j(2j + 1) Tr M2
j , (1.40)

where the index j runs over the different spins.

An important result, valid for arbitrary 〈zi〉 at the tree level, is that for a renormaliz-
able supersymmetric gauge theory the following mass formula holds (see, e.g. [1]):

STr M2 = −2
∑

a

ga 〈Da〉Tr (T a) . (1.41)

There is supersymmetry breaking (if and) only if the auxiliary fields receive a v.e.v.,
so there are two possible limiting cases (in general a combination of them occurs):

1. F-term supersymmetry breaking, when ∃ i | 〈f i〉 6= 0 and 〈Da〉 = 0 ∀ a;

2. D-term supersymmetry breaking, when ∃ a | 〈f i〉 = 0 and 〈Da〉 6= 0 ∀ i.
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These two cases are realized in the O’Raifertaigh and Fayet-Iliopoulos models.
O’Raifertaigh model

In the case of pure F-term breaking in a renormalizable theory, from (1.41) we have in
general STr M2 = 0.

In this case one finds that F-term supersymmetry breaking splits each complex scalar
into its real and imaginary part, lifting the mass of the former and reducing that of the
latter by an equal amount. This means that pure F-term breaking in a renormalizable
theory cannot provide for a realistic tree-level spectrum.

As an explicit example of F-term breaking, we can consider a model which contains
three chiral superfields Φi, i = 1, 2, 3, and has a superpotential (with λ, g,m constant
parameters)

W (Φi) = λΦ1Φ2 + gΦ3 (Φ2
2 −m2) .

The F-terms read f1 = λz2, f2 = λz1 + 2gz2z3 and f3 = g(z2
3 − m2). There is not a

configuration of the scalar fields which leaves supersymmetry unbroken. Notice that this
mechanism always requires at least three fields.

D-term breaking
When the gauge group contains an abelian U(1) subgroup, from (1.41) we have in general
STr M2 6= 0, since the generators are not necessarily traceless. Take the fields zi with
charges qa

i (in the following equation no sum on i is implied):
∑

j

(T a)i
jz

j = qa
i z

i .

Then the scalar fields receive a mass square contribution gaq
a
i 〈Da〉 and in principle we

could raise the mass of the scalar partners of the SM fermions as long as −∑a gaq
a
i 〈Da〉 >

0. But the weak hypercharge Y of the SM does not satisfy this requirement and introducing
another abelian gauge group can be very dangerous, generating anomalies and unwanted
quadratic divergences.

As an example of this mechanism, we consider the Fayet-Iliopoulos model. It is a U(1)
supersymmetric gauge theory, which contains two superfields E ad E with charges +1 and
−1, respectively. The D-term is D = −e(zEz

†

E
− zEz

†
E + ξ). We take the superpotential

W = mEE. If m 6= 0, the F-terms can vanish only if 〈zE〉 = 0 = 〈zE〉, but in this case
〈D〉 = ξ 6= 0.

1.4.2 Non renormalization theorems

The most striking feature of supersymmetric theories is their renormalization behavior5.
It has been shown that the counterterm Lagrangian which should be added to (1.33)

can also be expressed in superfield formalism. There are two kinds of counterterms: F-
counterterms have the form of a θθ component of a chiral superfield, while D-counterterms
have the form of a θθθθ component of a vector superfield. It can be shown that:

5Since these renormalization properties are demonstrated in the most concise way in the superfield
formalism, which goes far beyond our purposes, we will only state the results. An introduction to the
superfield formalism can be found e.g. in [2, 4, 5, 6].
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• Any perturbative quantum contribution to the effective action must be expressible
as one integral over the whole superspace.

This means that quantum corrections are always D-contributions. The main reason for
that is the presence of “miraculous” cancellations in supersymmetric theories between
loop diagrams with the same external lines but with fields on the loops replaced by their
supersymmetric partners.

This theorem implies that the only necessary renormalization constants are those
needed to renormalize the wave functions of chiral and vector multiplets, while the super-
potential is not renormalized at all.

Therefore, in the absence of a Fayet-Iliopoulos term [ξaV a]θθθθ, a renormalizable su-
persymmetric theory contains only logarithmic divergences. Otherwise:

• If ξa is associated with a traceless generator T a (Tr T a = 0), then there is no
quadratic divergence and ξa is only multiplicatively renormalized.

Consequently, if Tr T a = 0 and ξa = 0 at tree level, then ξa = 0 at all orders. More-
over, when Tr T a = 0 a renormalizable supersymmetric theory does not have quadratic
divergences at all.

1.4.3 The hierarchy problem

One of the main theoretical reason for introducing supersymmetry is the solution that it
provides to the (technical) hierarchy problem.

The Standard Model provides the best known description for the so-far observed mi-
croscopic phenomena. It is based on the spontaneous breaking of the SU(2)L ⊗ U(1)Y

gauge symmetry to U(1)e.m. at an energy scale of the order of 102 GeV . The gravitational
coupling constant supplies us with another scale, the Planck mass scale MP ∼ 1019 GeV ,
at which we surely have to take into account quantum-gravitational effects, so the SM
has to be considered as an effective quantum field theory which is valid at most up to the
scale where a quantum theory of gravitation must be included. Therefore there will be a
mass scale Λ at which the SM will no longer be valid6 and we can use this mass scale as
a momentum cutoff. All quantities in our renormalizable field theory can be regularized
using the parameter Λ. In general, there is no symmetry to protect the scalar masses and
they will, in general, diverge as Λ2:

µ2
(r)(Λ) = µ2 + Λ2 (c1α1 + c2α2 + . . .) (1.42)

where αi represent some coupling constants and ci numerical factors. If, for example, we
want to obtain a renormalized mass of the order of 102 GeV , while Λ ∼MP , then we have
to fine tune µ2 so that µ2

(r) is of the right order of magnitude, canceling almost exactly the

Λ2 term. Moreover, we should fine tune µ2 at every order in perturbation theory, which
is considered unnatural. This is the technical hierarchy problem. A deeper question is why
there should be such different scales in nature.

6And we will have Λ ≤ MP at least.
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Supersymmetric theories provide a solution for the technical hierarchy problem because
a tree-level generated hierarchy is stable under quantum corrections: realistic supersym-
metric models (with Tr T a = 0) have only logarithmic divergences, while being free of
quadratic divergences, thus there is no more need for such an order-by-order fine tuning
of the parameters. However, the physical question remains unsolved.

1.4.4 Soft supersymmetry breaking

Now we would like to introduce a phenomenologically acceptable supersymmetric field
theory which can solve the technical hierarchy problem.

The non-renormalization theorems tell us that renormalizable supersymmetric theories
(if Tr T a = 0) are free of quadratic divergences. Is the opposite true? In other words, is a
theory which does not have quadratic divergences always supersymmetric?

The answer is negative, since there exist terms which explicitly break supersymmetry
without introducing quadratic divergences. The classification of those terms which break
explicitly supersymmetry without introducing quadratic divergences, called soft breaking
terms, was carried out by Girardello and Grisaru in [16] and the result, which can be
motivated in the superfield formalism, is that the only soft breaking terms are of the form

m2|z|2 , m2 (z2 + h.c.) , µ (z3 + h.c.) , µλλ , (1.43)

where z is a complex scalar and λ a gauge fermion.
These are the only non-supersymmetric terms allowed. Since their origin can be found

in the low-energy limit of supergravity theories, we will come back to this point at a later
stage.

1.5 The Minimal Supersymmetric Standard Model

Having studied how supersymmetry can be broken, we can build the minimal supersym-
metric gauge theory which contains the Standard Model, the Minimal Supersymmetric
Standard Model (MSSM).

First of all, we decide to use the gauge group G = SU(3)C ⊗ SU(2)L ⊗ U(1)Y . The
vector bosons of the SM belong to vector supermultiplets and their spin 1/2 superpartners
are called gauginos. In particular, the names are assigned in the following manner:

SM vector boson superpartner
gluon g gluino g̃

W 0, W± winos W̃ 0, W̃±

B0 bino B̃0

Z0 zino Z̃0

photon γ photino γ̃

We decide to give them exactly the same quantum numbers as in the SM, as shown
in Table 1.1.
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Name spin 1/2 spin 1 SU(3)C ⊗ SU(2)L ⊗ U(1)Y

V A
3 g̃A gA (8, 1, 0)

V i
2 (W̃±), (W̃ 0) (W±), (W 0) (1, 3, 0)

V1 B̃0 B0 (1, 1, 0)

Table 1.1: Vector superfields in the MSSM. A = 1, . . . , 8, i = 1, 2, 3.

All the SM left-handed fermions belong to chiral supermultiplets. Their superpartners,
the sfermions, are called squarks and sleptons and have the usual SM quantum numbers
with respect to the gauge group G7.

We also expect the SM Higgs doublet to belong to a chiral supermultiplet, since it
corresponds to a physical scalar particle, but, to give mass to all quarks and charged
leptons we need two Higgs doublets H1 and H2. In the SM, quarks and leptons receive
their mass through their Yukawa couplings to a unique Higgs doublet H , which breaks
SU(2)L ⊗U(1)Y to U(1)e.m.; charged leptons and charge −1/3 quarks couple to H , while
charge 2/3 quarks couple to H†. In a supersymmetric theory, the Yukawa couplings arise
from the superpotential, which is an analytic function of the chiral superfields only (not
of their conjugates). Therefore, we need a second Higgs doublet H2 to give mass to charge
2/3 quarks. The spin-1/2 superpartners of the Higgs scalars are called higgsinos.

The chiral superfield content of the MSSM is summarized in Table 1.2, in the basis in
which all leptons and quarks are left-handed.

Name spin 0 spin 1/2 SU(3)C ⊗ SU(2)L ⊗ U(1)Y description

Qa
(eua

Leda
L

) (
ua

L

da
L

) (
3, 2, 1

6

)
quark doublets

Ua
c (ũa

c)L (ua
c)L

(
3, 1,−2

3

)
antiquarks, charge −2/3

Da
c (d̃a

c )L (da
c)L

(
3, 1, 1

3

)
antiquarks, charge 1/3

La
(eνaeea

L

) (
νa

L
ea
L

) (
1, 2,−1

2

)
lepton doublets

Ea
c (ẽa

c )L (ea
c )L (1, 1, 1) charged antileptons

H1

(H0
1

H−
1

) ( eH0
1eH−
1

) (
1, 2,−1

2

)
“down” Higgs doublet

H2

(H+
2

H0
1

) ( eH+
1eH0
1

) (
1, 2,+1

2

)
“up” Higgs doublet

Table 1.2: Chiral superfields in the MSSM. The index a = 1, 2, 3 runs over the generations.

The next step is to decide the superpotential of the theory. Taking into account the

7We will not consider right-handed neutrinos, although they should be included in a non-minimal
version of the SM to take neutrino masses into account.
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minimal Higgs sector described above, the MSSM superpotential is

W = La λab
E Eb

c H1 +Qa λab
D Db

c H1 +Qa λab
U U b

c H2 + µH1H2 , (1.44)

with summations over the generation indices a, b. Moreover, SU(3)c and SU(2)L indices
are omitted. It is understood that gauge-invariant combinations are constructed in the
appropriate way, for example µH1H2 = µ ǫij H

i
1H

j
2 , where ǫij = i σ2. The matrices λE,

λD and λU contain the (complex) Yukawa couplings.
Finally, we must include soft breaking terms to have a physically acceptable theory.

These include soft scalar masses, soft gaugino masses and scalar trilinear couplings. Thus
the complete MSSM Lagrangian reads

L = LSUSY + LSOFT , (1.45)

where

LSUSY =

[
(Qa)† eV3eV2e

1
6
V1Qa + (Ua

c )† e−V3e−
2
3
V1Ua

c +

+ (Da
c )

† e−V3e
1
3
V1Da

c + (La)† eV2e−
1
2
V1La +

+ (Ea
c )† eV1Ea

c +H†eV2e−
1
2
V1H +H

†
eV2e

1
2
V1H

]

θθθθ

+

+ [W ]θθ + [W †]θθ +

+
1

8g2
3

(
Tr [W α

3 W3α]θθ + Tr [W 3α̇W
α̇

3 ]θθ

)
+

+
1

8g2
2

(
Tr [W α

2 W2α]θθ + Tr [W 2α̇W
α̇

2 ]θθ

)
+

+
1

8g2
1

(
Tr [W α

1 W1α]θθ + Tr [W 1α̇W
α̇

1 ]θθ

)
, (1.46)

and

LSOFT =
∑

a

[ (
ma

Q

)2 |za
Q|2 +

(
ma

Uc

)2 |za
Uc
|2 +

+
(
ma

Dc

)2 |za
Dc
|2 + (ma

L)2 |za
L|2 +

(
ma

Ec

)2 |za
Ec
|2
]

+

+m2
H |z2

H |2 +m2
H
|zH |2 +

+
∑

a,b

(
Aab

U z
a
Qz

b
Uc
zH + Aab

D z
a
Qz

b
Dc
zH + Aab

L z
a
Lz

b
Ec
zH + h.c.

)
+

+
1

2
M3

8∑

A=1

(
λA

3 λ
A
3 + λ

A

3 λ
A

3

)
+

1

2
M2

3∑

i=1

(
λi

2λ
i
2 + λ

i

2λ
i

2

)
+

+
1

2
M1

(
λ1λ1 + λ1λ1

)
. (1.47)
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Chapter 2

N = 1, D = 4 supergravity

In this chapter we describe supergravity, which is the theory of local supersymmetry.
We start by showing that local supersymmetry contains a theory of gravitation. Then we
describe the particle content of the supergravity multiplet, which includes a fermionic spin-
3/2 partner for the spin-2 graviton. Next we give the Lagrangian for supergravity coupled
to chiral and vector superfields. This will allow us to discuss supersymmetry breaking in
supergravity theories and, especially, the super-Higgs effect. We conclude by presenting
two supergravity models, the Polonyi model and the no-scale supergravity model, and by
showing how supersymmetry breaking in supergravity theories can generate soft breaking
terms.

2.1 Local supersymmetry

The Standard Model is based on local invariance under the symmetry groupG = SU(3)C⊗
SU(2)L ⊗ U(1)Y , while so far we studied theories which exhibit global invariance under
supersymmetry transformations. Then it is natural to study the theory of local supersym-
metry1.

From the supersymmetry algebra (1.5) we deduce that the product of two supersym-
metry transformations corresponds to a translation in space-time, generated by P µ:

[ǫQ,Qǫ] = 2 ǫσµǫPµ . (2.1)

So far we considered global supersymmetry, hence ǫ was space-time independent (∂µǫ = 0).
We now want to consider local supersymmetry, allowing ǫ to depend on the space-time
coordinates:

ǫ = ǫ(x) .

The product of two supersymmetry transformations (2.1) now depends on the space-time
point xµ,

[ǫ(x)Q,Qǫ(x)] = 2 ǫ(x)σµǫ(x)Pµ ,

1For an introduction to General Relativity see [17]. Introductions to supergravity can be found in
[4, 7, 18, 19, 20].
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thus we obtain space-time translations which differ from point to point, which are equiv-
alent to general coordinate transformations (GCT). Therefore we can have local super-
symmetry only in theories that also exhibit GCT invariance. Since General Relativity can
be thought of as the gauge theory of the Lorentz group and is invariant under GCT, we
expect the theory of local supersymmetry to include a description of gravity and we call
it supergravity.

Before showing this, we would like to illustrate the Nöther procedure, that can be used
to build a theory which is invariant under a local symmetry out of one which is invariant
only under global symmetry transformations, in a simple example (QED).

Consider the action for a massless Dirac field ψ in flat space-time (in four-component
spinor notation, see Appendix A.1 for our conventions):

S0 = i

∫
d4xψγµ∂µψ . (2.2)

It is invariant under the global U(1) symmetry transformation

ψ → e−iαψ ,

where α is a constant (scalar) parameter. If we allow α to depend on the space-time
coordinates, ψ(x) → e−iα(x)ψ(x), the action (2.2) is no more invariant under symmetry
transformations, because the variation of S0 is:

δS0 =

∫
d4x (∂µα) ψγµψ =

∫
d4x jµ ∂µα , (2.3)

where jµ ≡ ψγµψ is the Nöther current associated with the U(1) symmetry of S0.
To cancel this term, we introduce a gauge field Aµ with the transformation property

Aµ → Aµ + ∂µα (2.4)

and modify the action

S = S0 + Sg = i

∫
d4xψγµDµψ , (2.5)

where we defined a covariant derivative Dµψ ≡ (∂µ + iAµ)ψ. Now the action (2.5) is
invariant under local U(1) transformations, provided that the gauge field transforms cor-
rectly:

{
ψ → e−iαψ
Aµ → Aµ + ∂µα

.

In general, the promotion of global symmetry to a local one requires the introduction of
new degrees of freedom, the gauge fields. Under local symmetries, the variation of these
gauge fields in general depends on the derivative of the symmetry parameter (in this case
∂µα). In our example, the gauge field is thus a spin-1 field, because the parameter α(x) is
a scalar. In particular, in this minimal formulation only the gauge fields transform with
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terms that are proportional to (∂µα), while the transformation of the other field contains
α, but not ∂µα.

If we want to build a locally supersymmetric theory we must then introduce a gauge
field Ψµ which allows us to define covariant derivatives. As in the previous case, the gauge
field will transform, under a local supersymmetry transformation, with parameter ǫ(x),
as

δǫΨµ ∼ ∂µǫ .

Since ǫ is a spinor, consistency requires that Ψµ is a spinor-vector, which has spin-3/2. Pure
gravity, i.e. gravity without coupling to matter fields, is described by a spin-2 particle, the
graviton. Supersymmetry connects particles that have spins differing by one-half, then
Ψµ is our candidate superpartner of the graviton in a supermultiplet which describes
supergravity. For this reason we will call it gravitino.

2.2 Pure supergravity

We now want to identify the N = 1 supergravity multiplet by writing the locally super-
symmetric action which describes pure supergravity, i.e. supergravity no coupled to chiral
or vector supermultiplets.

This goal can be achieved using the Nöther procedure.
The first step is to identify a globally supersymmetric Lagrangian describing the graviton
and the gravitino.

• A free, massless spin-3/2 field can be described by the Rarita-Schwinger (RS) action
which, in four-component notation, reads

SRS = −1

2

∫
d4x ǫµνρσ Ψµγ5γν∂ρΨσ , (2.6)

where ǫµνρσ denotes the completely antisymmetric symbol2. This gives the field
equations

ǫµνρσ γ5γν∂ρΨσ = 0 . (2.7)

The Rarita-Schwinger action is invariant under the gauge transformation

Ψµ → Ψµ + ∂µǫ , (2.8)

where ǫ is an arbitrary Majorana spinor.

2We adopt the convention ǫ0123 = 1.
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• The Einstein-Hilbert (EH) action of General Relativity is not polynomial in the
metric tensor gµν , because it describes a theory which is invariant under general
coordinate transformations. Since we are now looking for an action which is also
invariant under global N = 1 supersymmetry, to simplify our task we can consider
the Einstein-Hilbert action in the weak-field approximation [4]. This corresponds to
writing

gµν = ηµν + κhµν , (2.9)

where ηµν is the Minkowski metric, hµν is a small perturbation of ηµν and κ is related
to the Newtonian gravitational constant GN by

κ2 ≡ 8πGN . (2.10)

If we use ηµν and its inverse to lower and raise indices, we obtain a linearized Ricci
tensor

RL
µν =

1

2

(
−�hµν + ∂µ∂λh

λ
ν + ∂ν∂λh

λ
µ − ∂µ∂νh

λ
λ

)
(2.11)

and the Einstein-Hilbert action in the weak-field approximation is

SL
EH = − 1

2κ2

∫
d4x

(
RL

µν −
1

2
ηµνR

L

)
hµν , (2.12)

where the Ricci scalar is defined as RL ≡ ηµνRL
µν . The corresponding field equations

are

RL
µν = 0 . (2.13)

This action (2.12) is invariant under the transformation

hµν → hµν + ∂µǫν + ∂νǫµ , (2.14)

where ǫµ is an arbitrary four-vector parameter.

It can be shown [19] that the action

SGLOBAL = SEH + SRS

is invariant under the following N = 1 global supersymmetry transformations:

δξhµν = − i

2
ξ (γµΨν + γνΨµ) , (2.15)

δξΨµ = −iσρτ∂ρhτµξ , (2.16)
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where

σµν ≡ i

2
[γµ, γν ] , (2.17)

provided that we use the field equations and the gauge invariances of hµν and Ψµ.
Using the Nöther procedure, we can arrive at the pure N = 1 supergravity action.

It has the form of the original Einstein-Hilbert action plus the Rarita-Schwinger action,
where the derivatives have been replaced by covariant derivatives that now contain some
quadratic terms in the spin-3/2 field.

In a supersymmetric theory we need to describe fermionic as well as bosonic fields.
Since it is not possible to define fermions in curved space, we will adopt a formula-
tion which can describe both curved space-time and the tangent space to each point of
space-time: this is the vielbein formalism, which is described in Appendix B.1. Using this
technology, we can write the locally supersymmetric action for pure supergravity as

Spure = − 1

2κ2

∫
d4x | det e|R− 1

2

∫
d4x ǫµνρσ Ψµγ5γνD̃ρΨσ , (2.18)

where e α
µ denotes the vierbein (D = 4), with a world index µ and a Lorentz index α such

that hµν = e α
µ e β

ν ηαβ, and D̃µ is the covariant derivative

D̃µ ≡ ∂µ − i

4
ω̃µαβ σ

αβ , (2.19)

where ω̃µαβ is called spin connection, given by

ω̃µαβ = ωµαβ +
iκ2

4

(
ΨµγαΨβ + ΨαγµΨβ − ΨµγβΨα

)
(2.20)

and

ωµαβ =
1

2
e ν

α (∂µeβν − ∂νeβµ) +
1

2
e ρ

α e σ
β ∂σeργe

γ
µ − (α ↔ β) . (2.21)

The action (2.18) is invariant under the following local N = 1 supersymmetry transfor-
mations (of parameter ξ)

e α
µ → e α

µ − iκ ξγαΨµ , (2.22)

Ψµ → Ψµ +
2

κ
D̃µξ . (2.23)

This shows that the supergravity multiplet (without auxiliary fields) is made of the
graviton and its spin-3/2 superpartner, the gravitino, which are described by a N = 1
locally supersymmetric theory. In the case of N -extended supersymmetry, which we will
not consider, there will be N gravitinos and possibly additional vector, spin-1/2 and scalar
fields in order to complete an N -extended supersymmetric multiplet.

From now on we will adopt the convention, customary in supergravity, κ ≡ 1.
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2.3 Coupling of to matter and gauge multiplets

Pure supergravity does not take into account chiral and vector superfields, which must
be included in a realistic physical model to describe matter and gauge fields.

The computation of the action in which the gravity supermultiplet is coupled to chiral
and vector superfields and which is invariant under local supersymmetry transformations
can be done, in principle, using the Nöther procedure. However, it will be more useful to
use a geometrical approach [2].

2.3.1 Kähler geometry

A 2d-dimensional Kähler manifold is a Riemannian manifold of U(d) holonomy. This
implies that it is complex and that we can express its metric as the mixed second derivative
of a scalar function K(zi, z)

gi ≡
∂

∂zi

∂

∂zK(zi, z) . (2.24)

The Kähler metric gi is invariant under analytic shifts F (z) of the Kähler potential

K(zi, z) → K(zi, z) + F (z) + F (z) , (2.25)

called Kähler transformations.
It is possible to define Kähler covariant derivatives ∇i, using a connection compatible

with both the analytic structure of the manifold and with the metric.
Useful results are the expression of the connection as a function of the Kähler metric

Γk
ij = gkl ∂

∂zi
glj (2.26)

and that of the curvature of the Kähler manifold:

Rikl = glm

∂

∂z Γ
m
ik =

=
∂

∂zi

∂

∂z glk − gmn

(
∂

∂zglm

) (
∂

∂zi
gnk

)
. (2.27)

A Killing vector field X is a field such that the Lie derivative of the metric with respect
to X vanishes, for a Kähler manifold this condition reads

(LXg)i = ∇iX + ∇Xi = 0 . (2.28)

Compatibility with the complex structure requires that the Killing vectors be holomorphic
functions

X(b) = X i(b)(z)
∂

∂zi
,

X
(b)

= X
ı(b)

(z)
∂

∂zı ,

28



where the index (b) = 1, . . . , d labels the Killing vectors. The Lie bracket of two Killing
vectors gives another Killing vector, according to

[X(a), X(b)] = −fabcX(c) , (2.29)

where fabc are structure constants. Since the Killing vectors are holomorphic, (2.28) re-
duces to

∇iX
(a)
j + ∇jX

(a)
i = 0 ,

∇ıX
(a)
j + ∇jX

(a)

ı = 0 .

On a Kähler manifold, the first equation is automatically satisfied. Locally, the second
equation is satisfied if and only if there exist d real scalar functions D(a), Killing potentials,
such that

giX
(a)

= i
∂

∂zi
D(a) , giX

i(a) = −i ∂

∂zD
(a) . (2.30)

Each of the Killing potentials is defined up to an additive constant. Inverting the previous
relations, we can solve for the Killing vectors:

X i(a) = −igi ∂

∂zD
(a) , X

(a)
= igi ∂

∂zi
D(a) . (2.31)

Since chiral supermultiplets contain complex scalar fields, it is natural to associate
them with a Kähler manifold, endowed with a metric that can be derived from a Kähler
potential contained in the theory.

Notation. Since in the following we will often use derivatives of scalar functions with
respect to the scalar fields zi and their conjugates z, we will denote them by a lower
index. For example, the Kähler metric will be

gi =
∂2

∂zi∂zK ≡ Ki (2.32)

and its inverse will be denoted Ki,

KiK
ik = δk

 . (2.33)

In general, given an arbitrary function of the scalar fields φ,

φi(z
i, z) ≡ ∂

∂zi
φ(zi, z) , (2.34)

and similarly

φı(z
i, z) ≡ ∂

∂zıφ(zi, z) . (2.35)
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2.3.2 Component form of the supergravity Lagrangian

We now consider a supersymmetric theory which includes chiral superfields Φ = (zi, ψi),

i = 1, . . . , n, and vector superfields V (a) = (λ(a), v
(a)
µ ), which transform in the adjoint

representation of a gauge group, where the index in brackets is a gauge group index. We
denote by g the gauge coupling constant. The superfield formalism gives a very compact
form for the most general globally supersymmetric and gauge invariant Lagrangian with
such a field content:

LGLOBAL =

∫
d4θK(Φ e2gV ,Φ) +

∫
d2θ (W (Φ) + h.c.) +

+

∫
d2θ

(
f(ab)(Φ)W α(a)W (b)

α + h.c.
)
, (2.36)

where the W α(a) are given by (1.27). The Lagrangian is characterized by three functions:

• the superpotential W (Φ),

• the Kähler potential K(Φ e2gV ,Φ),

• the gauge kinetic function f(ab)(Φ).

The superpotential must be analytic and gauge-invariant, the Kähler potential has to be
real and gauge-invariant, modulo Kähler transformations, while the gauge kinetic function
must be analytic and transforms as the symmetric product of adjoint representations of
the gauge group.

The theory is renormalizable only if

• W (Φ) has mass dimension not greater than three,

• K(Φ e2gV ,Φ) = Φ e2gV Φ,

• f(ab)(Φ) is a constant.

We now discuss the structure of the most general locally supersymmetric Lagrangian,
which includes the supergravity multiplet, in component form and without auxiliary fields.
We will write it in the two-component spinor notation3.

It depends only on two arbitrary functions, the gauge kinetic function f(ab) and the
combination

G ≡ K + log |W |2 , (2.37)

which sometimes is also called Kähler potential. However, we will use this name only to
refer to the function K. Observe that they generate the same Kähler metric, since this
definition corresponds to a Kähler transformation (2.25).

In the following we will consider upper and lower gauge indices (a): the gauge fields
and the gauginos are defined to have upper indices, while the Killing vectors and Killing

3As in [2]. It can also be found, in four-component notation, in [7].
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potentials have lower indices. These gauge indices can be lowered and raised by using
(Re f)(ab) and it inverse. The other notations will be given after the complete Lagrangian.

The complete supergravity Lagrangian can be decomposed in

LSUGRA = Lpure + LB + LF , (2.38)

where Lpure consists of the gravity supermultiplet, LB is the purely bosonic part of the
Lagrangian and LF contains fermionic fields.

The pure supergravity Lagrangian (2.18) is the sum of the Einstein-Hilbert action and
the Rarita-Schwinger action which, in two-component notation, are given by

Lpure = LEH + LRS , (2.39)

LEH = −1

2
eR , (2.40)

LRS = e ǫµνρσ ΨµσνD̃ρΨσ , (2.41)

where e ≡ | det e| is the determinant of the vierbein.
The bosonic part can be split in terms containing derivatives and in a scalar potential

V :

LB = LKB − V (zi, z) , (2.42)

LKB = eKi(D̃µz
i)(D̃µzı) − 1

4
e (Re f)(ab) F

(a)
µν F µν(b) +

+
1

8
e (Im f)(ab) ǫ

µνρσ F (a)
µν F (b)

ρσ , (2.43)

V (zi, z) = e eK
[
Ki (DiW )(DW ) − 3|W |2

]
+

1

2
e g2(Re f−1)(ab)D(a)D(b) . (2.44)

We can divide the fermionic terms in those which contain space-time derivatives and
those which do not. These can be divided in those which are quadratic in the fermionic
fields and in those which contain terms with four fermion fields:

LF = LKF + LMF + L4F , (2.45)

LKF = ieKiψ

σµD̃µψ

i +
i

2
e (Re f)(ab)

[
λ(a)σµD̃µλ

(b)
+ h.c.

]
+

− 1

2
(Im f)(ab)D̃µ

[
e λ(a)σµλ

(b)
]

+

− 1

4

√
2e
[
fi(ab)ψ

iσµνλ(a)F (b)
µν + h.c.

]
+

−
√

2

2
e
[
Ki(D̃νz

)ψiσµσνΨµ + h.c.
]

+

− i

4
e (Ref)(ab)

[
Ψµσ

νλσµλ
(a)

+ h.c.
] [

F
(b)

νλ + F̂
(b)

νλ

]
, (2.46)
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LMF = −e eK/2
{
W Ψµσ

µνΨν +WΨµσ
µνΨν +

− i

2

√
2
[
(DiW )ψiσµΨµ + h.c.

]
+

+
1

2

[
DiDjWψiψj + h.c.

]
+

− 1

4

[
KiDW fi(ab)λ

(a)λ(b) + h.c.
] }

+

+
√

2eg
[
KiX



(a) ψ
iλ(a) + h.c.

]
+

+
1

2
egD(a)Ψµσ

µλ
(a) − 1

2
egD(a)Ψµσ

µλ(a) +

−
[
i

4

√
2eg fi(ab)D

(a)ψiλ(b) + h.c.

]
. (2.47)

Finally, for completeness, we write the four-fermion terms:

L4F =
1

4
eKi

[
iǫµνρτΨµσνΨρ + Ψµσ

τΨ
µ]
ψiστψ


+

− 1

8
e
[
KiKlk − 2Rikl

]
ψiψkψ


ψ

l
+

− 1

16
e
[
2Ki(Re f)(ab) + (Re f−1)(cd) fi(bc)f (ad)

]
ψ


σµψiλ

(a)
σµλ

(b) +

+
1

8
e
[
∇ifj(ab)ψ

iψjλ(a)λ(b) + h.c.
]
+

+
1

16
e
[
(Re f−1)(cd)fi(ac)fj(bd)ψ

iλ(a)ψjλ(b) + h.c.
]
+

− 1

16
eKifi(ab) f (cd)λ

(a)λ(b)λ
(c)
λ

(d)
+

+
3

16
e (Re f)(ab)(Re f)(cd)λ

(a)σµλ
(b)
λ(c)σµλ

(d)
+

+
i

4

√
2 e

[
fi(ab)

[
ψiσµνλ(a)Ψµσνλ

(b) − 1

4
Ψµσ

µψiλ(a)λ
(b)
]

+ h.c.

]
. (2.48)

We used the convention

σµν =
1

4
(σµσν − σνσµ) , (2.49)

and introduced the following covariant derivatives:

D̃µz
i = ∂µz

i − gv(a)
µ X i

(a) ,

D̃µψ
i = ∂µψ

i + ψiωµ + Γi
jk(D̃µz

j)ψk − gv(a)
µ ∂jX

i
(a) ψ

j +

− 1

4

(
KjD̃µz

j −KD̃µz

)
ψi − i

2
gv(a)

µ (ImF(a))ψ
i ,

D̃µλ
(a) = ∂µλ

(a) + λ(a)ωµ − gf (abc)v(b)
µ λ(c) +
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+
1

4

(
KjD̃µz

j −KD̃µz

)
λ(a) +

i

2
gv(b)

µ (ImF(b))λ
(a) ,

D̃µΨν = ∂µΨν + Ψνωµ +

+
1

4

(
KjD̃µz

j −KD̃µz

)

Ψν +
i

2
gv(a)

µ (ImF(a)) Ψν ,

DiW = Wi +KiW ,

DiDjW = Wij +KijW +KiDjW +KjDiW −KiKjW − Γk
ijDkW ,

∇ifj(ab) = fij(ab) − Γk
ijfk(ab) . (2.50)

Moreover, we defined the modified field strengths

F̂ (a)
µν = F (a)

µν − i

2

[
Ψµσνλ

(a)
+ Ψµσνλ

(a) − ψνσµλ
(a) − ψνσµλ

(a)
]
, (2.51)

and

F(a) ≡ X(a)K + iD(a) . (2.52)

If we take G gauge invariant, then the D(a) have an explicit form

D(a) = iGiX
i
(a) . (2.53)

Finally, we give the complete set of local supersymmetry transformations, under which
the Lagrangian (2.38) is invariant:

δξz
i =

√
2 ξψi , (2.54)

δξψ
i = −i

√
2σµ ξ

(
D̃µz

i − 1

2

√
2ψµψ

i

)
− Γi

jk(δξz
j)ψk +

+
1

4

(
Kjδξz

j −Kδξz

)
ψi −

√
2eK/2KiDWξ +

+
1

4

√
2 ξKi f (ab) λ

(a)
λ

(b)
,

δξλ
(a) = F̂ (a)

µν σµνξ − 1

4

(
Kjδξz

j −Kδξz

)
λ(a) − ig(Re f−1)(ab)D(b)ξ +

+
1

4

√
2ξ(Re f−1)(ab) fi(bc) ψ

iλ(c) − 1

4

√
2ξ(Re f−1)(ab) f ı(bc) ψ

i
λ

(c)
,

δξv
(a)
µ = i

(
ξσµλ

(a)
+ ξσµλ

(a)
)
,

δξΨµ = 2 D̃µξ +
i

2
σµνξKiψ

iσνψ
j − i

2
(Re f)(ab) (gµν + σµν) ξλ

(a)σνλ
(b)

+

− 1

4

(
Kjδξz

j −Kδξz

)

Ψµ + i eK/2Wσµξ ,

δξe
α

µ = i
(
ξσαΨµ + ξσαΨµ

)
. (2.55)
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2.4 Spontaneous supersymmetry breaking

In global supersymmetry we saw that supersymmetry was broken when the auxiliary fields
received a non-zero v.e.v., which was equivalent to have a positive definite energy, since
the scalar potential (1.34) was quadratic in the auxiliary fields.

In supergravity the situation is quite different, because the vacuum energy is no longer
positive definite, as follows from (2.44).

We want to characterize supersymmetry breaking in supergravity theories. Sponta-
neous supersymmetry breaking occurs when at least one of the fields in the theory has
a v.e.v. which is not invariant under the supersymmetry transformations (2.55)4. In the
following we assume that terms involving fermionic fields have zero v.e.v.’s5. Then, tak-
ing the v.e.v. of (2.55) and considering constant expectation values, the only non-trivial
v.e.v.’s are

〈δξψi〉 = −〈
√

2eK/2KiDWξ〉 ,
〈δξλ(a)〉 = −〈ig(Re f−1)(ab)D(b)ξ〉 . (2.56)

Using (2.37) and (2.53), these equations are equivalent to

〈δξψi〉 = −〈
√

2eG/2 GiGξ〉 ,
〈δξλ(a)〉 = 〈g(Re f−1)(ab)GiX

i
(b)ξ〉 , (2.57)

therefore supersymmetry is broken if and only if 〈Gi〉 6= 0 for some index i.
The scalar potential (2.44) can be written as:

V (zi, z) = e eG
[
Ki GiG − 3

]
+

1

2
e g2(Re f−1)(ab)D(a)D(b) . (2.58)

Assume for simplicity that D(a) = 0. This expression directly shows that, when supersym-
metry is unbroken in supergravity theories, then the vacuum energy is negative definite:

〈V 〉 = −3〈eG〉 . (2.59)

When supersymmetry is broken, 〈Gi〉 6= 0, then the vacuum energy can be negative, zero
or positive.

As can be directly seen from (2.58), the scalar potential is extremized, 〈Vi〉 = 0 ∀ i,
and has zero cosmological constant, 〈V 〉 = 0, when the following conditions are satisfied:

〈KiG∇kGi +Gk〉 = 0 , 〈KiGGi〉 = 3 , (2.60)

where the covariant derivative is defined as in (2.50). Therefore we can have spontaneous
supersymmetry breaking with vanishing cosmological constant in supergravity theories.

4The case W = 0 is peculiar and must be treated carefully, but we do enter into details, since they
are not necessary for our purposes.

5In general this is not true and we can have supersymmetry breaking by gaugino condensates, in which
〈λ(a)λ(b)〉 6= 0 for some indices (a), (b). We will not consider this case here (see [19]).
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2.5 The super-Higgs mechanism

Consider the fermionic mass terms, which come from LMF (2.47), written in terms of G
and its derivatives:

Lfermion mass = −e 〈eG/2〉
{

Ψµσ
µνΨν + Ψµσ

µνΨν +

− i

2

√
2 〈Gi〉ψiσµΨµ − i

2

√
2 〈Gı〉ψi

σµΨµ +

+
1

2
〈∇iGj +GiGj〉ψiψj +

1

2
〈∇ıG +GıG〉ψiψj

}
. (2.61)

There is a mixing between the gravitino Ψµ and the chiral fermions ψi which is propor-
tional to 〈Gi〉, therefore when supersymmetry is broken we must diagonalize this expres-
sion.

Note that the combination

η ≡ 〈Gi〉ψi (2.62)

is a Goldstone fermion, because under supersymmetry it transforms, in the vacuum, as

〈δξη〉 = −
√

2〈eG/2 GiGGiξ〉 , (2.63)

i.e. it transforms by a shift, so it can be gauged away. The existence of a Goldstone fermion
is a manifestation of broken supersymmetry.

When supersymmetry is broken, then, we expect that the gravitino “eats” the Gold-
stone fermion, combining its ±3/2 helicity states with the ±1/2 helicity states from of the
Goldstone fermion. This is the super-Higgs mechanism. It is realized when one performs
the redefinition of the gravitino field

Ψ′
µ = Ψµ +

1

3

√
2 〈e−G/2〉∂µη +

i

6

√
2σµη , (2.64)

diagonalizing the mass terms:

Lfermion mass = −e 〈eG/2〉
{

Ψ′
µσ

µνΨ′
ν + Ψ′

µσ
µνΨ

′

ν +

+
1

2
〈∇iGj +

1

3
GiGj〉ψiψj +

1

2
〈∇ıG +

1

3
GıG〉ψiψj

}
. (2.65)

The gravitino mass is then

m3/2 = 〈eG/2〉 . (2.66)

The scalar masses can be obtained from the second derivative of the scalar potential
(2.44), so we can find a tree-level mass formula analogous to (1.41):

STr M2 = (n− 1)
[
2m2

3/2 − g2〈(D(a))2〉
]
+

− 2 〈RiG
ikGlGkGl〉m2

3/2 + 2g2〈KiD
(a)
i D

(a)〉 ,
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where n is the number of chiral supermultiplets of the theory. We can consider a simplified
situation in which Ki = δi and f(ab) = δab, called minimal kinetic terms, and in which
we do not consider the D(a) terms. In this case

STr M2 = 2 (n− 1)m2
3/2 , (2.67)

while, neglecting D-term breaking, in global supersymmetry we obtained a zero squared-
mass formula. When n > 1, the bosons are, on the average, heavier than the fermions,
proportionally to the gravitino mass, which therefore characterizes supersymmetry break-
ing.

2.6 Supergravity models

So far we did not explicitly introduce any superpotential, but it is interesting to study
some particular supergravity models6.

Supergravity models are usually made up of two sectors. The first, called observable
sector, contains the MSSM particles and the second, the hidden sector, includes some
extra fields which are used to break supersymmetry. These two sectors are assumed to
interact only through gravitation, therefore the hidden sector fields must be gauge singlets
with respect to all of the gauge interactions of the observable sector.

This can be realized by dividing the superpotential in the hidden and the observable
sector:

W (Z i, Y r) = Ŵ (Z i) + W̃ (Y r) , (2.68)

where Z i denotes the hidden-sector fields and Y r the observable-sector fields. In realistic
models, we will take W̃ (Y r) as in (1.44). The hidden-sector superpotential should be
derived from a more fundamental theory, but it is useful to study two simple supergravity
models. The first allows for non-supersymmetric vacua and also contains an arbitrary
mass parameter which can be fine tuned to give a vanishing cosmological constant. The
second gives a zero tree-level scalar potential, thus avoiding (at least at the classical level)
the need for such a fine tuning. In the following we will not consider D-terms.

1. In the Polonyi model, the hidden sector consists of just one chiral superfield, Z,
which is a gauge singlet and has a superpotential of the form

Ŵ = m2 (Z + b) , (2.69)

where m and b are parameters with the dimension of a mass. If we assume minimal
kinetic terms K = |Z|2, then

GZ =
1 + Z(Z + b)

Z + b
, (2.70)

6for a broader discussion see [7].

36



so we can have supersymmetry breaking only if |b| < 2. The scalar potential (2.58)
assumes the form

V = m4e|Z|2
[
|1 + Z(Z + b)|2 − 3|Z + b|2

]
(2.71)

and it has a non-supersymmetric minimum with 〈V 〉 = 0 only if

b = 2 −
√

3 , (2.72)

corresponding to a v.e.v. 〈Z〉 =
√

3−1. Thus we can at least fine tune the parameter
b to have a vanishing cosmological constant. The gravitino mass is then

m3/2 = m2 e
(
√

3−1)2

2 (2.73)

and is uniquely determined by the parameter m.

2. The second class of models that we would like to cite are called no-scale supergravity
models. Such models will arise, for instance, from effective theories obtained from
string theories. The simplest example is made of a single chiral superfield, a gauge
singlet T , with a Kähler potential

K = −3 log(T + T ) . (2.74)

If we consider a constant (field-independent) superpotential Ŵ = k, then we obtain

V = 0 (2.75)

identically, with

GT = GT = − 3

T + T
, (2.76)

so supersymmetry is broken and the tree-level scalar potential is flat, leaving the
gravitino mass undetermined at the tree level.

We conclude by showing how hidden-sector supersymmetry breaking manifests itself
in the observable sector.

In the following we assume for simplicity that the kinetic terms are minimal, i.e.

K =
∑

i

|Z i|2 +
∑

r

|Y r|2 . (2.77)
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The scalar potential has then the form

V = e(
P

i |Z
i|2+

P
r |Y r |2)

[∑

i

∣∣∣Ŵi + Z
ı
(Ŵ + W̃ )

∣∣∣
2

+

+
∑

r

∣∣∣W̃i + Y
r
(Ŵ + W̃ )

∣∣∣
2

− 3|Ŵ + W̃ |2
]
. (2.78)

Moreover, supposing that supersymmetry is broken, we can write the hidden-sector vac-
uum expectation values as

〈Z i〉 ≡ ai , 〈Ŵ 〉 ≡ µ , 〈Ŵi〉 ≡ ci µ , (2.79)

where µ is a mass scale and ai, ci are dimensionless constants.
The scalar potential is quite complicated, thus we consider the flat limit MP → ∞,

m3/2 = const., so called because it corresponds to the limit k → 0, in which we expect to
find a renormalizable theory. This also corresponds to a low-energy approximation, that
is obtained by considering only terms of the first order in µ/MP . The gravitino mass is of
order µ:

m3/2 = e
P

i |ai|
2/2 µ , (2.80)

thus the flat-limit effective potential is obtained by replacing Z i, Ŵ and Ŵi by their
v.e.v.’s and keeping only those terms which do not vanish when MP → ∞. We obtain, in
leading order in µ/MP , the flat-limit scalar potential

V = e
P

i |ai|
2

[
∑

r

[∣∣∣W̃r

∣∣∣
2

+ µ2|Yr|2
]

+ µ
∑

r

(
YrW̃r + (A− 3)W̃ + h.c.

)]
, (2.81)

where

A =
∑

i

(cı + ai) aı . (2.82)

The first term is a scalar potential for a globally supersymmetric model, with superpoten-
tial W̃ . The second term provides a common mass term for all the scalars particles of the
observable sector. Finally, the third term gives some (at most trilinear) couplings between
the observable-sector scalars. This shows that a spontaneously broken supergravity man-
ifests itself in the observable sector generating the soft breaking terms which are required
by realistic models in global supersymmetry.
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Chapter 3

Compactification and dimensional
reduction

In this chapter we give an introduction to compactification and dimensional reduction, by
working through several simple and pedagogical examples. We begin with a brief survey
of physics in more than four space-time dimensions. Then we describe “ordinary” and
“generalized” dimensional reduction in the simple case of a free complex scalar field on
the circle S1. Afterwards, we review ordinary dimensional reduction of pure gravity, i.e.
the Kaluza-Klein model. Finally, we perform the dimensional reduction of a free five-
dimensional spinor on S1 and S1/Z2, both in the ordinary and in the generalized case.
We will discuss, in particular, how it is possible to obtain chiral fermions in the reduced
theory by considering orbifold compactifications.

3.1 Physics with extra dimensions

One interesting possibility which has been considered in the effort towards a theory uni-
fying the description of physical phenomena is the existence of more than four space-time
dimensions. The first noticeable work (after some pioneering papers by Nordström [22])
was that of Kaluza and Klein [23, 24], where they proposed that the electromagnetic
potential Aµ could be associated with the (5µ) component of the five-dimensional metric
tensor, so that gauge invariance is inherited from the general coordinate transformation
invariance of (five-dimensional) gravity. The idea of extra dimensions re-emerged in the
mid 70s in the context of higher-dimensional supergravities and of superstring theory.
The latter has five natural formulations in ten space-time dimensions, which, in the field-
theory limit, provide us with supergravity theories in ten dimensions. Moreover, the idea
of Dp-branes, which were discovered in string theories in the late 1990s, gave another rea-
son to discuss the possibility of extra dimensions: they are localized (p + 1)-dimensional
objects, embedded inside the higher-dimensional ‘bulk’ space-time, where some of the SM
fields can be confined, and provide new tools for realistic model building. Even with a
small input from string theories, it is possible to work out interesting models, that ad-
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dress the hierarchy problem1, which has been the main phenomenological motivation for
supersymmetric extensions of the Standard Model.

All the experiments performed so far2 give results compatible with the existence of
four space-time dimensions, thus the extra dimensions should be hidden to our tests.

Consider a D-dimensional space-time (D > 4). If we suppose that the extra dimensions
are compact, then the structure of the complete space-time is M4 ×KD−4, where M4 is
the four-dimensional Minkowski space-time and KD−4 is a (D − 4)-dimensional compact
manifold3. The process of factorizing in this way the D-dimensional space-time is called
compactification. Then, the simplest way to conceal the compact extra dimensions is to
make them small with respect to the length scales which can be probed by high-energy
experiments. This is not the only possibility, since, for example, the Standard Model
particles may be tied to a D3-brane in a non-compact higher-dimensional space, however
we will limit our study to compactifications.

When we compactify a field theory, the four dimensional theory consists of an infinite
number of fields, which correspond to a mode expansion of the fields in the D-dimensional
theory on the compact space. For each light field, there is a Kaluza-Klein (KK) tower of
excitations with an increasing mass, characterized by the Kaluza-Klein scale MKK , given
by the inverse of the typical length of the compact directions (we suppose that they are
of the same order of magnitude). For example, if the compact space is a circle of length
L, MKK = 2π/L. Dimensional reduction (in the ordinary case) corresponds to neglecting
the dependence of the D-dimensional fields on the internal coordinates, or equivalently to
ignore all the KK excitations (for a pedagogical review, see e.g. [27]).

In ordinary dimensional reductions, the D space-time coordinates are split into four
external coordinates, which characterize the four-dimensional space-time, and (D − 4)
internal coordinates, which describe the compact space. There are then essentially two
kinds of dimensional reduction, called “ordinary” and “generalized” [28, 29]. In ordinary
dimensional reductions, the fields of the original D-dimensional theory are supposed to be
independent of the coordinates of the extra dimensions. This can be generalized, according
to Scherk and Schwarz, to fields depending on the extra dimensions in some particular
ways, which will be described in Chapter 6. Using generalized dimensional reduction, it
is possible to introduce a potential, which allows for mass parameters. Here we describe
some of the simplest dimensional reductions, both in the ordinary and in the generalized
cases, so to understand how these mechanisms work.

3.2 Compactification of a complex scalar field on S
1

To prepare the ground for compactifications of supergravity theories on factorisable man-
ifolds, we begin by discussing the simplest example of compactification in a field theory

1See, for example, the reviews [25] and also [26].
2At the moment of writing the LHC collider at CERN is almost, but not yet, ready to start. In some

models, extra dimensions may be revealed at energies (
√

s ∼ 14 TeV) reached at this collider.
3In the following we will only consider space-like extra dimensions, because there are several theoretical

problems with time-like extra dimensions. The most dangerous is a loss of causality in the full theory.
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with extra dimensions.
Consider a free and massless complex scalar field ϕ in D = 5 space-time dimensions4:

S5 =

∫
d5x (∂Mϕ)∗(∂Mϕ) , M = 0, 1, 2, 3, 5 . (3.1)

This theory has, among others, the following symmetries:

1. five-dimensional Poincaré transformations,

2. global U(1) phase transformations

ϕ→ eiαϕ , (3.2)

3. constant translations (axionic symmetry)

ϕ→ ϕ+ const . (3.3)

Then we factorize the five-dimensional space-time, by requiring four-dimensional Poincaré
invariance, as the product5 of the four-dimensional Minkowski space-time and a circle of
length L, M4 × S1, where we denote by xµ, µ = 0, . . . , 3, the coordinates in the four-
dimensional space-time and by y the coordinate of the extra dimension. Thus we break the
original five-dimensional Poincaré invariance, which is regained only in the limit L→ ∞,
to the four-dimensional Poincaré invariance.

The circle of length L can be obtained from the straight line as follows. If we denote by
xµ the coordinates in M4 and by y the coordinate on the circle, setting xM = (xµ, y), the
circle is defined as the quotient space of the straight line with respect to the equivalence
relation

y ∼ y + L . (3.4)

We then describe the free complex scalar field by an action normalized as

S =

∫
d4x

∫ L

0

dy

L

[
(∂Mϕ)∗(∂Mϕ)

]
, (3.5)

where xM = (xµ, y).
We are going to perform two different kinds of dimensional reduction.
The first, called “ordinary” dimensional reduction [27], consists in taking the five-

dimensional field ϕ to be independent of the internal coordinate y:

∂ϕ

∂y
= 0 . (3.6)

4In this example we do not consider the effects of gravitation, thus neglecting the fluctuations of the
metric. We will simply use its background value, the flat metric. Gravity will be examined later.

5Usually we will omit M4, which will be understood.
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This will be equivalent to considering the limit L → 0 in which the size of the compact
extra dimension vanishes. In this case we will obtain again a free and massless four-
dimensional theory.

The second kind of dimensional reduction is the generalization of the ordinary case
studied by Scherk and Schwarz [28, 29]. In this case, the field is allowed to depend on the
internal coordinate in a specific way, which will be described below. This will enable us
to introduce a mass parameter for the four-dimensional scalar field.

3.2.1 Periodic field

We can go to a frame of reference in which the extra dimension is a circle of length L,
obtained from the real line by the identification:

y ≡ y + L . (3.7)

We impose the periodicity conditions on the scalar field:

ϕ(x, y + L) ≡ ϕ(x, y) . (3.8)

Since the extra dimension is compact, we can expand the field in Fourier series as6

ϕ(x, y) =
1√
L

∑

n∈Z

ϕn(x) ei( 2πn
L ) y . (3.9)

Separating between internal and external components and integrating over y, we obtain
the action (from now on we omit the dependence on xµ, which will be understood):

S =

∫
d4x

∑

n∈Z

[
(∂µϕn)∗(∂µϕn) −

(
2πn

L

)2

|ϕn|2
]
. (3.10)

This is the action for an infinite number of four-dimensional scalar fields, a Kaluza-Klein
tower of states labeled by n, with masses

(mn)2 =

(
2πn

L

)2

. (3.11)

This four-dimensional theory with infinitely many fields is called compactification of the
original five-dimensional theory. We will see in a moment how to define a four-dimensional
effective theory for a finite number of light fields only, a procedure called dimensional
reduction.

There are two interesting limits.

1. In the case L → ∞ we recover the original five-dimensional theory, since in this
limit the extra dimensions become non-compact.

6If ϕ were real, we would have to reduce by one half the number of independent Fourier components,
or modes, since in that case ϕm(x)∗ = ϕ−m(x).
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2. In the limit L → 0 the masses for the n 6= 0 states diverge, while the n = 0 state,
the zero-mode, stays massless. Thus the massive modes decouple from the light
sector of the effective theory and we can suppress the massive modes of the theory,
performing a truncation. This leaves only the zero-mode in the four-dimensional
effective theory. Equivalently, the KK excitations can be set to zero by considering
only the fields independent of the internal coordinates.

Another way to obtain an effective theory with a finite number of fields is through
consistent truncation. The effective four-dimensional theory has a cutoff mass scale
Λ, which is smaller than the compactification scale MKK. Since the massive KK
modes have masses M2

n = (nMKK)2, we can use the equations of motion for the
heavy fields in the original theory to eliminate the heavy sector from the four-
dimensional effective theory, at order O (Λ/MKK).

In general, a truncation is not a consistent truncation, in the sense that the equations
of motion of the four-dimensional effective theory are not consistent with those of
the original theory.

After the truncation, the only remaining state is the zero-mode ϕ0, described by the action

S =

∫
d4x [(∂µϕ0)

∗(∂µϕ0)] , (3.12)

where the free complex scalar field in four dimensions ϕ0 is massless.
The same result can be obtained by retaining only the mode independent of y in (3.10),

as in (3.6). The resulting theory has four-dimensional Poincaré invariance, instead of the
five-dimensional invariance, but still has a global U(1) invariance and the axionic shift
symmetry.

3.2.2 Scherk-Schwarz twist

Imposing the periodicity condition (3.8) on the complex scalar field, and applying dimen-
sional reduction, we obtained a massless four-dimensional effective theory.

We build the circle by identifying points on a line, according to (3.7). The fields at
the identified points have to be equal, up to a transformation which is a symmetry of the
action, because fields differing by a symmetry transformation are physically equivalent.
So we can impose generalized boundary conditions which break one of the two initial
symmetries, but allow for a mass parameter. We require that:

ϕ(y + L) ≡ eiµL ϕ(y) , (3.13)

where µ is a real parameter with the dimension of a mass. This means that the field
has a periodic identification modulo a symmetry of the original theory. In this case, the
global U(1) symmetry is preserved, but the reduced theory will not exhibit the axionic
symmetry, since the U(1) symmetry transformation, used for modifying the periodicity
conditions, does not commute with it.
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In general, it is possible to impose a condition of the form

ϕ(y + L) ≡ T ϕ(y) , (3.14)

where T is a symmetry of the action. This breaks all the symmetries of the action which
do not commute with T and allows for the introduction of mass parameters in the theory.
It is the Scherk-Schwarz twist.

The general form of a field satisfying (3.13) is:

ϕ(y) = eiµy 1√
L

∑

n∈Z

ϕn(x) ei( 2πn
L ) y . (3.15)

As in the case of periodic conditions, we perform the ∂y derivative and integrate over y,
obtaining the reduced action

S =

∫
d4x

∑

n∈Z

[
(∂µϕn)∗(∂µϕn) −

∣∣∣∣µ+
2πn

L

∣∣∣∣
2

|ϕn|2
]
, (3.16)

which represents a tower of Kaluza-Klein states, with masses

mn =

∣∣∣∣µ+
2πn

L

∣∣∣∣ . (3.17)

In the limit L → 0, we are again left with only one finite-mass state, the zero-mode, but
in this case it has a mass

m0 = |µ| 6= 0 . (3.18)

The corresponding four-dimensional reduced action is given by

S =

∫
d4x

[
(∂µϕ0)

∗(∂µϕ0) − µ2 |ϕ0|2
]
. (3.19)

As expected, the reduced action is still invariant under global U(1) transformations (3.2),
but the axionic symmetry (3.3), which does not commute with the U(1) symmetry, is
broken.

This is the simplest example of the Scherk-Schwarz mechanism for generating masses
via dimensional reduction, since in this case we exploit a global symmetry, however it is
also possible to use a local symmetry for the same purpose. This case will be studied in
Chapter 6. Finally, we note that the dimensional reduction for the complex scalar field
can be simply obtained by making the following local redefinition of the five-dimensional
scalar field:

ϕ(x, y) = eiµy ϕ(x) . (3.20)

This is a general feature of the Scherk-Schwarz mechanism with global symmetries.
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3.3 Compactification of pure gravity on S
1

An important example is the dimensional reduction of pure gravity. In this section we
study the compactification of Einstein D = 5 gravity on the circle S1 (Kaluza [23] and
Klein [24]). The Scherk-Schwarz dimensional reduction will be presented in Chapter 6 in
a more general framework.

Consider pure five-dimensional dimensional Einstein gravity, described by the action

S = − 1

4κ2
5

∫
d5x

√
g5R5 , (3.21)

where g5 is the determinant of the five-dimensional metric, R5 is the corresponding cur-
vature scalar and κ5 is Newton’s gravitational constant in five dimensions.

In the frame in which the fifth coordinate corresponds to a circle of radius R on which
we compactify our theory,

x5 + 2πR ≡ x5 , (3.22)

we can write the action as

S = − 1

κ2
5

∫
d4x

∫ 2πR

0

dx5

2πR

√
g5R5 . (3.23)

It is invariant under general coordinate transformations (GCT) of parameter ξM(xµ, x5),
which have the form

δGCTgMN = (∂Mξ
P ) gPN + (∂Nξ

P ) gPM + ξP ∂P gMN . (3.24)

It is convenient to make the following redefinitions of the metric components:

gMN(xµ, x5) = φ−1/3

(
gµν + κ2

5 φAµAν κ5 φAµ

κ5 φAµ φ

)
, (3.25)

where M,N = 0, 1, 2, 3, 5 and µ, ν = 0, 1, 2, 3. Thus we associated to the D = 5 metric a
four-dimensional metric, a four-dimensional vector field Aµ and a scalar field φ.

We assume periodicity in the metric tensor, gMN(xµ, x5 + 2πR) = gMN(xµ, x5), there-
fore gµν , Aµ and φ must be periodic (from now on, the xµ dependence of the fields is
understood):

gµν(x
5) =

1√
2πR

∑

n∈Z

g(n)
µν e

i n
R

x5

,

Aµ(x5) =
1√
2πR

∑

n∈Z

A(n)
µ ei n

R
x5

,

φ(x5) =
1√
2πR

∑

n∈Z

φ(n) ei n
R

x5

. (3.26)
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Since the fields are real, only half of the Fourier components are independent:

g(−n)
µν = (g(n)

µν )∗ , A(−n)
µ = (A(n)

µ )∗ , φ(−n) = (φ(n))∗ . (3.27)

Substituting in the five-dimensional action, integrating over x5 and truncating the massive
sector, we are arrive at

S = −
∫
d4x

√
−g(0)

4

[
1

κ2
5

R
(0)
4 − 1

4
φ(0)F (0)

µν F
µν(0) − 1

6κ2
5φ

(0)2
(∂µφ(0))(∂µφ

(0))

]
, (3.28)

where we use only the zero-mode g
(0)
µν from the four-dimensional metric and where we also

defined F
(0)
µν ≡ ∂µA

(0)
ν − ∂νA

(0)
µ .

It is interesting to study how the original D = 5 GCT invariance manifests itself in
the reduced theory. We begin by noting that the parameter ξM must be periodic:

ξM(x5) =
1√
2πR

∑

n∈Z

ξ
(n)
M ei n

R
x5

. (3.29)

Moreover, we must keep only the zero-mode ξ
(0)
M . Then the inherited four-dimensional

GCT invariance (3.24) is

δGCT g
(0)
µν = (∂µξ

(0)ρ) g(0)
ρν + (∂νξ

(0)ρ) gρµ + ξ(0)ρ ∂ρg
(0)
µν ,

δGCTA
(0)
µ = (∂µξ

(0)ρ)A(0)
ρ + ξ(0)ρ ∂ρA

(0)
µ ,

δGCTφ
(0) = ξ(0)ρ∂ρφ

(0) . (3.30)

We can also perform gauge U(1) transformations with parameter κ−1
5 ξ(0)5:

δgaugeA
(0)
µ = κ−1

5 ∂µξ
(0)5 . (3.31)

The action (3.28) is also invariant under the global scale transformation of parameter λ

δA(0)
µ = λA(0)

µ ,

δφ(0) = −2λφ(0) . (3.32)

As for the complex scalar field, the zero-modes g
(0)
MN appear in the action only under

four-dimensional derivatives ∂µ, hence being massless, while the n 6= 0 modes g
(n)
MN have

a mass mn = n
R
. This is a Kaluza-Klein tower of states.

The scalar field φ is called radion, since it is associated to fluctuations in the proper
length L of the radius of compactification:

δL =

∮

S1

√
g55 = 2πRφ1/3 . (3.33)

The most striking feature of the model is the graviphoton Aµ, which behaves as a
gauge field with gauge invariance (3.31) associated to local four-dimensional translations
in the x5 direction. The associated charge is the momentum along the x5 direction, which
in quantized: pn = n

R
.
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We started with a theory of pure gravity, but the reduced action (3.28) describes
three interacting massless particles, the radion, the graviphoton and the four-dimensional
graviton. In the Kaluza-Klein picture (1920s), the introduction of an extra dimension
unifies gravitation and electromagnetism, in the sense that the graviphoton represents
the electromagnetic quadri-potential, with the right gauge invariance inherited from the
five-dimensional GCT.

The radion has only derivative terms with respect to the first four dimensions ∂µ,
being independent of x5, thus it can have an arbitrary v.e.v.

〈φ〉 = φ , (3.34)

while for the graviton and the graviphoton:

〈g(0)
µν 〉 = ηµν , 〈A(0)

µ 〉 = 0 . (3.35)

The v.e.v. of the line element determined by the metric (3.25),

〈ds2〉 = ηµνdx
µdxν − (φ)2/3 dx5dx5 . (3.36)

This shows that the five-dimensional space-time has the geometry of a flat cylinder of

radius φ
1/3

and the radion represents the fluctuations of the radius of the extra dimension
hence being related to the geometry of the compact space-time.

The symmetry of the vacuum is the four-dimensional Poincaré group times R (it is
not U(1), since the zero-mode does not depend on the internal coordinate). The four-

dimensional graviton is massless due to GCT, as usually, and the masslessness of A
(0)
µ is

due to the gauge symmetry. Instead, the radion is massless because of the scale symmetry
(3.32).

The v.e.v. of the radion φ labels physically inequivalent vacua, but it is not determined
by classical dynamics. The masslessness of the radion is phenomenologically unacceptable,
since it would contribute to Einstein’s gravity, introducing a long-range fifth force and
violating Newton’s law. For this reason it is important to stabilize the v.e.v. of the radion
φ by introducing a potential which provides for a radion mass.

The radion is our first example of modulus, a massless field which arises in the reduced
theory. One of the most important problems with dimensional reductions is then that of
stabilizing the moduli of the reduced theory, i.e. to make the v.e.v. of the moduli not
arbitrary. Moduli stabilization can be achieved by a potential for the scalar fields that, if
sufficiently generic, can fix their v.e.v. and give them nonzero masses.

In Chapter 6 we will give more details on moduli stabilization, discussing supergravity
compactifications.

3.4 Compactification of a free Dirac field on S
1 and

S
1/Z2

Our last simple example is that of a free Dirac field in D = 5 dimensions. We will discuss
compactifications on the circle S1 and on the orbifold S1/Z2, with periodic conditions,
first, and then with generalized Scherk-Schwarz twist.
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A brief introduction to spinors in a generic dimensionality is given in Appendix B.2.
Spinors in five space-time dimensions are represented by four-component Dirac spinors

(in D = 5 it is not possible to impose a Weyl or a (pseudo) Majorana condition), which
satisfy the symplectic (pseudo) Majorana condition, with the five gamma matrices

ΓM = {γµ,−iγ5} , (3.37)

where the four dimensional gamma matrices are taken as in Appendix A.1.
The action for a free (massless) five-dimensional Dirac field is

S =

∫
d4x

∫ L

0

dy

L
Ψ
(
iΓM∂M

)
Ψ , (3.38)

where we used the same set-up of the scalar field 3.2, namely we obtain a circle by the
identification

y + L ≡ y , (3.39)

where y is a coordinate in the extra dimension.
In this frame of reference, the spinor can be decomposed in two four-dimensional Weyl

spinors as

Ψ =

(
ΨL

ΨR

)
=

(
ψ1

ψ2

)
, (3.40)

but when introducing the Scherk-Schwarz twist we will use a more convenient parame-
trization.

3.4.1 Periodic fields

We begin with the compactification on the circle S1 by imposing periodic conditions on
the five-dimensional Dirac field (the dependence on the coordinates xµ of the fields is
understood throughout this section):

Ψ(y + L) ≡ Ψ(y). (3.41)

Therefore we can expand in the usual Fourier series

Ψ(y) =
1√
L

∑

n∈Z

ei 2πn
L

y Ψ(n) . (3.42)

Performing the ∂y derivative and integrating over y in (3.38), we obtain the action

S =

∫
d4x

∑

n∈Z

Ψ
(n)
(
iγµ∂µ + i

2πn

L
γ5

)
Ψ(n) , (3.43)
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where we take γ5 as in (A.17), which represents an infinite tower of four-dimensional Dirac
fermions with physical masses

(mn)2 =

(
2πn

L

)2

. (3.44)

After dimensional reduction, performing the limit L → 0 and considering only finite-
mass states, we obtain the reduced action

S =

∫
d4xΨ

(0)
(iγµ∂µ) Ψ(0) , (3.45)

which is the massless zero-mode.
This is completely analogous to the free complex scalar field studied above. In the

end, we obtain a single free and massless field in four dimensions. An unattractive feature
of this model is that the reduced theory contains a non-chiral four-dimensional fermion.
This is called the chirality problem.

Since physics is correctly described by the Standard Model up to energies of order
1 TeV, we must find a mechanism which allows us to find chiral fermions in the effective
four-dimensional theory.

A simple solution to the chirality problem is to compactify on the orbifold S1/Z2,
instead of on the circle S1. We build the orbifold by imposing the condition

y ≡ −y (3.46)

on the coordinate on the circle. The extra dimension is now equivalent to the segment
[0, L/2]. This identification is possible if we also assign a “parity” transformation P to
the D = 5 Dirac field, which is respected by the action (3.38):

Ψ(−y) = P (Ψ)(y) . (3.47)

Using the parametrization (3.40) for the Dirac field, we thus require

P (ΨL) = +ΨL , P (ΨR) = −ΨR . (3.48)

Moreover, we impose the periodicity conditions (3.41).
The orbifold was constructed by first identifying points on a straight line under the

translation τ : R → S1 = R/τ , y 7→ y + L, and then identifying points related by the Z2

reflection Z2 : y 7→ −y. We therefore impose two boundary conditions, namely (3.41) and
(3.47), which in general have the form

Ψ(y + L) = T Ψ(y) , (3.49)

Ψ(−y) = Z Ψ(y) , (3.50)

where T and Z are two matrices which act on the field of the theory and represent two
symmetries of the action corresponding to the operations τ and Z2. In this case T is
trivially the identity, while

Z =

(
I2 02

02 −I2

)
. (3.51)
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Since in this case T is trivial, T and Z commute (we imposed periodic boundary condi-
tions), we will obtain a massless reduced theory, even though we expect that the intro-
duction of the orbifold symmetry reduces some of the degrees of freedom of the theory
(3.45).

In the general case, however, T and Z must fulfill a consistency condition. Consider
a point y ∈ [0, L]. If we first apply a reflection Z2 and then a translation τ , we arrive at
L− y. But we can arrive there also by using the inverse translation τ−1, which takes y to
y − L, and then using the Z2 reflection. Therefore, when applying this to the Dirac field,
we obtain the relation:

ZTZ = T−1 . (3.52)

Since Z represents a reflection, Z2 = 1, but in general T 2 6= 1. When T is not trivial,
i.e. when applying a Scherk-Schwarz twist, the consistency condition tells us that the
combined field transformation Z ′ ≡ TZ must satisfy

(Z ′)2 = (TZ)2 = (TZ)(Z−1T−1) = 1 . (3.53)

This shows that the orbifold S1/Z2 can be described by two reflection operators Z and
Z ′, which in general do not commute with each other. We will return to this point when
discussing the Scherk-Schwarz twist on the Dirac field.

Now we can discuss the solution to the chirality problem. Imposing just the periodic
condition (3.41), we obtain the Fourier expansion (3.42), but not all of the Kaluza-Klein
modes are consistent with the orbifold condition. If we consider the decomposition in Weyl
spinors (3.40), with the parity assignment (3.48), we can parametrize the Kaluza-Klein
modes as

ΨL(y) =
2√
L

+∞∑

n=0

Ψ
(n)
L cos

(
2πn

L
y

)
,

ΨR(y) =
2i√
L

+∞∑

n=0

Ψ
(n)
R sin

(
2πn

L
y

)
. (3.54)

We see that the zero-mode Ψ
(0)
R has been modded out by the orbifold projection. Hence

the reduced theory contains only one finite-mass state, namely Ψ
(0)
L , which is a Weyl four-

dimensional spinor: we obtained a chiral D = 4 theory out of a (non-chiral) D = 5 theory.
In facts, the reduced action is

S4 =

∫
d4xΨ

(0)

L (iγµ∂µ)Ψ
(0)
L . (3.55)

As claimed, it contains a free and massless field, but it is chiral.

As in the case of the scalar field, we expect that a non-trivial Scherk-Schwarz twist
will allow for a mass parameter (smaller than the KK scale 1/L).
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3.4.2 Scherk-Schwarz twist

Instead of the periodicity condition (3.41), we would like to impose a twisted condition.
This is easier with another parametrization for the Dirac field. So far we decomposed the
four-dimensional Dirac spinor in two-component Weyl spinors

Ψ =

(
ΨL

ΨR

)
=

(
ψ1

ψ2

)
, (3.56)

but now it is more convenient to parametrize it with two two-component spinors as in
[30]

Φ =

(
ψ1

ψ2

)
. (3.57)

We also define Φ =
(
ψ1 ψ2

)
. Moreover, we define the three matrices σ̂n, n = 1, 2, 3, as

those which act like the corresponding sigma matrix on the components of Φ. Then the
five-dimensional action reads

S =

∫
d4x

∫ L

0

dy

L

[
iΦσM∂M Φ − 1

2

[
iΦT σ̂2∂yΦ + h.c.

]]
. (3.58)

The action is invariant under the global SU(2) symmetry

Φ(y) → U Φ(y) , U ∈ SU(2) . (3.59)

We compactify this theory on the circle S1, first.
As we have seen in the case of the complex scalar field, a twist has to use a symmetry of

the full-dimensional action, breaking all of those which do not commute with the former.
We can use a U(1) subgroup of the SU(2) symmetry for introducing a generalized Scherk-
Schwarz twist:

Φ(y + L) ≡ U~β Φ(y) , U~β ≡ ei~β·~σ = I cosβ + i
(
~β · ~σ

) sin β

β
, (3.60)

where ~β = (β1, β2, β3) ∈ R3 is a triplet of real parameters, β =
√

(β1)2 + (β2)2 + (β3)2

and ~σ = (σ̂1, σ̂2, σ̂3). It is not restrictive to assume β ≤ π.
The general form of a field which satisfies the twist condition is

Φ(y) = e−i(~β·~σ) µy 1√
L

∑

n∈Z

ei 2πn
L

y Φ(n) , (3.61)

where µ is a mass parameter and the Kaluza-Klein modes are defined as

Φ(n) =

(
ψ

(n)
1

ψ
(n)
2

)
. (3.62)
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We can fix part of the SU(2) gauge symmetry (3.59), leaving a residual U(1) gauge
invariance preserved by transformations of parameter

~β = (0, β, 0) . (3.63)

This breaks the SU(2) symmetry to U(1). Then U~β = eiβµσ̂2
= I cosβ + iµσ̂2 sin β.

Substituting the mode expansion (3.61) in (3.58) and integrating in y we obtain the
action

S =

∫
d4x

∑

n∈Z

[
iΦ

(n)
σM∂M Φ(n) +

(
−βµ+

2πn

L

)
(Φ(n))T Φ(n)

]
, (3.64)

which describes an infinite tower of Kaluza-Klein modes, labeled by n, with masses

mn =

∣∣∣∣−βµ+
2πn

L

∣∣∣∣ . (3.65)

Taking the limit L → 0 and considering only the states with a finite mass, we finally
obtain the action:

S =

∫
d4x

[
iΦ

(0)
σM∂M Φ(0) − βµ (Φ(0))T Φ(0)

]
. (3.66)

We obtained an action describing a four-dimensional Dirac field, which now has a mass

m0 = |β| . (3.67)

The reduced theory, as expected, has no more the original SU(2) global invariance, but

only a U(1) global invariance. The U(1) symmetry corresponds to the choice of ~β made
in (3.63), while the SU(2) transformations which do not preserve that choice correspond
to a broken symmetry. Again, the original symmetry has been broken into a smaller one,
but there is a mass term for the fields of the theory, since there is a non-trivial overall
dependence of the Fourier expansion (3.61) on y.

Finally, we compactify on the orbifold S1/Z2. In this case, we impose two conditions:
the Scherk-Schwarz twist (3.60) and the orbifold condition

Φ(−y) ≡ Z Φ(y) , Z ≡ σ̂3 , (3.68)

discussed above. This means that

ψ1(−y) ≡ ψ1(y) , ψ2(−y) ≡ −ψ2(y) . (3.69)

U~β and Z must satisfy the consistency condition (3.52), which reads

U~βZU~β = Z ⇐⇒ ei~β·~σσ̂3ei~β·~σ = σ̂3 . (3.70)

Using the expression for U~β in (3.60), we find the solution (for β = π there is the trivial
solution U~β = −I)

~β = (β1, β2, 0) . (3.71)

52



As before, we can fix part of the SU(2) gauge symmetry, leaving an unbroken U(1)
symmetry preserved by transformations of parameter

~β = (0, β, 0) . (3.72)

This gauge fixing is achieved through a SU(2) transformation of parameter (0, 0, β3),
generated by eiβ3σ̂3

, thus it commutes with Z = σ̂3.
In this case, not all of the modes (3.61) are allowed, since we must impose the orbifold

condition, which on the Kaluza-Klein modes reads

ψ
(n)
1 = ψ

(−n)
1 , ψ

(n)
2 = −ψ(−n)

2 . (3.73)

As in the untwisted case, the reduced action contains only one chiral fermion, but now
there is a mass parameter, i.e. we obtained one chiral massive four-dimensional fermion,
out of a five-dimensional massless one.

This shows how the Scherk-Schwarz generalized dimensional reduction is compatible
with the orbifold projection. Moreover, we have given an explicit example of how we can
break a symmetry by introducing an orbifold and also truncate some of the fields of the
original theory, in this case the zero-mode ψ

(0)
2 .

In summary, we illustrated various aspects of dimensional reduction from D = 5 to
d = 4, making use of three simple examples. Ordinary dimensional reduction on a circle
gives a four-dimensional effective theory which is simply a consistent truncation of the
compactified theory, containing the full tower of Kaluza-Klein states: only the massless
zero-mode is kept. If we introduce twisted periodicity condition, consistently with some
symmetry of the theory, we can introduce a mass parameter, at the price of breaking,
in the lower-dimensional theory, the symmetries that do not commute with the one that
has been used for the twist. Finally, we introduce an orbifold projection, which truncates
away some states from the effective reduced theory. When we also impose a twist, we must
be careful to respect the consistency conditions, which make the twist and the orbifold
projection compatible.
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Chapter 4

Supergravity in ten and eleven
dimensions

Supergravity theories can be formulated in more than four space-time dimensions. In this
chapter we describe the supergravity theories that arise as low-energy limits of superstring
theories or M-theory in D = 10 and D = 11 space-time dimensions. These theories will be
the starting point for our study on compactifications with fluxes. In detail, we discuss the
bosonic part of the effective actions for supergravity in D = 11 and for type IIA, IIB and
N = 1 supergravities in D = 10, where N is the number of D-dimensional supersymmetry
generators, which equals the number of gravitinos in the theory.

From now on, we mostly follow Polchinski’s notation [31, 32]. The only difference is
that we denote p-forms with a round bracket (p) subscript, when indices are not explicitly
displayed, instead of using an italicized subscript. In particular, in the previous chapters
we used the “mostly minus” convention on the Minkowski metric, while from now on we
will adopt the “mostly plus” convention:

ηMN = diag(−,+,+,+,+, . . . ,+) , M,N = 0, 1, 2, 3, 5, . . . , D . (4.1)

4.1 D = 11 supergravity

The best candidate theories unifying quantum mechanics with gravity are string theories,
formulated in ten space-time dimensions (when including both space-time bosons and
fermions). There are also hints for a more fundamental theory, M-theory, which should
give, in appropriate limits, the five different string theories. In the low-energy limit, string
theories provide us with supergravity models in ten and eleven dimensions. A detailed
study and a review of string theories goes far beyond our purposes, thus we will consider
these effective supergravity theories as our starting point.

The maximum dimension in which it is possible to formulate a supersymmetric theory
with spin not greater than two is eleven. Heuristically, the reason is as follows. Supersym-
metry charges carry spin-1/2. All states in an irreducible representation of the supersym-
metry algebra are obtained by applying creation operators, defined as combinations of the

55



supersymmetry charges, on the lowest helicity state. A spinor in D dimensions has 2[D/2]

components, as explained in Appendix B.2, therefore, when there are too many indepen-
dent spin-1/2 creation operators, it is unavoidable to have all supermultiplets containing
states with spin greater than two. The critical dimension is found to be D = 11 (see, e.g.,
[4]).

The N = 1, D = 11 supergravity action was constructed by Cremmer, Julia and
Scherk in [33] and is called today M-theory supergravity, since it is thought to be the
low-energy limit of M-theory.

The field content of the D = 11 theory is quite simple. Since we are in a supergravity
theory, we must have the supergravity multiplet, which contains the vielbein e A

M and the

gravitino field ΨM . The vielbein has (D−2)(D−1)
2

−1 = 44 physical degrees of freedom, since
it corresponds to a symmetric and traceless metric tensor. The gravitino is a Majorana
spin-3/2 field, which in D = 11 corresponds to (1/2) 2[D/2] (D − 2 − 1) = 128 degrees
of freedom. The factor 1/2 comes from the Majorana condition (which can consistently
be defined in D = 11, see Appendix B.2 and also [4, 27]), the (D − 2) is due to the
classification of massless physical states in D dimensions with SO(D − 2) (in D = 4
it corresponds to helicity), while the −1 is due to the additional invariance (2.8) of the
Rarita-Schwinger action. There is a difference of 128− 44 = 84 =

(
11−2

3

)
physical degrees

of freedom, which corresponds to the degrees of freedom of a 3-form in D = 11, that we
call A(3). This is the field content of maximal supergravity.

The complete action is:

S =

∫
d11x

[
− e11

4k2
11

R(ω) − ie11
2

ΨMΓMNRDN

(
ω + ω̂

2

)
ΨR +

− e11
48

FMNRSF
MNRS +

+
k11e11
192

(
ΨMΓMNRSTP ΨN + 12Ψ

R
ΓST ΨP

) (
FRSTP + F̂RSTP

)
+

+
2k11

(144)2
ǫS1S2S3S4T1T2T3T4MNRFS1S2S3S4FT1T2T3T4AMNR

]
, (4.2)

where

F(4) = dA(3) , (4.3)

e11 is the determinant of the vielbein, k11 is the eleven-dimensional gravitational constant,
the product of n gamma matrices is defined as

ΓM1···Mn ≡ Γ[M1 · · · ΓMn] , (4.4)

F̂MNRS = FMNRS − 3k11Ψ[MΓNRΨS] (4.5)

and the covariant derivative is

D̃M (ω̃) ΨN ≡ ∂MΨN +
1

4
ω̃MAB ΓABΨN , (4.6)
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with

ω̃MAB = ωMAB +KMAB , (4.7)

where KMAB is the contorsion tensor

KMAB =
ik2

11

4

[
−ΨCΓ CD

MAB ΨD + 2
(
ΨMΓAΨB + ΨAΓMΨB − ΨMΓBΨA

)]
, (4.8)

ωMAB =
1

2
e N

A (∂MeBN − ∂NeBM) +
1

2
e R

A e S
B (∂SeRC) e C

M − (A↔ B) (4.9)

and

ω̂MAB = ωMAB +
ik2

11

4
ΨCΓ CD

MAB ΨD . (4.10)

The maximal supergravity action, up to total divergences, is invariant under both
general coordinate transformations and local supersymmetry transformations.

In the following, we will consider only the bosonic part of this theory, i.e. the one
containing only the fields GMN and A(3). For this reason, we give the bosonic part of the
action separately, using a more compact notation [32]:

S11 =
1

2k2
11

∫
d11x (−G11)

1/2

[
R11 −

1

2

∣∣F(4)

∣∣2
]
− 1

6

∫
A(3) ∧ F(4) ∧ F(4) . (4.11)

In general, given a p-form F(p), we use the convention

|F(p)|2 =
1

p!
GM1N1 · · ·GMpNp FM1···Mp FN1···Np . (4.12)

This will be our starting point for compactifications of eleven-dimensional supergravity.

4.2 D = 10 supergravities

There are three ten-dimensional effective supergravities, which are the low-energy limit
of string theories. Two of these can be obtained from M-theory supergravity by dimen-
sional reduction on R10 × S1 or on the orbifold R10 × S1/Z2 and are related to type
IIA and heterotic string theories, respectively, as explained in [34]. Since our interest is
the compactification of the effective supergravity actions, we will not give a derivation
of these, which goes far beyond our purposes, but simply describe the bosonic part of
ten-dimensional effective supergravity theories.

Before this, we must discuss a subtle point which we must take into account both in
writing the actions and in performing dimensional reductions.

Consider a p-form A(p) in d dimensions and let F(p+1) ≡ dA(p). The corresponding free
action is

−1

2

∫
ddx

√
−Gd |F(p+1)|2 . (4.13)
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The equations of motion which can be deduced from this action are

d ∗ F(p+1) = 0 , (4.14)

while the Bianchi identity is

dF(p+1) = ddA(p) = 0 . (4.15)

If we define

F ′
(d−p−1) ≡ ∗F(p+1) , (4.16)

then the equations of motion and the Bianchi identities become, respectively,

dF ′
(d−p−1) = 0 , d ∗ F ′

(d−p−1) = 0 , (4.17)

i.e. they are exchanged with respect to (4.14) and (4.15): the field strength has been
dualized. We have obtained an equivalent description of the (p+ 1)-form through a (d−
p− 1)-form, in d dimensions.

It is possible to solve, at least locally, the new Bianchi identity in (4.17), which gives

F ′
(d−p−1) = dA′

(d−p−2) . (4.18)

We can add to the action (4.13) a term
∫
A′

(d−p−2) ∧ dF(p+1) . (4.19)

Here A′
(d−p−2) is thought as a Lagrange multiplier which enforces the Bianchi identity for

F(p+1). Integrating by parts, we obtain the action

−1

2

∫
ddx

√
−Gd |F ′

(d−p−1)|2 , (4.20)

so we have shown that there exists a one-to-one correspondence between the p-form A(p)

and its dual A′
(d−p−2)

1. Later we will see some consequences of this correspondence.

4.2.1 IIA supergravity

The first N = 2, D = 10 effective supergravity theory that we consider corresponds to the
low-energy limit of type IIA string theory. The massless and bosonic part of this theory
can be obtained from M-theory supergravity through compactification on R10 × S1, but
we will give the complete bosonic action for type IIA effective supergravity.

In all ten-dimensional effective supergravities, there is a universal sector, called NSNS
sector because of the way it originates from the underlying string theory (NS ≡ Neveu-
Schwarz, R ≡ Ramond), as we will see comparing the various theories. It consists of the
ten-dimensional metric GMN , the dilaton Φ and a 2-form B(2).

The type IIA theory contains also a peculiar sector, called RR sector again for reasons
that have to do with its string theory origin: it contains p-form potentials with p odd.
Since we are in D = 10, there are the following duality relations in the RR sector:

1The number of physical degrees of freedom for a p-form in d space-time dimensions is
(
d−2

p

)
, which

is the same as those of its dual form,
(

d−2
d−2−p

)
.
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C(1) ↔ C(7)

C(3) ↔ C(5)

C(9) ↔ C(−1)

where the last relation means that we can take a 9-form, which has a 10-form field strength,
and consider its dual. Formally it is a (−1)-form, since its field strength is a 0-form, that
we can denote M ≡ ∗F(10). M is then a well-defined mass parameter, since the equation of
motion for F(10) is d∗F(10) = 0 and, being ∗F(10) a scalar, it corresponds to ∗F(10) = const.

Considering only one representative for each couple of dual fields, we describe our
theory in terms of the following fields, which we divide into the NSNS and the RR sector:

Field content of type IIA supergravity
NSNS sector GMN , Φ, B(2)

RR sector C(1), C(3), C(−1).

The corresponding action is given by [32]:

SIIA = SNS + SR + SCS , (4.21)

where

SNS =
1

2k2
10

∫
d10x (−G10)

1/2 e−2Φ

[
R10 + 4(∂µΦ)(∂µΦ) − 1

2

∣∣H(3)

∣∣2
]
, (4.22)

SR = − 1

4k2
10

∫
d10x (−G10)

1/2

[
M2 +

∣∣F(2)

∣∣2 +
∣∣∣F̃(4)

∣∣∣
2
]
, (4.23)

SCS = − 1

4k4
10

∫
B(2) ∧ F(4) ∧ F(4) , (4.24)

and with

H(3) = dB(2) , (4.25)

F(2) = dC(1) +MB(2) , (4.26)

F(4) = dC(3) +
1

2
MB(2) ∧ B(2) , (4.27)

F̃(4) = F(4) − C(1) ∧H(3) . (4.28)

G10 is the determinant of the ten-dimensional metric.

59



4.2.2 IIB supergravity

The second N = 2, D = 10 effective supergravity theory is the low-energy limit of type
IIB string theory. This theory cannot be obtained by dimensional reduction of M-theory.

The NSNS sector consists of the ten-dimensional metric GMN , the dilaton Φ and the
2-form B(2).

In the type IIB theory, the RR sector contains p-form potentials with p even. Since
we are in D = 10, there are the following duality relations in the RR sector:

C(0) ↔ C(8)

C(2) ↔ C(6)

C(4) ↔ C(4)

The last relation means that the 4-form has a self-dual field strength, or

F(5) = ∗F(5) . (4.29)

Because of its first-order equation of motion, the construction of a consistent Lorentz-
invariant action for this supergravity theory requires the use of auxiliary degrees of free-
dom, which we do not want to introduce here (see [35] for further details). For the sake
of simplicity, we will consider a non self-dual F(5) in the action, imposing the self-duality
constraint by hand on the solutions. When writing the action, we will thus insert a factor
1/2, otherwise we would count the same physical degrees of freedom twice.

The field content for type IIB effective supergravity is as follows:

Field content of type IIB supergravity
NSNS sector GMN , Φ, B(2)

RR sector C(0), C(2), C(4).

We write the action as:

SIIB = SNS + SR + SCS , (4.30)

where

SNS =
1

2k2
10

∫
d10x (−G10)

1/2 e−2Φ

[
R10 + 4(∂µΦ)(∂µΦ) − 1

2

∣∣H(3)

∣∣2
]
, (4.31)

SR = − 1

4k2
10

∫
d10x (−G10)

1/2

[∣∣F(1)

∣∣2 +
∣∣∣F̃(3)

∣∣∣
2

+
1

2

∣∣∣F̃(5)

∣∣∣
2
]
, (4.32)

SCS = − 1

4k2
10

∫
C(4) ∧H(3) ∧ F(3) , (4.33)

and with

F̃(3) = F(3) − C(0) ∧H(3) , (4.34)

F̃(5) = F(5) −
1

2
C(2) ∧H(3) +

1

2
B(2) ∧ F(3) . (4.35)
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4.2.3 N = 1 (heterotic) supergravity

The third D = 10 effective supergravity theory is the N = 1 low-energy limit of the
heterotic E8 × E8 string theory. It can be obtained from M-theory supergravity through
compactification on R10 × S1/Z2. The low-energy limit of type I string theory, which
describes open strings as well as closed ones, has the same supersymmetry as the heterotic
supergravity theory and its action differs from this only in the gauge sector, through a
different dependence on the dilaton Φ [32] and the presence of the gauge group SO(32).
Indeed, there is also another consistent version of the N = 1 heterotic superstring, and of
the corresponding supergravity, with gauge group SO(32). Since we will not consider the
Yang-Mills sector in our examples of compactifications, we will just discuss the universal
non-gauge sector of heterotic supergravity.

As before, the NSNS sector consists of the ten-dimensional metric GMN , the dilaton
Φ and the 2-form B(2).

The theory does not have a RR sector, but it includes the E8 × E8 or SO(32) gauge
fields A(1):

Field content of N = 1 supergravity
NSNS sector GMN , Φ, B(2)

gauge sector A(1).

The effective supergravity action, to lowest order in the metric derivatives, can be
written as

S =
1

2k2
10

∫
d10x (−G10)

1/2 e−2Φ
[
R10 + 4(∂µΦ)(∂µΦ) − 1

2

∣∣∣H̃(3)

∣∣∣
2

+

− k2
10

g2
10

Tr V |F(2)|2
]
, (4.36)

where

H̃(3) = dB(2) −
k2

10

g2
10

ω(3) , (4.37)

the Chern-Simons 1-form is

ω(3) = Tr V

(
A(1) ∧ dA(1) −

2i

3
A(1) ∧A(1) ∧A(1)

)
(4.38)

and g10 is a gauge coupling parameter.
For simplicity, in the following examples we will not consider the Yang-Mills sector

(A(1) = 0).
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Chapter 5

Simple N = 1 orbifold
compactifications

In this chapter, we begin the study of some simple compactifications of the D = 10, 11
supergravity theories introduced in Chapter 4. For technical and physical reasons, we
are interested in those compactifications that preserve an exact or spontaneously broken
N = 1 local supersymmetry in the resulting d = 4 effective theory. The simplest com-
pactifications of this kind are those on the orbifold T

6/(Z2 × Z2) or T
7/(Z2 × Z2), which

reduce the number of supersymmetries, with respect to a torus compactification, from N
to N/4. When needed, this will be supplemented by an additional projection, with respect
to a Z2 symmetry, that will lead to N/8 residual supersymmetry. In our approximations,
we will always end up with a d = 4, N = 1 supergravity theory containing, besides the
gravitational multiplet, seven chiral supermultiplets and no vector multiplet.

The goal of this chapter is to study this effective theory when no fluxes are included,
therefore no scalar potential is generated. In each of the six examples to be considered,
we will derive the correspondence between the bosonic degrees of freedom of the effective
d = 4 theory and those of the underlying D = 10 theory, and the resulting form of the
Kähler potential.

5.1 Orbifold compactifications

The simplest compactifications are performed on tori. In the following we will study
compactifications of the higher-dimensional supergravity theories described in Chapter 4
to four dimensions, on toroidal orbifolds/orientifolds. We will start by discussing toroidal
compactifications in general, then introduce orbifolds and orientifolds. Thus it will be
useful to discuss toroidal compactifications in general, first, and then introduce orbifolds
and orientifolds.
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5.1.1 Torus compactifications

Consider a supergravity theory inD dimensions. We want to compactify it to d dimensions
on a k-torus, k = D − d. If we split the D-dimensional space-time coordinates as

xM = (xµ, xi) , (5.1)

µ = 0, . . . , d− 1, i = d+ 1, . . . , D, then the k-dimensional torus on which we compactify
is the quotient space obtained from Rk through the identification

xi ≡ xi + 2πR , i = d+ 1, . . . , D , (5.2)

where we choose for simplicity the same periodicity 2πR for each coordinate on the torus
(the physical radii depending on the background value of the metric).

Since we are interested in the effective theory for the massless modes only, we make
the following reduction Ansatz for the metric:

ds2 = GMN(xµ, xi) dxMdxN

= Gµν(x
ρ) dxµdxν +Gij(x

ρ) (dxi + Ai
µ(xρ)dxµ)(dxj + Aj

ν(x
ρ)dxν) , (5.3)

where in d dimensional Gµν is a symmetric tensor, Ai
µ are k vectors and the Gij are

k(k + 1)/2 scalar fields, called metric moduli.
In our concrete examples, we will consider orbifolds, i.e. we will introduce some discrete

symmetries acting on the coordinates and retain only the components of the d-dimensional
massless fields that are left invariant. The vectors Ai

µ will not be invariant under the
orbifold action and will be truncated, so for simplicity we will not consider them from
the beginning. Therefore, the D-dimensional metric reduces to two diagonal blocks, one
containing the d-dimensional metric Gµν and one the “internal” metric Gij.

Since the ten-dimensional supergravities that we consider have the same NSNS sector,
we perform the reduction of an action in D dimensions which has the form of the NSNS
sector action for type II supergravities. When the theory is compactified on a k-torus the
reduced action becomes

S =
1

2κ2
D

∫
dDx

√
−GD e

−2Φ

[
RD + 4(∂µΦ)(∂µΦ) − 1

2

∣∣H(3)

∣∣2
]

=

=
1

2κ2
d

∫
ddx

√
−Gd

√
Gk e

−2Φ
[
Rd +

+ 4

(
∂µ

(
Φ − 1

4
logGk

))(
∂µ

(
Φ − 1

4
logGk

))
+

− 1

4
GmnGpq ((∂µGmp)(∂

µGnq) + (∂µBmp)(∂
µBnq)) +

− 1

4
GmnHmµνH

µν
n − 1

12
HµνρH

µνρ
]
, (5.4)

where the d-dimensional gravitational constant is given by

1

κ2
d

=
(2πR)k

κ2
D

, (5.5)
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Gk ≡ detGmn is the determinant of the internal block of the metric and the 3-form field
strength H is defined as

H(3) = dB(2) . (5.6)

This result is obtained in the string frame, but we can express it in the Einstein frame.
This is achieved by making the Weyl rescaling

Gµν = ŝ−1G̃µν , (5.7)

where the expression of the d-dimensional field ŝ in terms of the dilaton (also assumed
to depend only on xµ) and of the internal components of the metric will be determined
later. Under this rescaling, the determinant in d dimensions transforms as

√
−Gd = ŝ−

d
2

√
−G̃d , (5.8)

while the Ricci scalar transforms according to

√
−GdR =

√
−G̃d ŝ

1
2
(2−d)

[
R̃d −

1

4
(d− 2)(d− 1)ŝ−2G̃µν(∂µŝ)(∂ν ŝ)

]
. (5.9)

The reduced action becomes then

S =
1

2κ2
d

∫
ddx

√
−G̃d

√
Gk

(
e−2Φŝ(1− d

2)
) [

R̃d +

− 1

4
(d− 2)(d− 1)ŝ−2 (∂µŝ)(∂

µŝ) +

+ 4

(
∂µ

(
Φ − 1

4
logGk

))(
∂µ

(
Φ − 1

4
logGk

))
+

− 1

4
GmnGpq ((∂µGmp)(∂

µGnq) + (∂µBmp)(∂
µBnq)) +

− 1

4
ŝ GmnHmµνH

µν
n − 1

12
ŝ2HµνρH

µνρ
]
, (5.10)

where the lowering and raising of the d-dimensional indices is done here with G̃µν and its
inverse, respectively.

We will also need to reduce the action containing a general p-form A(p), with field
strength F(p+1) = dA(p). In analogy with what was done with for metric and the dilaton,
we make the hypothesis that the p-form A(p) depends only on the external coordinates,
A(p)(x

µ), so that ∂iA(p)(x
µ) ≡ 0. Non-trivial background (p-form and geometric) fluxes

will be studied in Chapter 6. For the moment we will consider only fluctuations around a
zero mean value of the fluxes. This means that the all-internal component field strengths
vanish Fm1···mp+1 = 0. Then we must consider field strengths with q external and (p−q+1)
internal components, 1 ≤ q ≤ (p+ 1).

In the case q = 1, the field strength can be thought as a derivative (with respect to
the external coordinates) acting on a scalar field Am2···mp+1(x

µ): Fµm2···mp+1 ∝ ∂µAm2···mp+1 .
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The case q = 2 describes a d-dimensional vector Aµm3···mp+1(x
µ). The case q = 3 is quite

peculiar, since it describes an antisymmetric tensor Aµνm4···mp+1(x
µ), which in d = 4 is dual

to a scalar field. The cases q = 4, . . . , (p+1) then represent (q−1)-forms Aµ1···µqmq+1···mp+1 .
The cases q = 2 and q ≥ 4, however, will be truncated by the orbifold projection in our
examples, so we will not consider them (the same holds for the NSNS 2-form B(2)).
Recalling our convention (4.12), the action for a p-forms is reduced according to

1

2κ2
D

∫
dDx

√
−GD |F(p+1)|2 =

=
1

2κ2
D

∫
dDx

√
−GD

1

p!

[
Gm2n2 · · ·Gmp+1np+1 (∂µAm2···mp+1) (∂µAn2···np+1) +

+Gm4n4 · · ·Gmp+1np+1(Fµνρm4···mp+1) (F µνρ
n4···np+1

)
]
. (5.11)

With our simplifications, toroidal compactification of a supergravity theory from D
to d dimensions, containing the universal NSNS sector and a p-form, leads to the d-
dimensional Poincaré invariant action

S =
1

2κ2
D

∫
dDx

√
−GD e

−2Φ

[
RD + 4(∂µΦ)(∂µΦ) − 1

2
e2Φ
∣∣F(p+1)

∣∣2
]

=

=
1

2κ2
d

∫
ddx

√
−G̃d

√
Gk

(
e−2Φŝ(1− d

2)
) [

R̃d +

− 1

4
(d− 2)(d− 1)ŝ−2 (∂µŝ)(∂

µŝ) +

+ 4

(
∂µ

(
Φ − 1

4
logGk

))(
∂µ

(
Φ − 1

4
logGk

))
+

− 1

4
GmnGpq ((∂µGmp)(∂

µGnq) + (∂µBmp)(∂
µBnq)) +

− 1

12
ŝ2HµνρH

µνρ +

− 1

2(p!)
ŝ2e2ΦGm4n4 · · ·Gmp+1np+1(Fµνρm4···mp+1) (F µνρ

n4···np+1
) +

− 1

2
e2Φ

1

p!
Gm2n2 · · ·Gmp+1np+1(∂µAm2···mp+1) (∂µAn2···np+1)

]
, (5.12)

which in d = 4 becomes

S =
1

2κ2
4

∫
d4x

√
−G̃4

√
Gk

(
e−2Φŝ−1

) [
R̃4 −

3

2
ŝ−2 (∂µŝ)(∂

µŝ) +

+ 4

(
∂µ

(
Φ − 1

4
logGk

))(
∂µ

(
Φ − 1

4
logGk

))
+

− 1

4
GmnGpq ((∂µGmp)(∂

µGnq) + (∂µBmp)(∂
µBnq)) +

− 1

12
ŝ2HµνρH

µνρ +
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− 1

2(p!)
ŝ2e2ΦGm4n4 · · ·Gmp+1np+1(Fµνρm4···mp+1) (F µνρ

n4···np+1
) +

− 1

2
e2Φ

1

p!
Gm2n2 · · ·Gmp+1np+1(∂µAm2···mp+1) (∂µAn2···np+1)

]
. (5.13)

Each term in the reduced action (5.13) contains two space-time derivatives, while there are
no terms without derivatives. The reason of this is that we are now considering fluctuations
of the fields around a zero background value, hence there is not a scalar potential. Such
a dimensional reduction will allow us to compute the Kähler potential K for the effective
supergravity theory, but the superpotential will be identically vanishing at this level.
Finally, there will not be any gauge kinetic function in our effective four-dimensional
theories, since our reductions do not contain fields belonging to vector multiplets.

5.1.2 Orbifolds

Given a manifold M and a discrete group G acting on its points, an orbifold is the quotient
space O = M/G. If the action of G has fixed points, the resulting orbifold has singular
points and is no longer a manifold.

In general, supergravity theories can be compactified on quite complicated spaces1.
Orbifolds provide a simple way of consistently truncating the massless spectrum of the
effective theory2 and reducing the number of supersymmetries, with respect to what we
would obtain by compactifying on the original manifold M.

In our main examples, simple toroidal compactifications give 4N supersymmetries in
d = 4 (with N = 2 for type II and for M-theory supergravities, N = 1 for the heterotic
supergravity studied in Chapter 4), while we want to obtain an effective theory with
simple local supersymmetry. This is achieved (in part) by considering orbifold projections
generated by appropriate groups. In our examples, we will consider toroidal orbifolds,
in which the manifold is Tk for k = 6, 7, and the discrete group is Z2 × Z2. Toroidal
compactifications of type II D = 10 supergravities on T6 and of D = 11 M-theory on T7

give N = 8 supersymmetries in d = 4, but the orbifold projection on T6/(Z2 × Z2) or on
T

7/(Z2 × Z2) gives just N = 2 supersymmetries for these theories, while in the heterotic
case we directly obtain a N = 1 supersymmetry in d = 4. Thus, for type II and M-
theory supergravities, we need to reduce again the number of residual supersymmetries,
in order to obtain a N = 1, d = 4 effective theory. In M-theory we will use a further
orbifold projection, while in type II theories we will introduce another projection, called
orientifold for reasons that have to do with its string theory origin, which will be described
below.

1For example on a Calabi-Yau manifold, which is a Kähler manifold of SU(3) holonomy. These objects
are rather difficult to discuss and their introduction goes beyond our purposes.

2In general, additional massless fields can exist at the fixed points. These correspond to strings be-
longing to the twisted sector, i.e. strings which obey twisted boundary conditions like X i(π) = gX i(0),
∀ g ∈ G, where the functions X i describe the string coordinates on the orbifold, taking arguments ranging
from 0 to π. We will not study the twisted sector of our effective supergravity theories, assuming that all
its fields can be set to zero consistently with their equations of motion.
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We now discuss some examples of orbifolds, showing the general features of this con-
struction. We observe that the simple orbifolds to be considered in our examples have
a purely geometrical action: the orbifold projection acts non-trivially only on the coor-
dinates, while the action on the fields is trivial, in the sense that their transformation
properties are the same as those of the combination of space-time indices they carry.
Then consistency requires that only some components of the fields can be defined on the
orbifold, namely those fields which are invariant with respect to the action of the discrete
group G. The other must be projected out. The consequence is that orbifolds consistently
truncate some of the massless modes of the theory.

For simplicity we will always consider (with only one exception) the case of toroidal
orbifolds. The discrete groups will be products of ZM groups, where M is some integer.
These groups are formed by M elements: if ΘM is the M-th root of the unity, i.e. if
M is the smallest integer such that (ΘM)M = 1, then ZM is generated by ΘM , ZM =
{1, (ΘM)1, . . . , (ΘM)M−1}. Since Z2 = {1,Θ2}, in this case, with a little abuse of notation,
we can use Z2 to indicate the generator Θ2.

• The first simple example will be the only non-toroidal orbifold that we discuss.
Consider the orbifold O = R

2/(Z×Z). Let R1 and R2 be two (non-aligned) vectors
of R2. The group Z × Z is generated by the discrete translations

g1 = e2πiP1R1 , g2 = e2πiP2R2 . (5.14)

In this case there are no fixed points, thus the orbifold is a smooth manifold, the
two-dimensional torus T2 of radii R1 and R2. The resulting symmetry are lattice
translations, hence P1 and P2 are not arbitrary, but must be quantized:

P1R1 ∈ Z , P2R2 ∈ Z. (5.15)

This is a general feature: orbifolds are defined by discrete groups which act only on
the coordinates, but consistency requires that the fields of the theory must respect
the discrete symmetry.

• As a second example, consider the orbifold T2/Z2, where T2 is a two-dimensional
torus of radii R1 and R2, obtained as in the previous example. Since the action of
Z2 is involutory, it acts as a rotation by π about the origin. We can represent its
action on coordinates y1, y2 on the plane as

Z2 : (y1, y2) → (−y1,−y2) , (5.16)

thus there are four fixed points: (0, 0), (R1/2, 0), (0, R2/2) and (R1/2, R2/2). The
physical states must be invariant with respect to Z2, thus if, for example, we have a
two-dimensional metric gab, then all of its components are invariant under Z2, but a
vector field Aa cannot be invariant, therefore it must be projected out. This shows
how to consistently eliminate the fields which are incompatible with the orbifold
discrete symmetry, even though the projection itself does not act on the fields, but
only on the coordinates.
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• Another interesting example is the orbifold T6/Z3. The Z3 group generator has

the property (Θ3)
3 = 1, which is satisfied by Θ3 = e

2π
3

i. The generators are then
complex. This suggests us to factorize the six-dimensional torus in three two-tori,

T
6 = T

2 × T
2 × T

2 , (5.17)

and to describe each two-torus with a complex coordinate. We denote these complex
coordinates on T

6 by (Z1, Z2, Z3).

The action of Θ3 on the complex coordinates can be represented as

Θ3 : (Z1, Z2, Z3) → e
2π
3

i(Z1, Z2, Z3) . (5.18)

In each two-torus there are three fixed points, corresponding to the three-roots of
the unity, thus there are 33 = 27 total fixed points. Θ3 is now an element of SU(3),
hence the orbifold T6/Z3 has discrete holonomy in SU(3) , i.e. it is the singular limit
of a Calabi-Yau manifold. The physical states must be invariant under the action
of Θ3, but a detailed description goes beyond our purposes.

• The last two examples will be relevant for our specific examples of supergravity
compactifications. The fields of the various supergravity theories which are com-
patible with these discrete symmetries will be studied later, but we can begin
with some geometry. Consider the orbifold T6/(Z2 × Z′

2). The discrete group is
Z2 × Z′

2 = {1,Z2,Z
′
2,Z2Z

′
2}. We can represent the action of the generators Z2, Z′

2,
Z2Z

′
2 on the six-torus, such that we can factorize the six-torus as T6 = T2×T2×T2,

leaving as in the previous case three invariant two-tori. If we introduce three com-
plex coordinates on T6, denoted by (Z1, Z2, Z3), we can choose the generators to
act on the coordinates as

Z2 : (Z1, Z2, Z3) → (−Z1,−Z2,+Z3)
Z′

2 : (Z1, Z2, Z3) → (+Z1,−Z2,−Z3)
Z2Z

′
2 : (Z1, Z2, Z3) → (−Z1,+Z2,−Z3)

where the combined action is consistent with the single definitions.

Fixed points can be found in analogy with the case T
2/Z2. Every generator of Z2×Z

′
2

reverses the orientation of two two-tori, leaving the third unaltered. Each two-torus
on which a symmetry generator acts non-trivially has 4 fixed points, thus every
symmetry generator has 16 invariant fixed two-tori. In total, there are then 48 fixed
two-tori.

• Our last example is a straightforward extension of the last case: T
7/(Z2 × Z2). It

can be simply thought as the product (T6/(Z2×Z′
2))×S1. In this case we introduce

complex coordinates (Z1, Z2, Z3) and a real coordinate on the extra-dimension. The
only geometrical difference from the previous case is that the fixed points are now
three-tori, instead of two-tori.
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In these examples we have learnt how to describe orbifolds from a geometrical point of
view. We have also seen in an explicit example how an orbifold can truncate some fields
in a theory: the orbifold acts only on the coordinates which describe a manifold, but the
fields of the theory must be consistent with it, or projected out. In the next section we
will study many examples of this mechanism.

5.1.3 Orientifolds

The orientifold is a particular operation that can be defined in type II string theories.
Since we are interested only in supergravity theories, we will give just give a description
of the corresponding operation at the level of the effective field theory.

For our purposes, an orientifold projection will correspond to modding out the four-
dimensional fields of a type II theory that are not invariant under a parity operation,
acting both on the internal spatial coordinates and on the fields. The fields will thus be
characterized by an intrinsic orientifold parity, and the combined action of the orientifold
parity on the fields and on their space-time indices will correspond to a symmetry of the
action.

The (p+1)-dimensional subspaces of the ten space-time dimensions which are invariant
with respect to the orientifold projection are called Op-planes. In particular, O9-planes
are space-time-filling invariant planes. These invariant planes are determined, then, by
the geometrical action of the orientifold projection on the space-time coordinates.

There are other aspects of Op-planes that are relevant in string theory, but for our
purposes it will be sufficient to understand their geometrical role in relation with the
orientifold parity, which will be used in our explicit examples to halve the number of
supersymmetries and to project out some of the massless states.

5.2 Examples of compactifications on T
k/(Z2 × Z2)

In the following we will consider the effective four-dimensional supergravities correspond-
ing to compactifications on the orbifold Tk/(Z2 ×Z′

2), k = 6, 7, of the higher-dimensional
supergravity theories presented in Chapter 4.

We choose to split the space-time coordinates as in Sec. 5.1.1. Referring to the complex
coordinates on the 6-torus introduced in Sec 5.1.2, we define the orbifold action through
the identification

Z1 ≡ x5 + ix6 , Z2 ≡ x7 + ix8 , Z3 ≡ x9 + ix10 . (5.19)

Explicitly, in terms of the real coordinates on the torus,

Z2 : (x5, x6, x7, x8, x9, x10) → (−x5,−x6,−x7,−x8,+x9,+x10)
Z′

2 : (x5, x6, x7, x8, x9, x10) → (+x5,+x6,−x7,−x8,−x9,−x10)
Z2Z

′
2 : (x5, x6, x7, x8, x9, x10) → (−x5,−x6,+x7,+x8,−x9,−x10)
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while x11 remains unchanged, when considered.
This identifies three planes (x5, x6), (x7, x8) and (x9, x10), or more precisely three

invariant two-tori T6 = T2 × T2 × T2.
Consider now the D-dimensional metric, D = 10, 11. The internal components of

the metric which do not correspond to the three two-tori are not invariant under all of
the generators Z2, Z′

2 and Z2Z
′
2, hence must be projected out. We can parametrize the

remaining components, which belong to three 2 × 2 blocks, as

GMN =

{
blockdiag (ŝ−1G̃µν , Gi1j1 , Gi2j2, Gi3j3) D = 10

blockdiag (ŝ−1G̃µν , Gi1j1 , Gi2j2, Gi3j3, v̂) D = 11
, (5.20)

where we displayed the Weyl rescaling parameter ŝ−1, which will be determined later. Since
Gij is symmetric, we can parametrize the 2 × 2 blocks GiAjA

, A = 1, 2, 3, corresponding
to the three invariant two-tori, with nine real scalar fields

GiAjA
=
t̂A
ûA

(
(û2

A + ν̂2
A) ν̂A

ν̂A 1

)
. (5.21)

The determinant of each 2 × 2 block is

detGiAjA
= t̂2A , (5.22)

so that the k-dimensional determinant of the internal components of the metric becomes

Gk =

{ (
t̂1t̂2t̂3

)2
D = 10(

t̂1t̂2t̂3
)2
v̂ D = 11

. (5.23)

Finally, the inverse of GiAjA
is:

GiAjA =
1

t̂AûA

(
1 −ν̂A

−ν̂A (û2
A + ν̂2

A)

)
. (5.24)

We will always use this parametrization for the massless fields coming from the metric.
This allows us to determine the Weyl rescaling parameter, which is different in D = 10

and in D = 11.

• In D = 10, the Einstein-Hilbert term in the d = 4 reduced action (5.13) is

1

2κ2
4

∫
d4x

√
−G̃4

√
G6

(
e−2Φŝ−1

)
R̃4 , (5.25)

then, to go to the Einstein frame, we must require

√
G6 e

−2Φŝ−1 = 1 . (5.26)

The square root of the metric moduli determinant is, according to (5.23),

√
G6 = t̂1t̂2t̂3 , (5.27)
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hence

ŝ = e−2Φt̂1t̂2t̂3 ⇔ e−2Φ =
ŝ

t̂1t̂2t̂3
, (5.28)

so that
√

−G̃4

[
− 3

2
ŝ−2 (∂µŝ)(∂

µŝ) +

+ 4

(
∂µ

(
Φ − 1

4
logG6

))(
∂µ

(
Φ − 1

4
logG6

))]
=

= −1

2

√
−G̃4 ŝ

−2 (∂µŝ)(∂
µŝ) . (5.29)

• In D = 11, the Einstein-Hilbert term in the reduced action (5.13) is

1

2κ2
4

∫
d4x

√
−G̃4 t̂1t̂2t̂3

√
v̂ ŝ−1 R̃4 . (5.30)

Since the square root of the determinant of the internal metric is, as can be seen
from (5.23),

√
G7 = t̂1t̂2t̂3

√
v̂ (5.31)

and there is no dilaton (Φ = 0), to go to the Einstein frame we require

t̂1t̂2t̂3
√
v̂ ŝ−1 = 1 ⇐⇒

√
v̂ =

ŝ

t̂1t̂2t̂3
, (5.32)

so that
√

−G̃4

[
− 3

2
ŝ−2 (∂µŝ)(∂

µŝ) +
1

4
(∂µ logG7) (∂µ logG7)

]
=

=

√
−G̃4

[
− 1

2
ŝ−2 (∂µŝ)(∂

µŝ)
]
, (5.33)

which has the same form as (5.29).

In both cases, the reduced action (5.13) specializes into

S =
1

2κ2
4

∫
d4x

√
−G̃4

√
Gk

(
e−2Φŝ−1

) [
R̃4 −

1

2
ŝ−2 (∂µŝ)(∂

µŝ) +

− 1

4
GmnGpq ((∂µGmp)(∂

µGnq) + (∂µBmp)(∂
µBnq)) +

− 1

12
ŝ2HµνρH

µνρ +

− 1

2(p!)
ŝ2e2ΦGm4n4 · · ·Gmp+1np+1(Fµνρm4···mp+1) (F µνρ

n4···np+1
) +

− 1

2
e2Φ

1

p!
Gm2n2 · · ·Gmp+1np+1(∂µAm2···mp+1) (∂µAn2···np+1)

]
. (5.34)
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which will be our starting point for four-dimensional compactifications of supergravity
theories.

5.2.1 N = 1 supergravity (without Yang-Mills sector)

Consider the action (4.36). In this case we obtain a N = 1 theory in d = 4 just compact-
ifying on T6/(Z2 ×Z2), because the orbifold action Z2 ×Z2 reduces the supersymmetries
in four dimensions from 4 to 1, with respect to toroidal compactification.

Besides the four-dimensional metric G̃µν , the only bosonic fields of the effective four-
dimensional theory surviving the orbifold projection are (A = 1, 2, 3):

Fields in N = 1 supergravity
Dilaton : Φ

Metric moduli : t̂A, ûA, ν̂A

NSNS two-form B(2) : B56, B78, B910, Bµν ↔ σ

where we took notice of the fact that the field Bµν is dual to a pseudoscalar σ in four
dimensions.

Considering only the terms which contain the massless fields listed above, the super-
gravity action (4.36) compactified on T

6/(Z2 × Z2) assumes the form

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2
ŝ−2 (∂µŝ)(∂

µŝ) +

− 1

4
GmnGpq ((∂µGmp)(∂

µGnq) + (∂µBmp)(∂
µBnq)) −

1

12
ŝ2HµνρH

µνρ
]
.(5.35)

We now compute the explicit form of the reduced action (5.35) in terms of the massless
fields.

• The terms involving only the internal metric components give, after a little algebra,

−1

4

√
−G̃4G

mnGpq (∂µGmp)(∂
µGnq) =

= −1

2

√
−G̃4

3∑

A=1

[
(∂µt̂A)(∂µ t̂A)

t̂2A
+

(∂µûA)(∂µûA) + (∂µν̂A)(∂µν̂A)

û2
A

]
. (5.36)

• Those arising from the internal components of the 2-form are

−1

4

√
−G̃4G

mnGpq (∂µBmp)(∂
µBnq) =

= −1

2

√
−G̃4

[
(∂µB56)(∂

µB56)

t̂21
+

(∂µB78)(∂
µB78)

t̂22
+

(∂µB910)(∂
µB910)

t̂23

]
.
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This is the only place where the fields B56, B78 and B910 appear. Moreover, they appear
only in terms with two derivatives, i.e. kinetic terms. Those written above are the kinetic
terms of three real scalar fields in a N = 1 supergravity theory. We know from (2.43)
that they should be accompanied by the kinetic terms of three other real scalar fields,
to reconstruct altogether the standard supergravity form of the kinetic terms for three
complex scalar fields belonging to three chiral multiplets. The field-dependent factor 1

t̂2A
must therefore appear also in the kinetic term of the “partner” scalar field. For this reason,
we define

τ1 ≡ B56 , τ2 ≡ B78 , τ3 ≡ B910 , (5.37)

and we find that the “partner” scalar field of τA is t̂A, A = 1, 2, 3.
Duality in d = 4 implies that the 2-form Bµν is dual to a 0-form σ, according to

∫
d4x

√
−G̃4

[
− 1

12
ŝ2HµνλH

µνλ

]
↔ −1

2

∫
d4x

√
−G̃4

[
ŝ−2 (∂µσ)(∂µσ)

]
, (5.38)

where we remembered that the Hodge star contains the completely antisymmetric symbol
in four dimensions, which provides for a factor ŝ−4. Again, this is the only place where the
scalar field σ appears, under derivative, so this is an axion. We find that the only other
term involving ŝ is of the form ŝ−2 (∂µŝ)(∂

µŝ).
We have a total of 14 real scalar fields, which should correspond to seven complex

scalar fields. Collecting all the previous results, for the reduced action (5.35) we obtain
the expression

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2

(∂µŝ)(∂
µŝ) + (∂µσ)(∂µσ)

ŝ2
+

− 1

2

3∑

A=1

(∂µt̂A)(∂µ t̂A) + (∂µτA)(∂µτA)

t̂2A
+

− 1

2

3∑

A=1

(∂µûA)(∂µûA) + (∂µν̂A)(∂µν̂A)

û2
A

]
, (5.39)

which shows that the 14 real scalar fields can be cast as the kinetic terms for 7 complex
scalar fields, according to (2.43). For uniformity with the following examples, we make
the trivial redefinitions:

s ≡ ŝ , tA ≡ t̂A , uA ≡ ûA , νA ≡ ν̂A , (5.40)

for A = 1, 2, 3.
Then the seven complex scalar fields of the reduced theory are:

S = s+ iσ ,

TA = tA + iτA ,

UA = uA + iνA , (5.41)
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and the supergravity action is characterized by a Kähler potential

K = − log(S + S) −
3∑

A=1

log(TA + TA) −
3∑

B=1

log(UB + UB) . (5.42)

We call the complex scalars main moduli, their real parts geometrical moduli and their
imaginary parts axions. The geometrical moduli are related to the size and the shape of
the torus: in particular, the tA moduli describe the volume of the torus, as can be seen from
(5.27), and we choose them to be positive definite. The uB moduli describe the ellipticity
of each two-torus in the decomposition of the six-torus. The name axions is justified by
the fact that, because of the underlying local invariances in the higher-dimensional theory,
the corresponding fields appear only under derivative, hence they possess an axionic shift
symmetry, e.g. σ → σ + const.

5.2.2 IIA with O6 orientifolds

Consider now type IIA supergravity, described by the action (4.21). In this case, the
compactification on the orbifold T

6/(Z2 × Z2) gives a N = 2 four-dimensional effective
supergravity. To obtain a N = 1, d = 4 theory, we introduce an orientifold projection R.
This is the first example of orientifold that we encounter, so we will study it in detail.

We begin by studying how the orientifold acts on the coordinates:

R : (x5, x6, x7, x8, x9, x10) → (−x5,+x6,−x7,+x8,−x9,+x10) . (5.43)

The combined action of the orbifold and orientifold projection is then3:

Combined orbifold/orientifold actions
: x5 x6 x7 x8 x9 x10

R : − + − + − +
Z2R : + − + − − +
Z′

2R : − + + − + −
Z2Z

′
2R : + − − + + −

Each of the previous combinations leaves seven coordinates invariant, the four external
space-time coordinates (which have not been displayed since the orientifold action is trivial
on them) and three internal coordinates. This means that there are four invariant planes,
each filling one time and six spatial dimensions, i.e. there are four O6-planes which span
the internal coordinates

(6810) , (5710) , (679) , (589) .

The orientifold action on the fields, which can be motivated by string theory ar-
guments, and can be checked to define, together with its action on the coordinates, a
symmetry of the higher-dimensional supergravity theory, is:

3We use a short-hand notation in which we only write the sign of the internal components after the
transformations.
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Orientifold action on the fields
Φ → +Φ
B → −B
G → +G
C(1) → −C(1)

C(3) → +C(3)

The only fields of the theory compatible with both the orbifold and the orientifold
actions are (A = 1, 2, 3):

Fields in type IIA with O6
Dilaton Φ

Metric moduli t̂A, ûA

B(2) B56, B78, B910

C(3) C5710, C589, C679, C6810

In this case the off-diagonal terms of the metric are projected out and the parametrization
(5.21) reduces to

GiAjA
=

(
t̂AûA 0

0 t̂A
ûA

)
, A = 1, 2, 3. (5.44)

Now we can proceed with the dimensional reduction of the bosonic action. From the
general formula (5.34), and keeping only the fields relevant for the present case, we get

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2
ŝ−2 (∂µŝ)(∂

µŝ) +

− 1

4
GmnGpq ((∂µGmp)(∂

µGnq) + (∂µBmp)(∂
µBnq)) +

− 1

12
e2ΦGmnGpqGrs(∂µCmpr) (∂µCnqs)

]
. (5.45)

We express this action in terms of the fields compatible with the orbifold and the
orientifold.

• The terms in the action involving only the internal metric components give

−1

4

√
−G̃4G

mnGpq (∂µGmp)(∂
µGnq) =

= −1

2

√
−G̃4

3∑

A=1

[
(∂µûA)(∂µûA)

û2
A

+
(∂µt̂A)(∂µt̂A)

t̂2A

]
.

76



• Those involving the internal components of the 2-form are

−1

4

√
−G̃4 e

2Φ GmnGpq (∂µBmp)(∂
µBnq) =

= −1

2

√
−G̃4

[ 1

t̂21
(∂µB56)(∂

µB56) +
1

t̂22
(∂µB78)(∂

µB78) +

+
1

t̂23
(∂µB910)(∂

µB910)
]
.

• Finally, the terms involving the internal components of the 3-form are

− 1

12

√
−G̃4 e

2ΦGmnGpqGrs (∂µCmpr)(∂
µCnqs) =

= −1

2

√
−G̃4

(
e2Φ

t̂1t̂2t̂3

)[ û3

û1û2
(∂µC5710)(∂

µC5710) +

+
û2

û1û3

(∂µC589)(∂
µC589) +

+
û1

û2û3

(∂µC679)(∂
µC679) + û1û2û3 (∂µC6810)(∂

µC6810)
]

Collecting the results, we obtain for the reduced action the following expression:

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2
ŝ−2 (∂µŝ)(∂

µŝ) +

− 1

2

3∑

A=1

[
(∂µûA)(∂µûA)

û2
A

+
(∂µt̂A)(∂µ t̂A)

t̂2A

]
+

− 1

2

[(∂µB56)(∂
µB56)

t̂21
+

(∂µB78)(∂
µB78)

t̂22
+

(∂µB910)(∂
µB910)

t̂23

]
+

− 1

2

(
e2Φ

t̂1t̂2t̂3

)[ û3

û1û2
(∂µC5710)(∂

µC5710) +
û2

û1û3
(∂µC589)(∂

µC589) +

+
û1

û2û3
(∂µC679)(∂

µC679) + û1û2û3 (∂µC6810)(∂
µC6810)

]
. (5.46)

In this case the fields B56, B78, B910 and C5710, C589, C679, C6810 appear only in terms
containing two derivatives, which must be part of the kinetic term for a complex scalar
field in supergravity N = 1 theories. Therefore they must be axions, that we denote by

τ1 ≡ B56 , τ2 ≡ B78 , τ3 ≡ B910 , (5.47)

ν1 ≡ −C679 , ν2 ≡ −C589 , ν3 ≡ −C5710 , σ ≡ C6810 . (5.48)

Each of the functions multiplying the terms in τA depends on a single scalar field, which
appears in the second line as it should be in a N = 1, d = 4 supergravity theory: the
fields t̂A are yet in the usual form.
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The field-dependent factors multiplying the terms containing the fields νA and σ,
instead, depend on more than one field. If we are in a N = 1 supergravity theory, we then
must be able to make proper redefinitions of the fields, as to find these new fields in the
correct form.

Remembering that

e2Φ

t̂1t̂2t̂3
= ŝ−1 , (5.49)

we make the following non-linear redefinitions of the fields:

1

u2
A

≡ û2
A

ŝû1û2û3
, A = 1, 2, 3, (5.50)

1

s2
≡ û1û2û3

ŝ
. (5.51)

Inverting, we obtain

ûA =

√
u1u2u3

su2
A

, ŝ =
√
su1u2u3 . (5.52)

Substituting these expression in the relevant terms of (5.46), we have:

• terms related to the dilaton

−1

2

√
−G̃4 ŝ

−2(∂µŝ)(∂
µŝ) =

= −1

8

√
−G̃4

[ 1

s2
(∂µs)(∂

µs) +

3∑

A=1

1

u2
A

(∂µuA)(∂µuA) +

+ 2
3∑

A=1

(∂µs)(∂
µuA)

suA
+ 2

∑

A<B

(∂µuA)(∂µuB)

uAuB

]
,

• terms related to the uB metric moduli

−1

2

√
−G̃4

3∑

A=1

(∂µûA)(∂µûA)

û2
1

=

= −3

8

√
−G̃4

3∑

A=1

(∂µuA)(∂µuA)

u2
A

− 3

8

√
−G̃4

(∂µs)(∂
µs)

s2
+

+
1

4

√
−G̃4

∑

A<B

(∂µuA)(∂µuB)

uAuB

+
1

4

√
−G̃4

3∑

A=1

(∂µs)(∂
µuA)

suA

.
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The reduced action (5.46) becomes then

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2

(∂µs)(∂
µs) + (∂µσ)(∂µσ)

s2
+

− 1

2

3∑

A=1

[
(∂µuA)(∂µuA) + (∂µνA)(∂µνA)

u2
A

]
+

− 1

2

3∑

A=1

[
(∂µ t̂A)(∂µt̂A) + (∂µτA)(∂µτA)

t̂2A

] ]
. (5.53)

This has the usual form for the scalar kinetic term of a N = 1, d = 4 supergravity action.
We make the last trivial redefinitions:

tA ≡ t̂A , A = 1, 2, 3 . (5.54)

We found that the reduced action describes, besides the supergravity multiplet, seven
complex scalar fields:

S = s+ iσ , TA = tA + iτA , UA = uA + iνA (5.55)

and from (5.53) we obtain a Kähler potential

K = − log(S + S) −
3∑

A=1

log(TA + TA) −
3∑

B=1

log(UB + UB) . (5.56)

The scheme will be the same in the following examples, the only differences being the
redefinitions of the fields and the higher-dimensional origin of the 14 scalar degrees of
freedom of the effective theory.

5.2.3 IIB with O3/O7 orientifolds

Consider type IIB supergravity, whose action is given by (4.30). As in the IIA case, we
want to break the residual N = 2 local supersymmetry which comes from the orbifold
compactification down to a N = 1 supersymmetry. In this case we introduce an orientifold
projection which acts on the coordinates as

R : (x5, x6, x7, x8, x9, x10) → (−x5,−x6,−x7,−x8,−x9,−x10) . (5.57)

In this case, we reflect all the internal dimensions. The combined action of the orbifold
and orientifold projection is:

Combined orbifold/orientifold actions
: x5 x6 x7 x8 x9 x10

R : − − − − − −
Z2R : + + + + − −
Z′

2R : − − + + + +
Z2Z

′
2R : + + − − + +
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We decided to respect the three two-tori analytical complex structure, since every com-
bination of the generators acts in the same way on the corresponding two-planes.

Each of the previous combinations leaves either three or seven coordinates invariant.
This corresponds to the existence of one invariant O3-plane (our four-dimensional space-
time) and the three invariant O7-planes with internal coordinates:

(5678) , (78910) , (56910) .

The orientifold action on the fields is now

Orientifold action on the fields
Φ → +Φ
B → −B
G → +G
C(0) → +C(0)

C(2) → −C(2)

C(4) → +C(4)

The only fields of the theory compatible with both the orbifold and the orientifold
actions are (A = 1, 2, 3):

Fields in type IIB with O3/O7
Dilaton Φ

Metric moduli t̂A, ûA, ν̂A

RR 0-form C(0)

C(4) C5678, C56910, C78910

The reduced action, deduced from the general formula (5.34), becomes then

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2
ŝ−2 (∂µŝ)(∂

µŝ) +

− 1

4
GmnGpq (∂µGmp)(∂

µGnq) −
1

2
e2Φ (∂µC(0))(∂

µC(0)) +

− 1

4
e2Φ

1

4!
Gm1n1Gm2n2Gm3n3Gm4n4(∂µCm1m2m3m4)(∂

µCn1n2n3n4)
]
. (5.58)

Now we can compute the terms involving the fields surviving the orbifold and orien-
tifold projections.

• The terms in the action involving only the internal components of the metric give

−1

4

√
−G̃4G

mnGpq (∂µGmp)(∂
µGnq) =

= −1

2

√
−G̃4

3∑

A=1

[
(∂µt̂A)(∂µ t̂A)

t̂2A
+

(∂µûA)(∂µûA) + (∂µν̂A)(∂µν̂A)

û2
A

]
.
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• The terms involving the internal components of the 4-form are

− e2Φ

4 · 4!

√
−G̃4G

m1n1Gm2n2Gm3n3Gm4n4(∂µCm1m2m3m4)(∂
µCn1n2n3n4) =

= −1

4

√
−G̃4 e

2Φ
[ 1

t̂21t̂
2
2

(∂µC5678)(∂
µC5678) +

1

t̂21t̂
2
3

(∂µC56910)(∂
µC56910) +

+
1

t̂22t̂
2
3

(∂µC78910)(∂
µC78910)

]
. (5.59)

We must remember that the 4-form is self-dual in the original theory. Thus we
should include the dual fields

C5678 ↔ Cµν910

C56910 ↔ Cµν78

C78910 ↔ Cµν56

but this would give exactly the same results as in (5.59), because of the self-duality
constraint. This accounts for a factor 2 for these terms in the reduced action.

Collecting the previous results, eq. (5.58) takes the form:

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2
ŝ−2 (∂µŝ)(∂

µŝ) +

− 1

2

3∑

A=1

[
(∂µ t̂A)(∂µt̂A)

t̂2A
+

(∂µûA)(∂µûA) + (∂µν̂A)(∂µν̂A)

û2
A

]
+

− 1

2

(
e2Φ

t̂1t̂2t̂3

)[ t̂3
t̂1t̂2

(∂µC5678)(∂
µC5678) +

t̂2

t̂1t̂3
(∂µC56910)(∂

µC56910) +

+
t̂1

t̂2t̂3
(∂µC78910)(∂

µC78910) + t̂1t̂2t̂3 (∂µC0)(∂
µC0)

]]
. (5.60)

Again, we have the structure for the kinetic terms encountered in the IIA case. The axions,
which appear only under derivative, are identified by

τ1 ≡ C78910 , τ2 ≡ C56910 , τ3 ≡ C5678 , νA ≡ ν̂A , σ ≡ −C(0) , A = 1, 2, 3 .(5.61)

As in case IIA, we try to put the action in the usual form for the scalar kinetic terms
of a N = 1, d = 4 supergravity theory. Recalling (5.28), we define

1

t2A
≡ t̂2A
ŝt̂1t̂2t̂3

, A = 1, 2, 3, (5.62)

1

s2
≡ t̂1t̂2t̂3

ŝ
. (5.63)
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Inverting:

t̂A =

√
t1t2t3
st2A

, ŝ =
√
st1t2t3 . (5.64)

When we substitute these expressions in the relevant terms of the action (5.60), we obtain:

• terms related to the dilaton

−1

2

√
−G̃4 ŝ

−2(∂µŝ)(∂
µŝ) =

=

√
−G̃4

[
− 1

8

1

s2
(∂µs)(∂

µs) − 1

8

3∑

A=1

1

t2A
(∂µtA)(∂µtA) +

− 1

4

3∑

A=1

(∂µs)(∂
µtA)

stA
− 1

4

∑

A<B

(∂µtA)(∂µtB)

tAtB

]
, (5.65)

• terms related to the t̂A geometric moduli

− 1

2

√
−G̃4

3∑

A=1

(∂µt̂A)(∂µt̂A)

t̂2A
=

=

√
−G̃4

[
− 3

8

3∑

A=1

(∂µtA)(∂µtA)

t2A
− 3

8

(∂µs)(∂
µs)

s2
+

+
1

4

∑

A<B

(∂µtA)(∂µtB)

tAtB
+

1

4

3∑

A=1

(∂µs)(∂
µtA)

stA

]
. (5.66)

Finally, substituting (5.65) and (5.66) in the action (5.60), we get:

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2

(∂µŝ)(∂
µŝ) + (∂µσ)(∂µσ)

s2
+

− 1

2

3∑

A=1

[(∂µûA)(∂µûA) + (∂µν̂A)(∂µν̂A)

û2
A

+

+
(∂µtA)(∂µtA) + (∂µτA)(∂µτA)

t2A

]]
. (5.67)

Finally, we identify

uA ≡ ûA , s ≡ ŝ . (5.68)

If we define seven complex scalar fields as

S = s+ iσ , TA = tA + iτA , UA = uA + iνA , (5.69)
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then the reduced action (5.67) represents their kinetic terms, in a N = 1, d = 4 super-
gravity theory, with Kähler potential

K = − log(S + S) −
3∑

A=1

log(TA + TA) −
3∑

B=1

log(UB + UB) . (5.70)

5.2.4 IIB with O5/O9 orientifolds

Consider type IIB supergravity, whose action is given by (4.30), and compactify it on
the orbifold T6/(Z2 × Z2). As in the two previous cases, we want to break the residual
N = 2 local supersymmetry which comes from the orbifold compactification down to a
N = 1 supersymmetry. In this case we introduce an orientifold projection which acts on
the coordinates as

R : (x5, x6, x7, x8, x9, x10) → (+x5,+x6,+x7,+x8,+x9,+x10) . (5.71)

In this case, the orientifold does not change the sign of any of the ten-dimensional coor-
dinates. The combined action of the orbifold and orientifold projection is:

Combined orbifold/orientifold actions
: x5 x6 x7 x8 x9 x10

R : + + + + + +
Z2R : − − − − + +
Z′

2R : + + − − − −
Z2Z

′
2R : − − + + − −

As in the previous case, we decided to respect the three two-tori complex structure, since
every combination of the generators acts in the same way on the two coordinates which
correspond to the same two-torus.

Each of the previous combinations leaves six or ten space-time coordinates invariant.
This corresponds to the existence of one invariant O9-plane and three invariant O5-planes.
Omitting as usual the four uncompactified space-time coordinates, they are identified by:

(5678910) , (910) , (56) , (78) .

The orientifold action on the fields of the theory is

Orientifold action on the fields
Φ → +Φ
B → −B
G → +G
C(0) → −C(0)

C(2) → +C(2)

C(4) → −C(4)

The only fields of the theory invariant under both the orbifold and the orientifold
actions are (A = 1, 2, 3):
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Fields in type IIB with O5/O9
Dilaton Φ

Metric moduli t̂A, ûA, ν̂A

C(2) C56, C78, C910, Cµν ↔ σ

Including only the fields compatible with the orbifold and orientifold conditions, the re-
duced action, deduced from the general formula (5.34), becomes

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2
ŝ−2 (∂µŝ)(∂

µŝ) − 1

4
GmnGpq (∂µGmp)(∂

µGnq) +

− 1

4
e2Φ GmnGpq(∂µCmp)(∂

µCnq) −
1

12
e2Φŝ2 FµνλF

µνλ
]
. (5.72)

We can express the reduced action in terms of the fields compatible with the orbifold
and the orientifold.

• The term in the action involving only the internal components of the metric gives

−1

4

√
−G̃4G

mnGpq (∂µGmp)(∂
µGnq) =

= −1

2

√
−G̃4

3∑

A=1

[
(∂µt̂A)(∂µ t̂A)

t̂2A
+

(∂µûA)(∂µûA) + (∂µν̂A)(∂µν̂A)

û2
A

]
.

• The term involving the internal components of the 2-form is

−1

4

√
−G̃4 e

2Φ GmnGpq(∂µCmp)(∂
µCnq) =

= −1

2

√
−G̃4 e

2Φ
[(∂µC56)(∂

µC56)

t̂21
+

(∂µC78)(∂
µC78)

t̂22
+

+
(∂µC910)(∂

µC910)

t̂23

]

• Finally, we have a duality relation between the 2-form Cµν and a scalar field, which
we denote by σ:

∫
d4x

√
−G̃4

[
− 1

12
ŝ2 e2Φ FµνλFµνλ

]
↔ −1

2

∫
d4x

√
−G̃4

[
ŝ−2 e−2Φ (∂µσ)(∂µσ)

]
.

The action (5.72) then takes the form:

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2

(∂µŝ)(∂
µŝ)

ŝ2
− 1

2
e−2Φ (∂µσ)(∂µσ)

ŝ2
+

− 1

2

3∑

A=1

[
(∂µûA)(∂µûA) + (∂µν̂A)(∂µν̂A)

û2
A

]
− 1

2

3∑

A=1

(∂µt̂A)(∂µ t̂A)

t̂2A
+

− 1

2
e2Φ

[
(∂µC56)(∂

µC56)

t̂21
+

(∂µC78)(∂
µC78)

t̂22
+

(∂µC910)(∂
µC910)

t̂23

] ]
. (5.73)
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The axions are:

τ1 ≡ C56 , τ2 ≡ C78 , τ3 ≡ C910 , νA ≡ ν̂A , (5.74)

and σ.

We try to put the action (5.73) in the standard form for the scalar kinetic terms of a
N = 1, d = 4 supergravity theory through the definitions:

1

t2A
≡ e2Φ

t̂2A
=
t̂1t̂2t̂3

ŝt̂2A
, A = 1, 2, 3, (5.75)

1

s2
≡ 1

ŝt̂1t̂2t̂3
. (5.76)

Inverting, we have:

t̂A =

√
st2A
t1t2t3

, ŝ =
√
st1t2t3 . (5.77)

When we substitute these expressions in the relevant terms of the action (5.73), we obtain:

• terms related to the dilaton

−1

2

√
−G̃4 ŝ

−2(∂µŝ)(∂
µŝ) =

=

√
−G̃4

[
− 1

8

1

s2
(∂µs)(∂

µs) − 1

8

3∑

A=1

1

t2A
(∂µtA)(∂µtA) +

− 1

4

3∑

A=1

(∂µs)(∂
µtA)

stA
− 1

4

∑

A<B

(∂µtA)(∂µtB)

tAtB

]
, (5.78)

• terms related to the t̂A geometric moduli

− 1

2

√
−G̃4

3∑

A=1

(∂µt̂A)(∂µt̂A)

t̂2A
=

=

√
−G̃4

[
− 3

8

3∑

A=1

(∂µtA)(∂µtA)

t2A
− 3

8

(∂µs)(∂
µs)

s2
+

+
1

4

∑

A<B

(∂µtA)(∂µtB)

tAtB
+

1

4

3∑

A=1

(∂µs)(∂
µtA)

stA

]
. (5.79)
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Substituting (5.78) and (5.79) into (5.73), we arrive at:

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2

(∂µŝ)(∂
µŝ) + (∂µσ)(∂µσ)

s2
+

− 1

2

3∑

A=1

[(∂µûA)(∂µûA) + (∂µνA)(∂µνA)

û2
A

+

+
(∂µtA)(∂µtA) + (∂µτA)(∂µτA)

t2A

]]
. (5.80)

Finally, we identify

uA ≡ ûA , s ≡ ŝ . (5.81)

Define seven complex scalar fields as

S = s+ iσ , TA = tA + iτA , UA = uA + iνA . (5.82)

The reduced action (5.80) represents their kinetic terms, in a N = 1, d = 4 supergravity
theory, with Kähler potential

K = − log(S + S) −
3∑

A=1

log(TA + TA) −
3∑

B=1

log(UB + UB) . (5.83)

5.2.5 M-theory (→ IIA)

The first compactification ofD = 11 supergravity (4.11) is related to type IIA supergravity
[34], so we will call it M-theory (→ IIA). We will also consider the case related to heterotic
string theory, which will be referred to as M-theory (→ heterotic).

Dimensional reduction on T7/(Z2 × Z2) gives N = 2 supergravity in d = 4. To elim-
inate the extra supersymmetry, we define a third orbifold parity R, which acts on the
coordinates as

R : (x5, x6, x7, x8, x9, x10, x11) → (−x5,+x6,−x7,+x8,−x9,+x10,−x11) . (5.84)

We can easily compute the combined action of all the discrete symmetries:

Combined orbifold actions
: x5 x6 x7 x8 x9 x10 x11

R : − + − + − + −
Z2R : + − + − − + −
Z
′
2R : − + + − + − −

Z2Z
′
2R : + − − + + − −

The action of R on the fields is trivial:
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R action on the fields
G → +G
A(3) → +A(3)

The only fields of the theory invariant under the full discrete group generated by Z2, Z′
2

and R are (A = 1, 2, 3):

Fields in M-theory (→ IIA)

Metric moduli t̂A, ûA

A(3) A5611, A5710, A589, A679, A6810, A7811, A91011

The reduced action, deduced from the general formula (5.34), takes the form

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2
ŝ−2 (∂µŝ)(∂

µŝ) +

− 1

4
GmnGpq (∂µGmp)(∂

µGnq) −
1

12
GmnGpqGrs (∂µAmpr)(∂

µAnqs)
]
. (5.85)

We can compute the relevant terms.

• The terms in the action involving only the internal components of the metric give

−1

4

√
−G̃4G

mnGpq (∂µGmp)(∂
µGnq) =

= −1

2

√
−G̃4

3∑

A=1

[
(∂µt̂A)(∂µ t̂A)

t̂2A
+

(∂µûA)(∂µûA)

û2
A

]
+

− 1

4

√
−G̃4

(∂µv̂)(∂
µv̂)

v̂2
.

• The terms involving the internal components of the 3-form are

− 1

12

√
−G̃4 G

mnGpqGrs (∂µAmpr)(∂
µAnqs) =

= −1

2

√
−G̃4

[ 1

t̂21v̂
(∂µA5611)(∂

µA5611) +
1

t̂22v̂
(∂µA7811)(∂

µA7811) +

+
1

t̂23v̂
(∂µA91011)(∂

µA91011) +

+
1

t̂1t̂2t̂3

[ û3

û1û2
(∂µA5710)(∂

µA5710) +
û2

û1û3
(∂µA589)(∂

µA589) +

+
û1

û2û3
(∂µA679)(∂

µA679) + û1û2û3 (∂µA6810)(∂
µA6810)

]]
.
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We can recognize the axions, which appear only under derivatives in the previous terms:

τ1 ≡ A5611 , τ2 ≡ A7811 , τ3 ≡ A91011 , (5.86)

ν1 ≡ −A5710 , ν2 ≡ −A589 , ν3 ≡ −A679 , σ ≡ A6810 . (5.87)

Then the action (5.85) takes the form:

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2
ŝ−2 (∂µŝ)(∂

µŝ) − 1

4

(∂µv̂)(∂
µv̂)

v̂2
+

− 1

2

3∑

A=1

[
(∂µ t̂A)(∂µt̂A)

t̂2A
+

(∂µûA)(∂µûA)

û2
A

]
− 1

2

3∑

A=1

1

t̂2Av̂
(∂µτA)(∂µτA) +

− 1

2

1

t̂1t̂2t̂3

[ û3

û1û2

(∂µν3)(∂
µν3) +

û2

û1û3

(∂µν2)(∂
µν2) +

+
û1

û2û3
(∂µν1)(∂

µν1) + û1û2û3 (∂µσ)(∂µσ)
]]
. (5.88)

Now we look for the redefinitions of the fields, that are needed to obtain the usual
form for the kinetic terms of N = 1, d = 4 supergravity theory. We first introduce a new
field r such that

r−1 ≡
√
v̂ŝ−1 ⇐⇒ ŝ =

√
v̂r (5.89)

and tA such that

t2A ≡ t̂2Av̂ ⇐⇒ tA =
√
v̂t̂A . (5.90)

Then

v̂ = r−
2
3 (t1t2t3)

2
3 , (5.91)

ŝ = r
2
3 (t1t2t3)

1
3 . (5.92)

Substituting in (5.88) we obtain

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2
r−2 (∂µr)(∂

µr) +

− 1

2

3∑

A=1

[
(∂µtA)(∂µtA)

t2A
+

(∂µûA)(∂µûA)

û2
A

]
− 1

2

3∑

A=1

1

t̂2Av̂
(∂µτA)(∂µτA) +

− 1

2

1

t̂1t̂2t̂3

[ û3

û1û2

(∂µν3)(∂
µν3) +

û2

û1û3

(∂µν2)(∂
µν2) +

+
û1

û2û3
(∂µν1)(∂

µν1) + û1û2û3 (∂µσ)(∂µσ)
]]
. (5.93)
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Now we perform other redefinitions for the terms multiplying the νA and the σ fields:

1

u2
A

≡ û2
A

rû1û2û3

, A = 1, 2, 3, (5.94)

1

s2
≡ û1û2û3

r
. (5.95)

Inverting:

ûA =

√
u1u2u3

su2
A

, r =
√
su1u2u3 . (5.96)

Then (5.93) becomes

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2

(∂µs)(∂
µs) + (∂µσ)(∂µσ)

s2
+

− 1

2

3∑

A=1

[
(∂µuA)(∂µuA) + (∂µν̂A)(∂µν̂A)

u2
A

]
+

− 1

2

(∂µtA)(∂µtA) + (∂µτA)(∂µτA)

t2A

]
. (5.97)

After the last trivial redefinitions (A = 1, 2, 3)

νA ≡ ν̂A , (5.98)

we obtain the scalar part of the N = 1, d = 4 supergravity Lagrangian with seven complex
scalar fields

S = s+ iσ , TA = tA + iτA , UA = uA + iνA (5.99)

and with Kähler potential

K = − log(S + S) −
3∑

A=1

log(TA + TA) −
3∑

B=1

log(UA + UA) . (5.100)

5.2.6 M-theory (→ heterotic)

The starting point is again the action for M-theory supergravity, given by (4.11), but we
now want to obtain fields which correspond to those of the low-energy limit of the heterotic
string theory, by introducing the orbifold T

7/(Z2 × Z2), combined with an additional
projection associated with a parity operation R. We take this additional parity R to act
on the coordinates as

R : (x5, x6, x7, x8, x9, x10, x11) → (+x5,+x6,+x7,+x8,+x9,+x10,−x11) . (5.101)

The symmetry generators combine according to:
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Action on the coordinates
: x5 x6 x7 x8 x9 x10 x11

R : + + + + + + −
Z2R : − − − − + + −
Z′

2R : + + − − − − −
Z2Z

′
2R : − − + + − − −

Invariance of the Chern-Simons term under the R projection calls for a non-trivial action
on the fields:

Action on the fields
G → +G
A(3) → −A(3)

The only fields of the theory invariant under all projections are (A = 1, 2, 3):

Fields in M-theory (→ heterotic)

Metric moduli t̂A, ûA, ν̂A

A(3) A5611, A7811, A91011, Aµν11 ↔ σ

The reduced action, deduced from the general formula (5.34), takes the form

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2
ŝ−2 (∂µŝ)(∂

µŝ) +

− 1

4
GmnGpq (∂µGmp)(∂

µGnq) +

− 1

12
GmnGpqGrs (∂µAmpr)(∂

µAnqs) −
1

12
ŝ2GmnFmµνρF

µνρ
n

]
. (5.102)

• The term in the action involving only the internal components of the metric gives

−1

4

√
−G̃4G

mnGpq (∂µGmp)(∂
µGnq) =

= −1

2

√
−G̃4

3∑

A=1

[
(∂µt̂A)(∂µ t̂A)

t̂2A
+

(∂µûA)(∂µûA) + (∂µν̂A)(∂µν̂A)

û2
A

]
+

− 1

4

√
−G̃4

(∂µv̂)(∂
µv̂)

v̂2
.

• The term involving the internal components of the 3-form is

− 1

12

√
−G̃4 G

mnGpqGrs (∂µAmpr)(∂
µAnqs) =

= −1

2

√
−G̃4

[ 1

t̂21v̂
(∂µA5611)(∂

µA5611) +
1

t̂22v̂
(∂µA7811)(∂

µA7811) +

+
1

t̂23v̂
(∂µA91011)(∂

µA91011)
]
. (5.103)
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• Finally, there is a duality relation between the 2-form Aµν11 and a scalar field, which
we denote by σ:

∫
d4x

√
−G̃4

[
− 1

12
ŝ2GmnFmµνρF

µνρ
n

]
↔
∫

d4x

√
−G̃4

[
−1

2
ŝ−2 (∂µσ)(∂µσ)

]
.

We immediately recognize the axions in (5.103):

τ1 ≡ A5611 , τ2 ≡ A7811 , τ3 ≡ A91011 . (5.104)

The action (5.102) then takes the form:

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2
ŝ−2 (∂µŝ)(∂

µŝ) − 1

4

(∂µv̂)(∂
µv̂)

v̂2
+

− 1

2

3∑

A=1

[
(∂µ t̂A)(∂µt̂A)

t̂2A
+

(∂µûA)(∂µûA) + (∂µν̂A)(∂µν̂A)

û2
A

]
+

− 1

2

3∑

A=1

1

t̂2Av̂
(∂µτA)(∂µτA) − 1

2
s−2 (∂µσ)(∂µσ)

]
. (5.105)

We now introduce a field r such that

r−1 ≡
√
v̂ŝ−1 ⇐⇒ ŝ =

√
v̂r (5.106)

and tA such that

t2A ≡ t̂2Av̂ ⇐⇒ tA =
√
v̂t̂A . (5.107)

Then

v̂ = r−
2
3 (t1t2t3)

2
3 , (5.108)

ŝ = r
2
3 (t1t2t3)

1
3 (5.109)

and substituting into (5.105), we obtain

S =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2

(∂µr)(∂
µr) + (∂µσ)(∂µσ)

r2
+

− 1

2

3∑

A=1

[
(∂µûA)(∂µûA) + (∂µν̂A)(∂µν̂A)

û2
A

]
+

− 1

2

(∂µtA)(∂µtA) + (∂µτA)(∂µτA)

t2A

]
. (5.110)

Finally we identify (A = 1, 2, 3):

uA ≡ ûA , ν2 ≡ ν̂A , s ≡ r . (5.111)
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Then (5.110) is the kinetic part for scalar fields of the N = 1, d = 4 supergravity La-
grangian with

S = s+ iσ , TA = tA + iτA , UA = ûA + iν̂A (5.112)

and with Kähler potential

K = − log(S + S) −
3∑

A=1

log(TA + TA) −
3∑

B=1

(UB + UB) . (5.113)
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Chapter 6

Effective N = 1 supergravities from
fluxes

In this Chapter we describe flux compactifications of supergravity theories from ten or
eleven to four dimensions.

First, we give an overview of the salient features and general properties of such com-
pactifications, focusing on the emergence of a scalar potential for the moduli fields and on
the consistency requirements through the Scherk-Schwarz mechanism and the presence of
p-form fluxes. Then we analyze some concrete examples taken from Chapter 5. Although
we are going to present the general procedure that has to be applied to any of the orb-
ifold compactifications discussed in the previous chapter, we are going to give a detailed
derivation of the potential and analyze the vacua only for the type IIB models, both with
O3/O7 and O5/O9 orientifolds.

We start with the case of type IIB supergravity with O3/O7 orientifolds, which ex-
hibits an interesting potential and simple vacua, passing then to the case with O5/O9
orientifolds, especially because this model has been neglected in the literature. We will
actually show non-supersymmetric Minkowski vacua which had not been identified pre-
viously.

6.1 Flux compactifications

In Chapter 5 we studied six examples of compactifications of supergravity theories from
ten or eleven to four dimensions, on the orbifold Tk/(Z2 × Z2) for k = 6, 7 and when
necessary with a further Z2 projection. In each case, we obtained the kinetic terms for
seven complex scalar fields in aN = 1, d = 4 supergravity theory. These are massless scalar
fields, which can assume arbitrary v.e.v.’s, since there is no scalar potential governing
their dynamics. This situation is unsatisfactory and can have very dangerous physical
consequences. First of all, there are very strong experimental limits on exotic long-range
forces mediated by massless particles. Moreover, moduli describe the geometry of the
compact space and the coupling constants in the effective theory, thus having their v.e.v.’s
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undetermined means a loss of predicitivity. For this reason, we study two simple ways to
generate a potential in the effective theory.

6.1.1 Geometric fluxes

In Chapter 3 we performed Scherk-Schwarz generalized dimensional reductions of a free
complex scalar field and of a free Dirac field. In each case, we could introduce a mass
parameter in the reduced theory, though the original theory was massless.

There are two kinds of Scherk-Schwarz dimensional reductions [28, 29, 44]. In the first
type, which we studied in Chapter 3, a theory with a global symmetry is reduced on a
circle or torus. The symmetry can be used to impose generalized boundary conditions on
the fields, which allow to introduce mass parameters that appear in the reduced theory.
In the case of a global symmetry, the effect of the Scherk-Schwarz twist can be absorbed
in a local redefinition of the fields, depending on the internal coordinates.

In the second type of dimensional reduction, the symmetry used to generate the Scherk-
Schwarz twist is local. When this symmetry is an internal gauge symmetry, this possibility
is equivalent to a Wilson line. When it is general coordinate invariance, it is called twisted
torus, because of the clear geometrical interpretation of generalized dimensional reduction
in this case. It is convenient to begin the discussion of this case with an example, following
[29].

In Section 3.3 we studied ordinary dimensional reduction of pure gravity from five to
four dimensions. The original theory is invariant under five-dimensional general coordi-
nate transformations, while the reduced theory had four-dimensional general coordinate
transformation invariance, plus a U(1) invariance and a global scale invariance. Ordinary
dimensional reduction can be described as that in which all fields are taken independent
of the internal coordinates xi, i.e. the derivatives ∂i, i = d+ 1, . . . , D, are taken to vanish
when acting on the fields. This summarizes the consequence of a mode expansion on the
compact space, with a truncation of the modes which, in the limit of vanishing size of the
compact dimension, decouple from the light sector.

It is possible to perform ordinary dimensional reduction of pure gravity by using the
vielbein formalism [27, 28, 29], obtaining the same result as in (3.28). Nevertheless, we
are interested to generalized dimensional reduction. Since this result will be useful in our
supergravity compactifications, we consider pure gravity in D = d + k dimensions and
reduce it to d dimensions. We normalize the action as

S = − 1

4κ2

∫
ddx

∫
dkx

ρ(k)
eD RD , (6.1)

where eD is the determinant of the vielbein in D dimensions and ρ(k) is the invariant
volume of the internal space, which will be conveniently fixed later.

Generalized dimensional reduction is obtained by allowing the fields to have a non-
trivial dependence on the internal coordinates. Since we want to obtain an effective theory
in d dimensions, this dependence cannot be arbitrary. First, it should be possible to
define a limit which gives ordinary dimensional reduction. This implies that the number
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of physical degrees of freedom does not change, with respect to ordinary dimensional
reduction. Then, the dependence of the fields and transformation laws on the internal
coordinates must have a form that can be factored out of the transformation laws, so that
the reduced theory is effectively d-dimensional.

The second requirement is satisfied when the xi dependence cancels because of a
symmetry. In pure gravity, we can use the general coordinate transformation (GCT)
invariance in D dimensions. Then, the parameter of GCT, ξM(xν , xn), will depend on the
internal coordinates in some particular way. The choice of the xi dependence must be
such that:

• GCT in D dimensions describe GCT in d dimensions and a gauge transformation
for the k vector fields, not necessarily abelian;

• the gauge algebra of GCT closes as (all parameters depend on both the internal and
the external coordinates) [δξ1 , δξ2 ] = δξ3 , where ξM

3 = ξN
2 ∂Nξ

M
1 − ξN

1 ∂Nξ
M
2 .

These requirements are satisfied when

ξµ(xν , xn) = ξµ(xν) , (6.2)

ξi(xν , xn) =
[
U−1(xn)

] i

j
ξj(xν) , (6.3)

where U is a k×k non-singular matrix. The results of ordinary dimensional reduction are
recovered when U approaches unity.

The reduced theory is xi-independent provided that the matrices U i
j satisfy the con-

straint that the coefficients

ω k
ij =

[
U−1

] i′

i

[
U−1

] j′

j

(
∂j′U

k
i′ − ∂i′U

k
j′
)

(6.4)

are constants. The internal coordinates xi may be thought as a system of coordinates on
the manifold of a Lie group G having k generators. The infinitesimal generators of the
group can be represented in terms of differential operators as

Li(x
n) =

[
U−1

] j

i
∂j . (6.5)

Then, if the Li satisfy

[Li, Lj ] = ω k
ij Lk , (6.6)

the ω k
ij are constant, since they are structure constants for a Lie group. Moreover, since

the matrices U are used to describe a change of basis, they are non-singular.
We have given a dependence on the internal coordinates to the parameters ξM in a

way that the reduced theory be xi-independent. For the same reason, we need to find
appropriate compactification Ansatze for the fields in the theory, so that the reduced
action is independent on the xi. A consistent way to do it is by multiplying every lower
internal (world) index by a U(xn) factor and every upper internal (world) index by a
factor U−1(xn).
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Coming back to our example, the D-dimensional vielbein can be parametrized in a
triangular form as

e A
M =

(
δ−

1
d−2 e α

µ 2κAi
µφ

a
i

0 φ a
i

)
, (6.7)

where e α
µ is the d-dimensional vielbein, the Ai

µ are k vector fields, the φa
i are k2 scalar

fields and δ = det φ a
i . This corresponds to a metric

gMN =

(
δ−

2
d−2 gµν + 4κ2Am

µ Aνm 2κAµj

2κAνi gij

)
, (6.8)

where

gij = φ a
i δab φ

b
j (6.9)

is a positive-definite metric. The dependence of the fields on the internal coordinates takes
the form:

e α
µ (xν , xn) = e α

µ (xν) ,

Ai
µ(xν , xn) =

[
U−1(xn)

] i

j
Aj

µ(xν) ,

φ a
i (xν , xn) = U j

i(x
n)φ a

j (xν) . (6.10)

The counting of the degrees of freedom has not changed.
The transformation rules of the fields under GCT of parameter ξm(xν , xn), defined as

in (6.3), do not depend on the internal coordinates, but only on the constants ω k
ij :

δe α
µ (xν) = 0 ,

δAi
µ(xν) =

1

2κ
∂µξ

i(xν) + ω i
jk ξj(xν)Ak

µ(x
ν) ,

δφ a
i (xν) = ω k

ij ξj(xν)φ a
k (xν) . (6.11)

Thus the vector fields Ai
µ are gauge fields, for the gauge group G with structure constants

ω k
ij . In (6.7), δ is the determinant of φ a

i (xν), so it does not dependent on the xi. Then
the determinant of the vielbein is

eD = U(xn) δ−
2

d−2 ed , (6.12)

where U(xn) ≡ detU i
j(x

n). This suggests to choose the measure ρ(k) in (6.1) as

ρ(k) =

∫

K

dkxU(xn) , (6.13)

where K denotes the internal compact space.
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The spin connections with all tangent space indices, which will be denoted by ω̂•,◦◦

to remember that the first index is a Lorentz index after contraction with the vielbein,
assume the form

ω̂α,βγ = δ
1

d−2

[
ωα,βγ +

1

d− 2
(ηαβe

λ
γ − ηαγe

λ
β ) ∂λ ln δ

]
,

ω̂α,βa = κ δ
2

d−2 F i
αβ φia ,

ω̂α,ab =
1

2
δ

1
d−2 φ i

a e
µ

α Dµφib − (a↔ b) ,

ω̂c,αβ = −κ δ 2
d−2 F i

αβ φic ,

ω̂c,αa =
1

2
δ

1
d−2 φ i

a φ
j

c e
λ

α Dλgij ,

ω̂c,ab =
1

2
ω k

ij

(
φ i

a φ
j

b φck + φ i
a φ

j
c φbk − φ i

b φ
j

c φak

)
, (6.14)

with the covariant derivatives

F i
µν ≡ ∂µA

i
ν − ∂νA

i
µ − 2κω i

jk A
j
µA

k
ν ,

Dµφ
a

i = ∂µφ
a

i − 2κω k
ij A

j
µφ

a
k . (6.15)

In these expressions, the fields depend only on the external coordinates xν , not on the
internal coordinates xn, therefore the Ricci scalar does not depend on the internal coor-
dinates. As a consequence, the factor U(xn) in (6.12) exactly cancels the measure (6.13)
and the reduced action is indeed xn-independent.

The last of the (6.14) shows the effect of the Scherk-Schwarz generalized dimensional
reduction on a theory of gravitation. The ordinary case, which can be recovered by putting
ω k

ij = 0, has a vanishing spin connection with all internal components ω̂c,ab. Thus there

is a correspondence between the structure constants ω k
ij and the internal components of

the spin connection ω̂c,ab, which suggested the name geometric fluxes for the former.
From the spin connection, it is possible to calculate the Ricci scalar. The resulting

reduced action, to be compared with the ordinary case (3.28), is

S =

∫
ddx ed

[
− 1

4κ2
Rd −

1

4
δ

2
d−2 F µνi F j

µν gij +

− 1

16κ2
(Dλgij)

(
Dλgij

)
+

1

4κ2(d− 2)
(∂ρ ln δ) (∂ρ ln δ) − VE

]
, (6.16)

where VE is the potential generated by generalized dimensional reduction of the Einstein
term. This potential takes the form

VE =
1

8κ2
δ−

2
d−2 ω k

ij

(
2ω i

kl g
jl + ω k′

i′j′ gkk′gii′gjj′
)
. (6.17)

Since the geometric fluxes are structure constants for a Lie group, they cannot be
arbitrary. The first constraint is the Jacobi identity, which follows from nilpotency of the
exterior differential. Consider the 1-forms ηi, defined as

ηi ≡
[
U−1(xn)

] i

j
dxj . (6.18)
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The ηi define a basis, called twisted basis because the [U(xn)] i
j represents the deformation

(twist) of the toroidal case and we recover the case of a torus when these matrices reduce
to identity.

Let Zi be the vectors dual to ηi, such that Zi(η
j) = δj

i . Then

Zi = [U(xn)]ji ∂j , (6.19)

and satisfy

[Zi, Zj] = ω k
ij Zk . (6.20)

With these definitions, it is possible to show (note 2 in [38]) that

dηi +
1

2
ω k

ij ηi ∧ ηj = 0 . (6.21)

The Jacobi identity is then a consequence of d2ηi = 0, which reads

ω
k

i[j ω
i

mn] = 0 . (6.22)

Geometric fluxes must also satisfy another constraint. The volume form on the internal
space, Vk = 1

k!
ǫi1···ik η

i1 ∧ . . . ∧ ηik = U dkx, must be invariant under the action of the Zi,
which is equivalent to the requirement of invariance under GCT with parameter ξi(xν , xn).
This gives a further constraint [29]

ω i
ij = 0 . (6.23)

Last remark: the potential VE is entirely determined by the geometry of the com-
pact space K and by the structure constants of the Lie group, and it can be in general
unbounded from below.

This geometric and algebraic construction has been widely studied in the literature,
but more details go far beyond our purposes.

6.1.2 p-form fluxes

Given a p-form potential A(p) in D dimensions, the corresponding action, expressed in
terms of the field strength F(p+1) = dA(p), is

−1

2

∫
dDx

√
−GD

∣∣F(p+1)

∣∣2 = −1

2

∫
F(p+1) ∧ ∗F(p+1) , (6.24)

where we use the convention (4.12).
This is a generalization of Maxwell’s action for the electromagnetic field, but there is

an important remark. In Maxwell’s theory, there is a 1-form potential which couples to
point-like particles, but in supergravity theories the fields have other sources: the NSNS
2-form, B(2), couples to the two-dimensional string world sheet, while the RR p-forms,
A(p), are sourced by D(p− 1)-branes, extended objects in p space-time dimensions.
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In compactifications of field theories from D to d dimensions, we require to obtain a
background with a maximally symmetric d-dimensional space-time (in our case Minkowski
space), but without any assumption on the geometry of the internal space, as long as it
is compact. This allows to change the background values of the internal components of
gauge invariant fields, without affecting the space-time symmetry in d dimensions. Non-
trivial vacuum expectation values of the internal components of the p-form field strength
are called p-form fluxes. The resulting physics can be interpreted as a generalized Zeeman
effect, in which the fluxes are parallel to the internal space and remove (part of) the mass
degeneracy of the moduli, according to their coupling to the fluxes themselves.

Although the discussion of the moduli stabilization will be performed at a purely clas-
sical level, there are important constraints on the fluxes which have to be imposed for
quantum consistency. These constraints can be understood by drawing a parallel to quan-
tum electrodynamics (QED). Quantum electrodynamics contains magnetic monopoles,
particles which source magnetic flux: taken a closed surface Σ surrounding a monopole,
the flux of the magnetic field on it is non vanishing,

g =

∫

Σ

F(2) 6= 0 . (6.25)

This implies the Dirac quantization condition

1

2π
e · g ∈ Z , (6.26)

where e is the elementary electric charge. The analogy with p-form fluxes continues,
since they must also satisfy a quantization condition analogous to (6.26). Consider the
homology group Hp+1(K) of the manifold on which we compactify and suppose that it is
non-trivial. Let Σ a non-trivial element of Hp+1(K). Then we can consider a configuration
with non-zero flux. The flux of the field strength

∫

Σ

F(p+1) (6.27)

must be an integer, in suitable units. Moreover, we can turn on an independent flux
for each basis element of Hp+1(K), which give dimHp+1(K) = bp+1 Dirac quantization
conditions.

In general, it is not possible to turn on p-form and geometric fluxes arbitrarily. This can
be viewed as a consequence of the Bianchi identities (BI) for the (p+ 1) field strengths in
the NSNS and RR sectors [45], however it is explained in string theories as a consequence
of tadpole conditions, which are the analogue of Gauss’s theorem: the total charge on the
compactification manifold, including all sources, must vanish. In the following we will not
consider sources for the fluxes, since this would require the introduction of D-branes and
goes beyond our purposes.

For the sake of simplicity, we discuss the NSNS sector, which contains the field strength
H(3). The BI read

dH = 0 , (6.28)
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with general solution

H = dB +H , H = const . (6.29)

Given a form X, the effects of non-trivial geometric fluxes ω can be described by the rule

dX → dX + ωX , (6.30)

where explicitly

ωX = ω
k

[ij Xk|mn] . (6.31)

When we introduce geometric fluxes, the BI change into

dH + ωH = 0 , (6.32)

The general solution is

H = dB + ω B +H , H = const , (6.33)

provided that

ωH = 0 . (6.34)

These are the tadpole conditions.

6.2 Examples: classification of invariant fluxes

We want now to discuss the effect of fluxes on the toroidal compactifications studied
in Chapter 5. Since we introduced some (orbifold and orientifold) projections, we must
classify those that are invariant under these projections and therefore can appear in the
potential.

We denote by ω the geometric fluxes, while the set Hmnr represents those arising from
H(3) = dB(2). Finally, the fluxes F(p) come from the field strengths F(p) = dA(p−1).

• N = 1 supergravity (without Yang-Mills sector).
In this case the allowed fluxes, in the absence of the Yang-Mills sector, come from
generalized Scherk-Schwarz reductions as twenty-four geometric fluxes:

ω m
nr :

ω 5
79 ω 7

95 ω 9
57

ω 5
710 ω 7

105 ω 10
57

ω 5
89 ω 8

95 ω 9
58

ω 5
810 ω 8

105 ω 10
58

ω 6
79 ω 7

96 ω 9
67

ω 6
710 ω 7

106 ω 10
67

ω 6
89 ω 8

96 ω 9
68

ω 6
810 ω 8

106 ω 10
68

(6.35)

and from the NSNS sector as eight 3-form fluxes from Hijk:

Hmnr : H579, H5710, H589, H5810, H679, H6710, H689, H6810. (6.36)
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• IIA with O6 orientifold.
There are twelve allowed geometric fluxes:

ω m
nr :

ω 5
710 ω 7

105 ω 10
57

ω 5
89 ω 8

95 ω 9
58

ω 6
79 ω 7

96 ω 9
67

ω 6
810 ω 8

106 ω 10
68

. (6.37)

There are also four fluxes from the NSNS sector:

Hmnr : H579, H5810, H6710, H689. (6.38)

In the RR sector, there are the flux associated to the mass parameter

F(0) : M , (6.39)

three F(2) fluxes,

F(2) : F56, F78, F910, (6.40)

three F(4) fluxes,

F(4) : F5678, F56910, F78910, (6.41)

and one F(6) flux, which is originated by a duality relation with Fµνρσ,

F(6) : F5678910. (6.42)

• IIB with O3/O7 orientifold.
In IIB with O3/O7 orientifold no geometric fluxes are allowed. There are eight
3-form fluxes from the NSNS sector,

Hmnr : H579, H5710, H589, H5810, H679, H6710, H689, H6810, (6.43)

while, from the RR sector, the F(1) and the F(5) fluxes are not consistent with the
orbifold and orientifold projections. The only RR allowed fluxes come from F(3) and
are

F(3) : F579, F5710, F589, F5810, F679, F6710, F689, F6810. (6.44)
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• IIB with O5/O9 orientifold.
When in theory IIB is introduced the O5/O9 orientifold, the following twenty-four
geometric fluxes are allowed

ω m
nr :

ω 5
79 ω 7

95 ω 9
57

ω 5
710 ω 7

105 ω 10
57

ω 5
89 ω 8

95 ω 9
58

ω 5
810 ω 8

105 ω 10
58

ω 6
79 ω 7

96 ω 9
67

ω 6
710 ω 7

106 ω 10
67

ω 6
89 ω 8

96 ω 9
68

ω 6
810 ω 8

106 ω 10
68

(6.45)

but the NSNS 3-form fluxes Hmnr are all incompatible with the orbifold and orien-
tifold projections. In the RR sector, the F(1) and F(5) are not allowed, so there are
only eight F(3) possible fluxes,

F(3) : F579, F5710, F589, F5810, F679, F6710, F689, F6810. (6.46)

• M-theory (→ IIA).
In this case there are twenty-one allowed geometric fluxes,

ω m
nr :

ω 5
611 ω 6

115 ω 11
56

ω 5
710 ω 7

105 ω 10
57

ω 5
89 ω 8

95 ω 9
58

ω 6
79 ω 7

96 ω 9
67

ω 6
810 ω 8

106 ω 10
68

ω 7
811 ω 8

117 ω 11
78

ω 9
1011 ω 10

119 ω 11
910

(6.47)

seven fluxes coming from F(4),

F(4) : F5678, F56910, F57911, F581011, F671011, F68911, F78910 , (6.48)

and the flux F(7), which comes from a duality relation with Fµνρσ,

F(7) : F567891011 . (6.49)
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• M-theory (→ heterotic).
There are twenty-four geometric fluxes compatible with the orbifold projections,

ω m
nr :

ω 5
79 ω 7

95 ω 9
57

ω 5
710 ω 7

105 ω 10
57

ω 5
89 ω 8

95 ω 9
58

ω 5
810 ω 8

105 ω 10
58

ω 6
79 ω 7

96 ω 9
67

ω 6
710 ω 7

106 ω 10
67

ω 6
89 ω 8

96 ω 9
68

ω 6
810 ω 8

106 ω 10
68

(6.50)

and eight fluxes coming from the 3-form F(4),

F(4) : F57911, F571011, F58911, F581011, F67911, F671011, F68911, F681011. (6.51)

6.3 Type IIB superpotential and vacua

In this section we compute the effective superpotential of the type IIB compactifications
studied in Chapter 5, which arise when considering non-trivial fluxes.

When there are no fluxes, the Kähler potential is given by (5.70):

K = − log(S + S) −
3∑

A=1

log(TA + TA) −
3∑

B=1

log(UB + UB) . (6.52)

It is convenient to denote the seven main moduli (5.69) by

zi ≡ (S, T1, T2, T3, U1, U2, U3) , i = 1, . . . , 7. (6.53)

The scalar potential is given, in general, by

V (zi) =

√
−G̃4 e

K
[
Ki(DiW )(DW ) − 3|W |2

]
=

=

√
−G̃4 e

K
[
Ki(Wi +KiW )(W  +K W ) − 3|W |2

]
. (6.54)

From the explicit form of the Ansatz for the Kähler potential (6.52), we deduce:

Ki = − 1

zi + zı =




−(S + S)−1

−(TA + TA)−1

−(UB + UB)−1


 (6.55)

and the Kähler metric is

Ki =
δi

(zi + zı)2
= diag

(
(S + S)−2, (TA + TA)−2, (UB + UB)−2

)
. (6.56)
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Then the scalar potential becomes:

V (zi) =

√
−G̃4 e

K

[
7∑

i=1

∣∣(zi + zı)Wi −W
∣∣2 − 3 |W |2

]
=

=

√
−G̃4 e

K
[
|(S + S)WS −W |2 +

3∑

A=1

|(TA + TA)WTA
−W |2 +

+

3∑

B=1

|(UB + UB)WUB
−W |2 − 3|W |2

]
. (6.57)

6.3.1 IIB with O3/O7 orientifolds

In the type IIB orbifold compactification with O3/O7 orientifolds there are only two
types of allowed fluxes, those arising from Hmnr, the field strength of B(2), in the NSNS
sector and those arising from Fmnr, the field strength of A(2), in the RR sector. The other
fluxes, in particular the geometric ones, are absent, because they are incompatible with
the presence of the orbifold and of the orientifold projections.

After dimensional reduction, the part of the action containing the fluxes coming from
the three-forms is, in the four-dimensional Einstein frame,

S3 = − 1

4κ2
4

∫
d4x

√
−G̃4

1

3!
ŝ−1GmnGpqGrs

[
HmprHnqs + e2ΦF̃mprF̃nqs

]
, (6.58)

where, according to (4.34) and to (5.61), we have

F̃mpr = Fmpr − σHmpr . (6.59)

We recall the redefinitions of the fields made in Sec. 5.2.3:

e−2Φ =
ŝ

t̂1t̂2t̂3
, (6.60)

1

t2A
≡ t̂2A
ŝt̂1t̂2t̂3

, A = 1, 2, 3, (6.61)

1

s2
≡ t̂1t̂2t̂3

ŝ
. (6.62)

Using these redefinitions, the reduced action for the fluxes reads

S3 = − 1

4κ2
4

∫
d4x

√
−G̃4

1

3!
ŝ−1GmnGpqGrs

[
HmprHnqs + s−2F̃mprF̃nqs

]
. (6.63)

We start by turning on the following fluxes:

F579 , F5710 , F6810 , F6710 , H6710 . (6.64)
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Noting that

ŝ−1

t̂1t̂2t̂3û1û2û3

=
s

t1t2t3u1u2u3
, (6.65)

we can write S3 as a function of the real moduli (geometric moduli and axions):

S3 = − 1

κ2
4

∫
d4x

√
−G̃4 (4st1t2t3u1u2u3)

−1 ·

·
[
(F579)

2 + (u2
3 + ν2

3) (F5710)
2 +

+ (u2
1 + ν2

1)(u
2
2 + ν2

2)(u
2
3 + ν2

3) (F6810)
2 +

+ (u2
1 + ν2

1)(u
2
3 + ν2

3) (F6710)
2 + (s2 + σ2) (u2

1 + ν2
1) (u2

3 + ν2
3)(H6710)

2 +

− 2 ν3F579F5710 − 2 ν1ν2ν3F579F6810 +

+ 2 ν1ν3F579F6710 − 2 σν1ν3F579H6710 +

+ 2 ν1ν2(u
2
3 + ν2

3)F5710F6810 +

− 2 ν1(u
2
3 + ν2

3)F5710F6710 + 2 σν1(u
2
3 + ν2

3)F5710H6710 +

− 2 ν2(u
2
1 + ν2

1)(u
2
3 + ν2

3)F6810F6710 +

+ 2 σν2(u
2
1 + ν2

1)(u
2
3 + ν2

3)F6810H6710 +

− 2 σ(u2
1 + ν2

1)(u
2
3 + ν2

3)F6710H6710

]
. (6.66)

In the square brackets, the only field-independent term is (F579)
2. If this scalar poten-

tial, which has the form (6.57), comes from a superpotential W , we can use this flux to
recognize the form of the terms in this superpotential. In facts, we can obtain a field-
independent term (apart from the overall factor eK) only from terms in |W |2 or from the
part proportional to W in DiW . Therefore, the terms proportional to F579 must give the
combinations of complex scalar fields and fluxes which appear in the superpotential. The
superpotential has then the form

W = a0 F579 + a1 U3F5710 + a2 U1U2U3F6810 + a3 U1U3F6710 + a4 SU1U3H6710 , (6.67)

where the an are complex parameters to be determined. Substituting in the general ex-
pression (6.57), we obtain the scalar potential (6.66) coming from dimensional reduction
for the values

a0 = 2
√

2 i eiα ,

a1 = −2
√

2 eiα ,

a2 = 2
√

2 eiα ,

a3 = −2
√

2 i eiα ,

a4 = 2
√

2 eiα , (6.68)

where α ∈ R is a real parameter which remains undetermined. Therefore the superpoten-
tial is

W = 2
√

2 eiα [i F579 − U3F5710 + U1U2U3F6810 − i U1U3F6710 + SU1U3H6710] . (6.69)
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The superpotential has a constant term, which is proportional to F579 as expected, while
it is independent of the TA main moduli. The field S appears only with a flux of the NSNS
sector, H6710, while the UB main moduli appear related to the fluxes coming from both
the NSNS and the RR sector.

As a consequence, the scalar potential (6.57) becomes

VO3/O7 =

√
−G̃4 e

K

[
∣∣(S + S)WS −W

∣∣2 +
3∑

B=1

∣∣(UB + UB)WUB
−W

∣∣2
]
, (6.70)

which is positive semi-definite. Exploiting the fact that W is a polynomial of degree at
most one in each of the seven fields zi, it is useful to notice the identity:

∣∣(zi + zı)Wi −W
∣∣2 =

∣∣W (zi → −zı)
∣∣2 . (6.71)

We are interested in the vacua of the theory. It is useful to calculate the Kähler
covariant derivatives DiW = Wi +KiW (A = 1, 2, 3):

DSW = −2
√

2 eiα(S + S)−1
[
iF579 − U3F5710 + U1U2U3F6810 +

− iU1U3F6710 − SU1U3H6710

]
,

DTA
W = −2

√
2 eiα(TA + TA)−1

[
iF579 − U3F5710 + U1U2U3F6810 +

− iU1U3F6710 + SU1U3H6710

]
,

DU1W = −2
√

2 eiα(U1 + U1)
−1
[
iF579 − U3F5710 − U 1U2U3F6810 +

+ iU 1U3F6710 − SU1U3H6710

]
,

DU2W = −2
√

2 eiα(U2 + U2)
−1
[
iF579 − U3F5710 − U1U2U3F6810 +

− iU1U3F6710 + SU1U3H6710

]
,

DU3W = −2
√

2 eiα(U3 + U3)
−1
[
iF579 + U 3F5710 − U1U2U 3F6810 +

+ iU1U3F6710 − SU1U3H6710

]
. (6.72)

Supersymmetric vacua are those which satisfy the conditions DiW = 0, i = 1, . . . , 7
(v.e.v. is intended). Since the superpotential does not depend on the TA, it is interesting
to inspect, for the moment, the consequences of the four equations

DSW = 0 , DUB
W = 0 , B = 1, 2, 3. (6.73)

When these four conditions are satisfied, the scalar potential (6.70) vanishes. Since it is
non-negative, the solutions are vacua of the theory. Vice versa, the scalar potential is
a sum of non-negative terms, thus the vacua of the theory are those which satisfy the
conditions (6.73), because minimization with respect to the scalars tA requires that V
vanishes at the vacuum. Therefore, the equations (6.73) identify the vacua of the theory.
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Taking the real and the imaginary parts of the four equations (6.73), we arrive at the
conditions:





(u1ν3 + ν1u3)λ + (u1u3 − ν1ν3) (u2F6810 − sH6710) − u3F5710 = 0 ,
(u1ν3 − ν1u3)λ + (u1u3 + ν1ν3) (u2F6810 + sH6710) + u3F5710 = 0 ,
(u1ν3 + ν1u3)λ − (u1u3 − ν1ν3) (u2F6810 − sH6710) − u3F5710 = 0 ,
(u1ν3 − ν1u3)λ − (u1u3 + ν1ν3) (u2F6810 + sH6710) + u3F5710 = 0 ,
(u1u3 − ν1ν3)λ − (u1ν3 + ν1u3) (u2F6810 − sH6710) + ν3F5710 − F579 = 0 ,
(u1u3 + ν1ν3)λ − (u1ν3 − ν1u3) (u2F6810 + sH6710) − ν3F5710 + F579 = 0 ,
(u1u3 − ν1ν3)λ + (u1ν3 + ν1u3) (u2F6810 − sH6710) + ν3F5710 − F579 = 0 ,
(u1u3 + ν1ν3)λ + (u1ν3 − ν1u3) (u2F6810 + sH6710) − ν3F5710 + F579 = 0 ,

where we defined

λ ≡ F6710 − ν2 F6810 − σ H6710 . (6.74)

Since the geometric moduli are positive definite (and in particular non-vanishing), there
exists a solution to this system of equations only if all the fluxes are zero:

F579 = F5710 = F6810 = F6710 = H6710 = 0 . (6.75)

This shows that vacua in type IIB supergravity with O3/O7 orientifold, without sources
for the fluxes, are Minkowski supersymmetric vacua, which are allowed only for trivial
values of the fluxes.

6.3.2 IIB with O5/O9 orientifolds

In IIB compactifications with O5/O9 orientifolds, twenty-four geometric fluxes are allowed
by the orbifold and orientifold projections.

The potential which comes from Scherk-Schwarz generalized reduction of the Einstein
term is, with our normalizations and conventions [48, 45],

VE =
1

8

√
−G̃4 ŝ

−1
[
2ω i

jk ω j
il G

kl + ω i
jk ω l

mn GilG
jmGkn

]
, (6.76)

while the scalar potential coming from the generalized F(3) flux is

V3 =
1

4

√
−G̃4 ŝ

−1

[
1

3!
GmnGpqGrs

(
ω t

mp Ctr ω
v

nq Cvs − ω t
mp Ctr ω

v
ns Cvq

)]
(6.77)

We recall the redefinitions of the fields, calculated in Chapter 5, which put the action in
the standard form for N = 1 supergravity:

e2Φ = ŝ−1t̂1t̂2t̂3 , (6.78)

tA ≡
√

ŝt̂2A
t̂1t̂2t̂3

, A = 1, 2, 3, (6.79)
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s ≡
√
ŝt̂1t̂2t̂3 , (6.80)

τ1 ≡ C56 , τ2 ≡ C78 , τ3 ≡ C910 . (6.81)

Inverting, we obtain

t̂A =

√
st2A
t1t2t3

, ŝ =
√
st1t2t3 . (6.82)

We begin by turning on the following fluxes

ω 9
57 , ω 7

59 , ω 8
610 , ω 10

68 . (6.83)

Expanding the expression of VE+V3 in components and using the redefinitions of the fields
introduced before, the scalar potential obtained from dimensional reduction becomes

VE + V3√
−G̃4

= 25 eK
[
(t22 + τ 2

2 )
[
(ω 7

59 )2 (u2
2 + ν2

2) + (ω 8
610 )2 (u2

1 + ν2
1) (u2

3 + ν2
3)
]
+

+ (t23 + τ 2
3 )
[
(ω 9

57 )2 (u2
3 + ν2

3) + (ω 10
68 )2 (u2

1 + ν2
1) (u2

2 + ν2
2)
]
+

+ 2 ν1ν2ν3

[
ω 7

59 ω 8
610 (t22 + τ 2

2 ) + ω 9
57 ω 10

68 (t23 + τ 2
3 )
]
+

+ 2 (t2t3u2u3 − τ2τ3ν2ν3)
[
ω 7

59 ω 9
57 + ω 8

610 ω 10
68 (u2

1 + ν2
1)
]
+

− 2 ν1τ2τ3
[
ω 7

59 ω 10
68 (u2

2 + ν2
2) + ω 8

610 ω 9
57 (u2

3 + ν2
3)
] ]
. (6.84)

In the bracket multiplying the overall factor eK , there are not field-independent terms,
thus we must use another trick to understand the form of the superpotential. The terms
quadratic in the fluxes suggest the following structure for the superpotential:

ω 9
57 ↔ T3U3 ,

ω 7
59 ↔ T2U2 ,

ω 10
68 ↔ T3U1U2 ,

ω 8
610 ↔ T2U1U3 . (6.85)

This allows us to put forward the following Ansatz for the superpotential:

W = a1 ω
7

59 T2U2 + a2 ω
8

610 T2U1U3 + a3 ω
9

57 T3U3 + a4 ω
10

68 T3U1U2 . (6.86)

The superpotential does not depend on S or on T1, hence the general form of the scalar
potential (6.57) becomes:

V (zi) =

√
−G̃4 e

K
[ 3∑

A=2

|(TA + TA)WTA
−W |2 +

+
3∑

B=1

|(UB + UB)WUB
−W |2 − |W |2

]
. (6.87)

108



In general, one does not expect this to be positive semi-definite, however we now prove
this to be the case. The scalar potential (6.84) is obtained for the following vales of the
parameters:

a1 = 2
√

2 eiα ,

a2 = −2
√

2 i eiα ,

a3 = −2
√

2 eiα ,

a4 = 2
√

2 i eiα , (6.88)

where α ∈ R is a real parameter. The superpotential is then

WO5/O9 = 2
√

2 eiα
[
ω 7

59 T2U2 − i ω 8
610 T2U1U3 − ω 9

57 T3U3 + i ω 10
68 T3U1U2

]
. (6.89)

An important observation is that the scalar potential (6.84) can be expressed as a sum
of non-negative terms:

VO5/O9 = 25

√
−G̃4 e

K
[
(ω 7

59 t2u2 + ω 9
57 t3u3)

2 +

+ (u2
1 + ν2

1) (ω 8
610 t2u3 + ω 10

68 t3u2)
2 +

+ u2
1 (ω 8

610 τ2ν3 − ω 10
68 τ3ν2)

2 +

+
(
ω 7

59 τ2ν2 − ω 9
57 τ3ν3 + ν1

(
ω 8

610 τ2ν3 − ω 10
68 τ3ν2

))2
+

+ u2
1

[
(ω 8

610 )2 (t22ν
2
3 + τ 2

2u
2
3) + (ω 10

68 )2 (t23ν
2
2 + τ 2

3u
2
2)
]
+

+ t22 (ω 7
59 ν2 + ω 8

610 ν1ν3)
2 + t23 (ω 9

57 ν3 + ω 10
68 ν1ν2)

2 +

+ u2
2 (ω 7

59 τ2 − ω 10
68 ν1τ3)

2 + u2
3 (ω 9

57 τ3 − ω 8
610 ν1τ2)

2
]
. (6.90)

Though the scalar potential (6.87) has not a definite sign, we have shown that it is a sum
of square terms, thus being semi-positive definite.

We can begin the study of vacua in this situation. Again, it is useful to calculate the
Kähler covariant derivatives DiW = Wi +KiW :

DSW = −(S + S)−1W ,

DT1W = −(T1 + T 1)
−1W ,

DT2W = −2
√

2 eiα (T2 + T 2)
−1
[
− ω 7

59 T 2U2 + i ω 8
610 T 2U1U3 +

− ω 9
57 T3U3 + i ω 10

68 T3U1U2

]

DT3W = −2
√

2 eiα (T3 + T 3)
−1
[
ω 7

59 T2U2 − i ω 8
610 T2U1U3 +

+ ω 9
57 T 3U3 − i ω 10

68 T 3U1U2

]

DU1W = −2
√

2 eiα (U1 + U 1)
−1
[
ω 7

59 T2U2 + i ω 8
610 T2U 1U3 +

− ω 9
57 T3U3 − i ω 10

68 T3U 1U2

]
,
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DU2W = −2
√

2 eiα (U2 + U 2)
−1
[
− ω 7

59 T2U 2 − i ω 8
610 T2U1U3 +

− ω 9
57 T3U3 − i ω 10

68 T3U1U2

]
,

DU3W = −2
√

2 eiα (U3 + U 3)
−1
[
ω 7

59 T2U2 + i ω 8
610 T2U1U3 +

+ ω 9
57 T3U 3 + i ω 10

68 T3U1U2

]
.

Supersymmetric vacua satisfy

W = 0 , DT2W = DT3W = DU1W = DU2W = DU3W = 0 . (6.91)

These conditions are equivalent to

ω 7
59 T2U2 − i ω 8

610 T2U1U3 − ω 9
57 T3U3 + i ω 10

68 T3U1U2 = 0 ,

ω 7
59 U2 − i ω 8

610 U1U3 = 0

ω 7
59 T2 + i ω 10

68 T3U1 = 0

ω 8
610 T2U3 − ω 10

68 T3U2 = 0

ω 9
57 U3 − i ω 10

68 U1U2 = 0

ω 9
57 T3 + i ω 8

610 T2U1 = 0 (6.92)

which can be satisfied only for trivial values of the geometric fluxes

ω 7
59 = ω 8

610 = ω 9
57 = ω 10

68 = 0 . (6.93)

Thus, among the supersymmetric vacua, we have only the trivial Minkowski ones, as in
type O3/O7 compactification.

The only dependence on s and t1 in the superpotential is in the overall factor eK , thus
generic vacua must be Minkowski vacua. Since (6.90) is a sum of non-negative terms, each
term must be zero at the vacuum. This is achieved when the following system of equations
holds:

ω 7
59 t2u2 + ω 9

57 t3u3 = 0 , (6.94)

ω 8
610 t2u3 + ω 10

68 t3u2 = 0 , (6.95)

ω 8
610 τ2ν3 − ω 10

68 τ3ν2 = 0 , (6.96)

ω 7
59 τ2ν2 − ω 9

57 τ3ν3 = 0 , (6.97)

(ω 8
610 )2 (t22ν

2
3 + τ 2

2u
2
3) = 0 , (6.98)

(ω 10
68 )2 (t23ν

2
2 + τ 2

3u
2
2) = 0 , (6.99)

ω 7
59 ν2 + ω 8

610 ν1ν3 = 0 , (6.100)

ω 9
57 ν3 + ω 10

68 ν1ν2 = 0 , (6.101)

ω 7
59 τ2 − ω 10

68 ν1τ3 = 0 , (6.102)

ω 9
57 τ3 − ω 8

610 ν1τ2 = 0 . (6.103)

We can use equations (6.98) and (6.99) to classify the solutions of these equations.
There are four cases:
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1. Case ω 8
610 = ω 10

68 = 0.
Equations (6.94)-(6.103) reduce to





ω 7
59 t2u2 + ω 9

57 t3u3 = 0 ,
ω 7

59 τ2ν2 − ω 9
57 τ3ν3 = 0 ,

ω 7
59 ν2 = 0 ,
ω 9

57 ν3 = 0 ,
ω 7

59 τ2 = 0 ,
ω 9

57 τ3 = 0 .

(6.104)

The geometric moduli are strictly positive, thus there are two possibilities:

• ω 7
59 = ω 9

57 = 0, which is the trivial supersymmetric Minkowski vacuum;

• if ω 7
59 6= 0, ω 9

57 /ω
7

59 < 0,




t2 = −ω 9
57

ω 7
59
t3

u3

u2
,

ν2 = 0 ,
ν3 = 0 ,
τ2 = 0 ,
τ3 = 0 .

(6.105)

2. Case ω 8
610 = 0, ν2 = 0, τ3 = 0.

Equations (6.94)-(6.103) become





ω 7
59 t2u2 + ω 9

57 t3u3 = 0 ,
ω 10

68 t3u2 = 0 ,
ω 9

57 ν3 = 0 ,
ω 7

59 τ2 = 0 ,

(6.106)

There are two possible solutions:

• if ω 7
59 = 0 there is the trivial solution for

ω 7
59 = ω 9

57 = ω 10
68 = 0 ; (6.107)

• if ω 7
59 6= 0, there is a solution only for ω 10

68 = 0, ω 9
57 6= 0, ω 9

57 /ω
7

59 < 0,
which is given by





t2 = −ω 9
57

ω 7
59
t3

u3

u2
,

ν3 = 0 ,
τ2 = 0 ,

(6.108)
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3. Case ω 10
68 = 0, ν3 = 0, τ2 = 0.

Equations (6.94)-(6.103) read





ω 7
59 t2u2 + ω 9

57 t3u3 = 0 ,
ω 8

610 t2u3 = 0 ,
ω 7

59 ν2 = 0 ,
ω 9

57 τ3 = 0 .

(6.109)

Again, there are two possible solutions:

• if ω 7
59 = 0, there is the trivial supersymmetric solution for

ω 9
57 = ω 8

610 = 0 ; (6.110)

• if ω 7
59 6= 0, there is a solution only for ω 8

610 = 0 and ω 9
57 6= 0, ω 9

57 /ω
7

59 < 0:




t2 = −ω 9
57

ω 7
59
t3

u3

u2
,

ν2 = 0 ,
τ3 = 0 .

(6.111)

4. Case ν2 = 0, ν3 = 0, τ2 = 0, τ3 = 0.
Equations (6.94)-(6.103) give

{
ω 7

59 t2u2 + ω 9
57 t3u3 = 0 ,

ω 8
610 t2u3 + ω 10

68 t3u2 = 0 .
(6.112)

If ω 8
610 6= 0 (otherwise we recover the case 2.), ω 10

68 6= 0 and
ω 10

68

ω 8
610

< 0, these

equations are equivalent to

t2 = −ω
10

68

ω 8
610

t3
u2

u3
, (6.113)

ω 9
57 u2

3 =
ω 7

59 ω 10
68

ω 8
610

u2
2 . (6.114)

If ω 9
57 = 0, we have solutions only when ω 7

59 = ω 10
68 = 0. The interesting case is

then ω 9
57 6= 0 with the further constraint

ω 9
57

ω 7
59

< 0, which gives:

t2 = −
√
ω 9

57

ω 7
59

ω 10
68

ω 8
610

t3 ,

u2 =

√
ω 9

57 ω 8
610

ω 7
59 ω 10

68

u3 . (6.115)
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6.4 Discussion

In flux compactifications of type IIB supergravity with O3/O7 orientifolds and without
sources, we showed that vacua are allowed only for trivial values of the fluxes. This
is a consequence of the runaway form of the scalar potential. It can be explained as
a consequence of a no-go theorem, first formulated in [39] and recently perfected by
Maldacena and Nunez [40], which forbids, under general hypotheses, non-singular warped
compactifications to Minkowski or de Sitter space.

In section 6.3.1 we studied the potential and superpotential when only the fluxes

F579 , F5710 , F6810 , F6710 , H6710 , (6.116)

were turned on. From that, we can guess the general form of the superpotential in type
IIB supergravity compactifications with O3/O7 orientifolds:

WO3/O7 = 2
√

2 eiα
[
i F579 − (U3F5710 + U2F589 + U1F679) +

− i (U1U2F689 + U1U3F6710 + U2U3F5810) + U1U2U3F6810 +

− SH579 − iS(U3H5710 + U2H589 + U1H679) +

+ S(U1U2H689 + U1U3H6710 + U2U3H5810) + iSU1U2U3H6810

]
. (6.117)

Given the dependence of this superpotential only on the S and the UB main moduli,
the scalar potential is still positive semi-definite, with Minkowski vacua. In general, the
corresponding potential is no-scale. Moreover, in the absence of sources it is also a runaway
potential, thus having vacua only for trivial values of the fluxes and regaining the special
case studied before.

In type IIB supergravity compactification with O5/O9 orientifolds there are non-trivial
vacua. Since there are not sources, we cannot have non-trivial p-form fluxes, but we can
consider geometric fluxes, which arise from the Scherk-Schwarz twist. In this case, the
Maldacena-Nunez no-go theorem is evaded, since the Riemann tensor vanishes identically
on the compactification manifold.

This explains the presence of non-trivial vacua, which fall in two classes:

i) the first class is obtained for the following values of the fluxes

{
ω 10

68 = 0 ,
ω 8

610 = 0 ,
(6.118)

with the further conditions ω 9
57 6= 0, ω 7

59 6= 0 and

ω 9
57

ω 7
59

< 0 , (6.119)
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with the v.e.v.’s





〈t2〉 = −ω 9
57

ω 7
59

〈
t3 u3

u2

〉
,

〈ν2〉 = 0 ,
〈ν3〉 = 0 ,
〈τ2〉 = 0 ,
〈τ3〉 = 0 .

(6.120)

ii) the second class is more general, since all the geometric fluxes considered must be
non zero, ω 10

68 6= 0, ω 8
610 6= 0, ω 9

57 6= 0 and ω 7
59 6= 0. Moreover, geometric fluxes

must satisfy:

ω 7
59

ω 9
57

< 0 ,
ω 10

68

ω 8
610

< 0 (6.121)

with the v.e.v.’s





〈t2〉 = −
√

ω 9
57

ω 7
59

ω 10
68

ω 8
610

〈t3〉 ,
〈u2〉 =

√
ω 9

57 ω 8
610

ω 7
59 ω 10

68
〈u3〉 ,

〈ν2〉 = 0 ,
〈ν3〉 = 0 ,
〈τ2〉 = 0 ,
〈τ3〉 = 0 .

(6.122)

We can see that these vacua break spontaneously N = 1 supersymmetry on a clas-
sically flat background. Moreover, some of the moduli are stabilized and acquire non-
vanishing masses. However, a number of flat directions remain, and also the gravitino
mass slides along these flat directions.

To conclude, we can also infer the general form of the superpotential in type IIB
compactifications on the O5/O9 orientifold:

WO5/O9 = 2
√

2 eiα
[
− i (ω 5

89 T1 + ω 7
105 T2 + ω 9

67 T3) +

− (ω 5
79 T1U1 + ω 7

95 T2U2 + ω 9
57 T3U3) +

+ i (ω 6
810 T1U2U3 + ω 8

106 T2U1U3 + ω 10
68 T3U1U2) +

+ U1U2U3 (ω 6
710 T1 + ω 8

96 T2 + ω 10
58 T3) +

+ (ω 6
89 T1U2 + ω 7

106 T1U3 + ω 9
68 T2U1 +

+ ω 8
105 T2U3 + ω 10

67 T3U1 + ω 5
610 T3U2) +

− i (ω 9
58 T3U3U1 + ω 6

79 T3U3U2 + ω 5
710 T1U1U2 +

+ ω 8
95 T1U1U3 + ω 10

57 T2U2U1 + ω 7
96 T2U2U3) +

− F579 − i(U3F5710 + U2F589 + U1F679) +
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+ (U1U2F689 + U1U3F6710 + U2U3F5810) + iU1U2U3F6810 +

− i SH579 + S(U3H5710 + U2H589 + U1H679) +

+ i S(U1U2H689 + U1U3H6710 + U2U3H5810) − SU1U2U3H6810

]
(6.123)

We should keep in mind, however, that the coefficients are not arbitrary, but must satisfy
constraints corresponding to Bianchi identities or tadpole cancellation conditions. These
constraints can be relaxed in the presence of localized sources such as branes.

Spectrum in type IIB supergravity with O5/O9 orientifolds.
We found two non-supersymmetric vacua in type IIB supergravity with O5/O9 orien-
tifolds. Although we expect that turning on just four geometric fluxes cannot stabilize all
the moduli, given the form of the scalar potential, we can directly compute the spectrum
of the theory in each of the two vacua.

The theory consists of seven complex scalar fields, that we split in their real and
imaginary part according to (5.82). The mass matrix is obtained from the Hessian matrix
of the scalar potential. However, given the form of the Kähler potential and remembering
that we have Minkowski vacua, it is easy to show that we can directly substitute

eK →
〈
eK
〉

= 2−7
〈
(st1t2t3u1u2u3)

−1
〉
. (6.124)

To compute the spectrum of the scalar fields, we expand the fields around their v.e.v.’s.
We must also take into account for the non-canonical normalization of the kinetic terms
of the scalar fields:

Skin =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2

(∂µs)(∂
µs) + (∂µσ)(∂µσ)

s2
+

− 1

2

3∑

A=1

[(∂µuA)(∂µuA) + (∂µνA)(∂µνA)

u2
A

+

+
(∂µtA)(∂µtA) + (∂µτA)(∂µτA)

t2A

]]
. (6.125)

For this reason we define fourteen new real scalar fields through:

s ≡ 〈s〉 (s′ − 1) , σ ≡ 〈s〉 σ′ − 〈σ〉 ,
tA ≡ 〈tA〉 (t′A − 1) , τA ≡ 〈tA〉 τ ′A − 〈τA〉 ,
uA ≡ 〈uA〉 (u′A − 1) , νA ≡ 〈uA〉 ν ′A − 〈νA〉 . (6.126)

Then the scalar kinetic terms become canonically normalized:

Skin =
1

2κ2
4

∫
d4x

√
−G̃4

[
R̃4 −

1

2
(∂µs

′)(∂µs′) − 1

2
(∂µσ

′)(∂µσ′) +

− 1

2

3∑

A=1

[
(∂µu

′
A)(∂µu′A) + (∂µν

′
A)(∂µν ′A) +

+ (∂µt
′
A)(∂µt′A) + (∂µτ

′
A)(∂µτ ′A)

]]
. (6.127)
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We can substitute the redefinitions (6.126) in the scalar potential (6.84) and evaluate this
expression in the vacua, keeping only terms at most quadratic in the fields.

Since we are in Minkowski vacua, an important consistency check is that we must not
find field-independent or linear terms. This will always turn to be the case.

We can now study the spectrum in the simplest of the two vacua previously found,
the case i). The scalar potential, expanded around the vacuum, takes the form:

V
i)
O5/O9 = 25

〈
eK
〉 (
ω 9

57

)2 〈
t23 u

2
3

〉 [
4

(
t′3 − t′2 + u′3 − u′2

2

)2

+

+ (τ ′2)
2 + (τ ′3)

2 + (ν ′2)
2 + (ν ′3)

2 + . . .
]
, (6.128)

where the ellipses represent interaction terms, which are irrelevant for our discussion. The
gravitino mass is:

m2
3/2 =

〈
eK |W |2

〉
= −1

4
ω 9

57 ω
7

59

〈
(st1u1)

−1
〉
. (6.129)

Observe that the scalar potential does not contain terms which are constant or linear in
the fields, as it should be in a Minkowski vacuum.

The spectrum of the theory around the vacuum is summarized in Table 6.1.

Field Squared mass(
t′3−t′2+u′

3−u′
2

2

)
32 m2

3/2

τ ′2, τ
′
3, ν

′
2, ν

′
3 8 m2

3/2(
t′3+t′2+u′

3+u′
2

2

)
0(

t′3+t′2−u′
3−u′

2

2

)
0(

t′3−t′2−u′
3+u′

2

2

)
0

s′, σ′, t′1, τ
′
1, u

′
1, ν

′
1 0

Table 6.1: Spectrum in class i) vacua.

We have five massive scalars fields: τ ′2, τ
′
3, ν

′
2 and ν ′3 with a degenerate mass. The

combination
(

t′3−t′2+u′
3−u′

2

2

)
has a mass four times greater than the massive axionic scalars.

The massless states are then
(

t′3+t′2+u′
3+u′

2

2

)
,
(

t′3+t′2−u′
3−u′

2

2

)
,
(

t′3−t′2−u′
3+u′

2

2

)
, as well as s′, σ′,

u′1, ν
′
1, t

′
1 and τ ′1.

This shows that in type i) vacuum five moduli are stabilized.
Analogously, it is possible to find the spectrum of the fields in the second vacuum,

where we expect to stabilize six moduli, but we stop here.
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Conclusions and outlook

In this thesis, we considered the effective N = 1, d = 4 supergravities obtained from
some simple flux compactifications of the ten- and eleven-dimensional supergravities that
are obtained, in a suitable field-theory limit, from superstring theories and M-theory,
respectively.

We started with a pedagogical introduction to global supersymmetry, supergravity,
compactifications of higher-dimensional theories, ten- and eleven-dimensional supergrav-
ities, contained in the first four chapters.

The first original step, performed in Chapter 5, was to take six examples of compact-
ifications on the orbifold T6/(Z2 × Z2), with an additional Z2 projection when needed,
leading to a N = 1, d = 4 effective theory. We focused on the dependence of the effec-
tive theory on the scalar fields coming from the closed string sector and invariant under
the orbifold projection, which fall into seven chiral multiplets. We performed explicitly
the dimensional reduction, we showed that the resulting theory can be expressed in the
standard supergravity formalism only after some non-linear field redefinitions, and we
determined its Kähler potential. In the absence of fluxes, there is no scalar potential for
the moduli, which corresponds to a vanishing superpotential.

The second original part of our work, described in Chapter 6, consisted in the study
of flux compactifications of type IIB supergravity, with O3/O7 and O5/O9 orientifolds.
In each of the two cases, we obtained the potential and superpotential generated by the
allowed p-form and geometric fluxes, and discussed the resulting vacua of the theory.

In our first example, the IIB theory with O3/O7 orientifold, we found that geometric
fluxes are not consistent with the orbifold and orientifold projections. We thus studied
the effects of a simple set of fluxes for the 3-form field strengths, both in the RR and in
the NSNS sector. By dimensional reduction, we obtained the scalar potential. Then we
deduced the corresponding superpotential, and found (in agreement with known general
arguments) that it is a function only of the S and U (dilaton and complex structure) mod-
uli, but does not depend on the T (Kähler) moduli. In such a situation, we expect that not
all of the moduli can be classically stabilized, if the Kähler potential is well approximated
by the one found by ordinary dimensional reduction without fluxes. Actually, in agree-
ment with a general no-go theorem, we showed explicitly that this model admits stable
classical vacua only for trivial values of the fluxes (in the absence of sources, as chosen
in our example to avoid some technical complications). Hence, the chosen model admits
only trivial supersymmetric Minkowski vacua, without stabilization of any modulus.

Our second example consisted in a type IIB compactification with O5/O9 orientifolds,
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and turned out to be more interesting, because it allows for non-trivial vacua. In this situ-
ation, the fluxes compatible with the orbifold and orientifold projections are the geometric
ones and those of the 3-form field strength in the RR sector. As before, we concentrated
on a simple set of fluxes that does not require the introduction of localized sources. In
the chosen example, we found that the model admits supersymmetric Minkowski vacua
only for vanishing fluxes. However, we found that for some possible choices of the geomet-
ric fluxes the model admits Minkowski vacua with spontaneously broken supersymmetry,
where at least part of the moduli can be stabilized. We then computed the spectrum on
the simplest of such classical vacua.

In our examples, we could not consider the most general systems of fluxes. A more
complete study would have required, in fact, the consistent inclusion of additional terms
in the action corresponding to localized sources, such as D-branes and O-planes, with
additional technical difficulties. Moreover, we could have also introduced the so-called
“non-geometric” fluxes, whose existence has been suggested on the basis of certain du-
ality properties of the underlying string theories and their effective supergravities. The
introduction of these elements would lead to a richer structure, with new possibilities for
moduli stabilization and supersymmetry breaking.

The present study can thus be extended in many ways. First, as suggested above,
we could include generic systems of D-branes and O-planes, and possibly non-geometric
fluxes. Moreover, we neglected the “twisted” moduli that arise at the orbifold fixed points,
considering only the untwisted moduli that are invariant under the orbifold projection: we
could include both twisted and untwisted moduli in a more complete treatment. Finally,
we could include in the effective theory the additional vector and chiral multiplets arising
from the open strings modes, localized on branes or at brane intersections. A consistent
inclusion of all the above-mentioned effects is clearly beyond the purpose of the present
thesis and is left for future work.
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Appendix A

Notation and conventions

When dealing with global supersymmetry in four space-time dimensions we will closely
follow the conventions of [8], preferring the two-component notation. We will always use
the summation convention over repeated indices, unless otherwise stated.

A.1 Four-component notation

Metric tensor for flat space-time:

ηµν = diag(+1,−1,−1,−1) . (A.1)

Poincaré algebra:

[Mµν ,Mρσ] = −i (ηµρMνσ + ηνσMµρ − ηµσMνρ − ηνρMµσ) , (A.2)

[P µ,Mνρ] = i (ηµνP ρ − ηµρP ν) , (A.3)

[P µ, P ρ] = 0 . (A.4)

Gamma matrices (in four space-time dimensions) satisfy:

{γµ, γν} ≡ γµ γν + γν γµ = 2 ηµν , (µ, ν = 0, 1, 2, 3) . (A.5)

We will use the following representation for the γ matrices:

γµ =

(
0 σµ

σ̄µ 0

)
, (A.6)

where σµ = (I2, σ
i), σ̄µ = (I2,−σi), i = 1, 2, 3, and σi are the Pauli matrices:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, (A.7)

and satisfy (i, j, k = 1, 2, 3)

{σi, σj} = 2 δij , [σi, σj ] = 2i ǫijk σk , (A.8)
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σ 2
i = I2 , σ †

i = σi . (A.9)

Then:

γ0 = γ0 , γi = −γi , (A.10)
(
γ0
)2

= I4 = −
(
γi
)2
, (i = 1, 2, 3) , (A.11)

(
γ0
)†

= γ0 ,
(
γi
)†

= −γi , (A.12)

γ0γµγ0 = (γµ)† . (A.13)

Dirac conjugate spinors are defined by

ψ̄ ≡ ψ†γ0 .

We will choose:

γ5 ≡ iγ0γ1γ2γ3 (A.14)

so that

γ †
5 = γ5 , (γ5)

2 = I4 , {γ5, γµ} = 0 . (A.15)

The helicity projectors are taken as

PL,R ≡ I4 ∓ γ5

2
. (A.16)

With our choice of the γ matrices,

γ5 =

(
−I2 0
0 I2

)
, PL =

(
I2 0
0 0

)
, PR =

(
0 0
0 I2

)
, (A.17)

and a Dirac spinor reads

ψ =

(
χL

χR

)
(A.18)

where χL,R are left-handed (right-handed) Weyl spinors.
Majorana spinors are defined by the condition

λ = λC = C
(
λ̄
)T

(A.19)

where C is the charge-conjugation matrix such that:
(
Cγ0

)
γµ∗
(
Cγ0

)−1
= −γµ . (A.20)

In our representation, C = −iγ2γ0. With these conventions, the charge conjugate spinor
of λ can be written

λC = Cλ̄T = Cγ0λ∗ = −iγ2λ∗ , (A.21)

thus a Majorana spinor has the form

λ =

(
χL

iσ2χ
∗

L

)
. (A.22)
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A.2 Two-component notation

In the chosen representation for the γ-matrices, a Dirac spinor ψ can be written

ψ =

(
ψL

ψR

)
, (A.23)

where ψL is a left-handed Weyl spinor, which transforms under the Lorentz group
SO(1, 3) ∼ SL(2,C) in the (1/2, 0) representation, while ψR is a right-handed Weyl spinor,
which transforms in the (0, 1/2) representation. We will use then the Van der Waerden
notation, which indicates the transformation properties:

ψL = ψα

ψR = ψ̄α̇

α = 1, 2
α̇ = 1, 2

. (A.24)

The Lorentz group acts on these two-component Weyl spinors via matrices M ∈ SL(2,C)
(2 × 2 complex matrices of unit determinant); if M ∈ SL(2,C), then M∗, (MT )−1,
(M †)−1 ∈ SL(2,C), so they also represent the action of the Lorentz group on two-
component spinors.

Two-component spinors with upper or lower and dotted or undotted indices transform
as follows under M :

ψ′
α = M β

α ψβ

ψ̄′
α̇ = (M∗) β̇

α̇ ψ̄β̇

ψ′α = (M−1) α
β ψβ

ψ̄′α̇ = (M∗−1) α̇

β̇
ψ̄β̇ . (A.25)

The definition means that ψα
1ψ2α and ψ̄α̇

1 ψ̄2α̇ are Lorentz invariant:

ψ′α
1 ψ

′
2α = ψβ (M−1) α

β M γ
α ψ2γ = ψα

1ψ2α

ψ̄′α̇
1 ψ

′
2α̇ = ψ̄β̇ (M∗−1) α̇

β̇
(M∗) γ̇

α̇ ψ̄2γ = ψ̄α̇
1 ψ̄2α̇

. (A.26)

Let us define ǫαβ = −ǫβα such that

ǫαβ ǫ
βγ = δγ

α . (A.27)

ǫαβ and ǫαβ can be used to raise and lower spinor indices:

ψα = ǫαβ ψβ , ψα = ǫαβ ψ
β . (A.28)

Four-component Dirac spinors contain two Weyl spinors:

ψ =

(
ψα

χ̄α̇

)
ψ̄ =

(
χα ψ̄α̇

)
(A.29)

so that ψ̄ψ = χαψα + ψ̄α̇χ̄
α̇ and we choose the conventions

ψ1ψ2 ≡ ψα
1ψ2α = ψ2ψ1

ψ̄1ψ̄2 ≡ ψ̄1α̇ψ̄
α̇
2 = ψ̄2ψ̄1

(A.30)
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with

ψ̄α̇ = ǫα̇β̇ ψ̄
β̇ , ψ̄α̇ = ǫα̇β̇ ψ̄β̇ . (A.31)

A Majorana spinor satisfies the condition

χ̄α̇ = (iσ2ψ̄T )α̇ = ǫα̇β̇χ̄β̇ = ǫα̇β̇(χβ)∗ , (A.32)

thus we choose ǫα̇β̇ = (iσ2)α̇β̇ .
Many useful identities for spinors and σ matrices can be found in [1] and [2].
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Appendix B

Spinors beyond SO(1, 3)

Supergravity theories describe both bosons and fermions, in curved space and in generic
dimension (2 ≤ d ≤ 11). This appendix reviews some mathematical tools which are used
for the two extensions:

1. the vielbein formalism to describe fermions in curved space-time;

2. spinors in general dimensionality.

B.1 The vielbein formalism

Supergravity is a theory of gravitation, hence space-time is dynamical and, in general,
curved. In supersymmetric theories we must describe fermionic, as well as bosonic, degrees
of freedom, but spinors cannot be defined in curved space-time [4, 17, 18].

Space-time is a manifold, therefore at every point xµ of d-dimensional space-time we
can define a locally inertial frame of reference, on the tangent space at xµ (Equivalence
Principle). Let Xα(x), α = 1, . . . , d, be the coordinates1 that define the inertial frame
erected at x. We define the vielbein to be the d× d matrix (not necessarily symmetric)

e α
µ ≡

(
∂Xα

∂xµ
(x)

)

|x=x

. (B.1)

The vielbein transforms as a Lorentz vector under local Lorentz transformations (LL)
and as a world vector under general coordinate transformations (GCT). We take it to be
orthonormalized as:

e α
µ e β

ν gµν = ηαβ . (B.2)

The inverse vielbein e µ
α is defined as

e µ
α e α

ν = δµ
ν , e µ

α e β
µ = δβ

α . (B.3)

1We use letters from the middle of the Greek alphabet to denote world indices, which describe the
space-time manifold, and letters from the beginning of the Greek alphabet to denote Lorentz indices,
which are used in the tangent space.
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The contraction of a Lorentz (world) vector with the vielbein or its inverse is a world
(Lorentz) vector. Therefore the vielbein has the fundamental property

gµν = e α
µ e β

ν ηαβ . (B.4)

Under infinitesimal LL and GCT of parameters ωαβ = −ωβα and ξλ, respectively, it
transforms as

δLLe
α

µ = ωα
βe

β
µ ,

δGCT e
α

µ = (∂µξ
λ)e α

λ + ξλ∂λe
α

µ . (B.5)

Thus the vielbein has the the same number of physical degrees of freedom as the corre-
sponding metric: the vielbein must be GCT invariant, thus the number of independent
physical components is reduced by a LL transformation. We are left with

d2 − 1

2
d(d− 1) =

1

2
d(d+ 1)

physical degrees of freedom, which are the same number as those carried by the metric.
As in the metric formalism, we can introduce a spin connection ω̃ αβ

µ , analogous to

the metric connection Γ̃λ
µν , to define covariant derivatives.

• A derivative which is covariant only to respect with LL,

D̃µe
α

ν ≡ ∂µe
α

ν − ω̃ α
µ βe

β
ν . (B.6)

Given a spinor λ, which transforms under an infinitesimal LL transformation of
parameter ωαβ = −ωβα as δLLλ = 1

2
ωαβσ

αβλ, σαβ = i
2
[γα, γβ], the Lorentz covariant

derivative is given by

D̃µλ = ∂µλ− i

4
ω̃µαβσ

αβλ . (B.7)

• A derivative covariant under GCT,

D̃µe
α

ν ≡ ∂µe
α

ν + ω̃ α
µ βe

β
ν − Γ̃λ

µνe
α

λ . (B.8)

For a spinor-vector field,

D̃µΨν = ∂µΨν −
i

4
ω̃µαβσ

αβΨν − Γ̃λ
µνΨλ . (B.9)

Compatibility of the spin connection with the vielbein requires

D̃µe
α

ν = 0 . (B.10)
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We denote by Γλ
µν the symmetric part of the metric connection and by Cλ

µν the torsion
tensor:

Γ̃λ
µν = Γλ

µν + Cλ
µν , Γλ

µν = Γλ
νµ . (B.11)

Therefore Γλ
µν is the Christoffel symbol of the second kind.

Analogously, we can find an expression for the torsionless part of the spin connection
ωµαβ, decomposed as ω̃ αβ

µ = ω αβ
µ +K αβ

µ ,

Dµe
α

ν −Dνe
α

µ = 0 , Dµe
α

ν = ∂µe
α

ν − ω α
µ βe

β
ν , (B.12)

in terms of the vielbein:

ω αβ
µ =

1

2
eαλ

(
∂µe

β
λ − ∂λe

β
µ

)
+

1

2
eανeβλeµγ ∂νe

γ
λ − (α↔ β) , (B.13)

such that

ω αβ
µ = −ω βα

µ . (B.14)

Under infinitesimal LL and GCT of parameter ωαβ = −ωβα and ξλ, respectively, the spin
connection transforms as

δLLω̃
αβ

µ = ∂µω
αβ − [ω̃µ, ω]αβ ≡ D̃µω

αβ ,

δGCT ω̃
αβ

µ = (∂µξ
λ)ω̃ αβ

λ + ξλ∂λω̃
αβ

µ . (B.15)

From (B.13) we obtain an expression for the torsionless metric connection in terms of the
vielbein:

Γλ
µν = e λ

α Rα
µν , (B.16)

where Rα
µν is the antisymmetric part of the covariant derivative (B.8) with torsionless

metric and spin connection:

Rα
µν ≡ Dµe

α
ν −Dνe

α
µ = ∂[µe

α
ν] − ω

α
[µ |β|e

β
ν] . (B.17)

The torsion of the metric connection can be written:

Cλ
µν ≡ Γ̃λ

[µν] = e λ
α Rα

µν . (B.18)

In an ordinary gauge theory, we would have introduced the spin connection as an
independent gauge field, but since we want a formulation equivalent to the metric formu-
lation of General Relativity, we can express the torsionless spin connection in terms of
the vielbein, i.e. the spin connection does not represent new degrees of freedom. This is
true only as long as we do not consider torsion tensors.

We can define the curvature as the torsion of the spin connection:

R̃αβ
µν ≡ D̃µω̃

αβ
ν − D̃νω̃

αβ
µ = ∂[µω̃

αβ
ν] − [ω̃µ, ω̃ν]

αβ , (B.19)
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which is related to the Riemann tensor by

R̃µ
νρσ = e µ

α e β
ν R̃αβ

ρσ . (B.20)

Finally, we can define the analogue of the Ricci tensor:

R̃α
µ = e ν

β R̃αβ
µν . (B.21)

As seen in Chapter 2, in supergravity theories there are some quartic terms in the
spinor fields of the theory which can be absorbed in the torsion of the spin connection,
K αβ

µ , with a form depending on the specific theory under consideration.

B.2 Spinors in higher dimensions

We would like to discuss [51, 52, 53] some properties of spinor representations of the group
SO(t, s), d = t+ s, with an invariant metric

ηAB = diag


+1, . . . ,+1︸ ︷︷ ︸

t

,−1, . . . ,−1︸ ︷︷ ︸
s


 . (B.22)

The d-dimensional Minkowski space corresponds to the choice t = 1, s = d− 1.
We can define, in every dimensionality, the gamma matrices ΓA which satisfy the

Clifford algebra:

{ΓA,ΓB} = 2ηAB , A,B = 1, . . . , d. (B.23)

These matrices are represented by 2[ d
2 ] × 2[ d

2 ] matrices, where [x] indicates the integer
part of x.

The main differences in the description of spinors in higher dimensions depend on
whether d is even or odd.

• d even. t of the gamma matrices can be taken as hermitian, while the other can be
taken as anti-hermitian:

(
ΓA
)†

= ΓA , A = 1, . . . , t ,
(
ΓA
)†

= −ΓA , A = t+ 1, . . . , d .

(B.24)

An explicit representation2 is given in terms of the Pauli matrices by

Γ1 = σ1 ⊗ I2 ⊗ · · · ⊗ I2 ,

2This is different from that given in Appendix A.1, but this choice is harmless, since we will use it
only throughout this section.
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Γ2 = σ2 ⊗ I2 ⊗ · · · ⊗ I2 ,

Γ3 = σ3 ⊗ σ1 ⊗ I2 ⊗ · · · ⊗ I2 ,

Γ4 = σ3 ⊗ σ2 ⊗ I2 ⊗ · · · ⊗ I2 ,

. . . . . .

Γ2k+1 = σ3 ⊗ · · · ⊗ σ3

︸ ︷︷ ︸
k

⊗σ1 ⊗ I2 ⊗ · · · ⊗ I2 ,

Γ2k+2 = σ3 ⊗ · · · ⊗ σ3

︸ ︷︷ ︸
k

⊗σ2 ⊗ I2 ⊗ · · · ⊗ I2 ,

. . . . . .

Γd−1 = σ3 ⊗ · · · ⊗ σ3 ⊗ σ1 ,

Γd = σ3 ⊗ · · · ⊗ σ3 ⊗ σ2 .

• d odd. Gamma matrices can be built starting from those in the even dimension
(d− 1). For example, we can use the gamma matrices of SO(t, s− 1) and take the
last matrix as

Γd = (−1)
1
4
(s−t) iΓ1Γ2 · · · Γd−1 . (B.25)

In general dimensionality, it is not possible to define chirality or charge conjugation, which
are used to define Weyl and Majorana spinors. As we will see, these properties will depend
on (s− t), as well as on d.

Chirality
The difference between d even and d odd is crucial.

• d even. In even dimensions we can define a matrix

Γ ≡ (−1)
1
4
(s−t) Γ1 · · ·Γd , (B.26)

which has the properties

Γ
2

= 1 , {Γ,ΓA} = 0 , ∀A = 1, . . . , d . (B.27)

We can thus define two orthogonal projectors

P± ≡ 1

2

(
I ± Γ

)
, (B.28)

P+ + P− = I , P+P− = 0 = P−P+ . (B.29)

Weyl spinors are those which satisfy

P±ψ± = ±ψ± , P±ψ∓ = 0 . (B.30)
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• d odd. In this case the Γ matrix is proportional to (B.25), therefore it is not possible
to define chirality in odd dimensionality.

Charge conjugation

• d even. The matrices ±
(
ΓA
)∗

form an equivalent representation of the Clifford
algebra (B.23), then there exist two unitary matrices B± such that

(
ΓA
)∗

= B+ΓA (B+)−1 ,

−
(
ΓA
)∗

= B−ΓA (B−)−1 , A = 1, . . . , d .

(B.31)

It can be shown [53] that these matrices satisfy

B∗
±B± = ǫ±(s, t)I , ǫ±(s, t) =

√
2 cos

(π
4
(s− t± 1)

)
. (B.32)

The values ǫ± are periodic of period 8 in (s− t). We list the possible values in Table
B.1.

(s− t) 1 2 3 4 5 6 7 8 9
ǫ+ 0 −1 −1 −1 0 +1 +1 +1 0
ǫ− +1 +1 0 −1 −1 −1 0 +1 +1

Table B.1: Values of the function ǫ±(s, t) for (s− t) = 1, . . . , 9. ǫ± are periodic of period
8 in (s− t). For Minkowski space, (s− t) = d− 2.

Charge conjugation can be defined by using B± as

ψC ≡ (B+)−1ψ∗ or ψC ≡ (B−)−1ψ∗ . (B.33)

This is equivalent to the usual definition (A.19). In facts, if we define the matrix

A ≡ Γ1 . . .Γt , (B.34)

the Dirac conjugate can be taken as

ψ ≡ ψ†A , (B.35)

so the charge conjugation matrices such that

ψC ≡ C+ψ
T

or ψC ≡ C−ψ
T

(B.36)
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are given by

C± = (B±)−1A−T . (B.37)

They satisfy:

(
ΓA
)T

= ±(−1)t+1(C±)−1ΓAC± ,

(C±)†C± = I ,

CT
± = (±1)t (−1)

1
2
t(t−1)ǫ±C± .

The usual charge conjugation is obtained by using C−: spinors satisfying

ψC = C−ψ
T

(B.38)

are called Majorana spinors, while those satisfying

ψC = C+ψ
T

(B.39)

are called pseudo-Majorana spinors.

The Majorana condition is consistent only if

(ψC)C = ψ , (B.40)

which can be satisfied if and only if B∗
±B± = +1, or

ǫ± = +1 . (B.41)

• d odd. Charge conjugation is defined by using the same B± as in (d−1) dimensions.
They satisfy, in addition to (B.31) for A = 1, . . . , (d− 1), the relations

(−1)
1
2
(s−t+1)

(
Γd
)∗

= B±Γd(B±)−1 . (B.42)

When (−1)
1
2
(s−t+1) = ±1, the signs generated by B± are the same for all of the d

matrices, thus we can use B± to define charge conjugation.

In general dimensionality, we can look for the conditions which allow us to define
(pseudo) Majorana-Weyl spinors, i.e. spinors which satisfy both of the (pseudo) Majorana
and Weyl conditions. For this definition to be consistent, the spinor ψ and its charge
conjugate ψC must have the same chirality. Recalling that Weyl spinors are defined only
in even dimensions, we obtain

P±(ψ±)C = ±(−1)
1
2
(s−t)(ψ±)C , (B.43)
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d Weyl Majorana pseudo-Maj Majorana-Weyl pseudo-Maj-Weyl
2 Yes Yes Yes Yes Yes
3 Yes
4 Yes Yes
5
6 Yes
7
8 Yes Yes
9 Yes
10 Yes Yes Yes Yes Yes
11 Yes

Table B.2: Spinors in d-dimensional Minkowski space t = 1, s = d − 1. The table is
periodic in d with period 8.

then we require (−1)
1
2
(s−t) = 1, i.e. (s − t) = 0 (mod 4). In particular, for Minkowski

space t = 1, s = d− 1, this is true in d = 2 (mod 8), since in d = 6 (mod 8) the (pseudo)
Majorana condition cannot be imposed.

We summarize in Table B.2 the possible types of spinors which can be defined in the
Minkowski space.

When ǫ± = −1 we cannot impose the (pseudo) Majorana condition, so we must use
Dirac or Weyl spinors (where available). Another possibility is to introduce symplectic
(pseudo) Majorana spinors. Given an even number of spinors ψi, i = 1, . . . , 2n, they are
obtained by imposing the constraint

ψi = Ωij(ψj)C , (B.44)

where Ωij = −Ωji is a constant antisymmetric matrix. 2n symplectic (pseudo) Majorana
spinors are equivalent to n Dirac spinors.

Using the vielbein formalism, we can describe fermions in curved space-time and in
general dimensionality, by defining the analogue of gamma matrices in curved space-time
as

γµ ≡ e µ
α γα . (B.45)

This is consistent, since

{γµ, γν} = {γα, γβ}e µ
α e ν

β = 2gµν . (B.46)

Now we have the mathematical tools necessary to describe supergravity in every dimen-
sionality.
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